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Introduction

One widely renowned technique in Mathematical Analysis for enhancing regularity of so-
lutions is e-regularity. Its applications encompass various fields and problems but can be
divided into two main groups: Partial Differential Equations and Minimal Surface The-
ory. An e-regularity argument involves proving the existence of a global constant € > 0
such that, if the energy of the selected solution of our PDE is smaller than this constant
then the solution is bounded. In the field of Minimal Surfaces, this technique translates
into Allard’s type regularity argument. In this case, this energy is also known as ”ex-
cess” and measures the difference in norm between the approximate tangent plane of the
rectifiable set and a fixed plane (see [ACM14], [De 17] for the theory of Minimal Surfaces).

In this thesis, we focus on the application of e-regularity results in the context of Partial
Differential Equations. One of the significant applications of this technique, marking its
very birth, is undoubtedly the solution to Hilbert’s XIX problem by Ennio De Giorgi.
In his article ”Sulla differenziabilita e analiticita delle estremali degli integrali multipli
regolari” [De 57|, he showed that, if u is a Sobolev function belonging in H! that solves
a classical elliptic equation of type

div(AVu) = 0, (1)

(with suitable ellipticity assumptions, see Theorem 1.1) then there exists a constant &
such that, if the energy U = ||ul[z2(p1)) is smaller than e, then ||u||p(p(1/2)) is finite. In
other words, he was able to reverse the classical Holder’s inequality, obtaining

ullzoe(B1/2)) S lullz2())-

In the first chapter, we show how to obtain such an inequality. To do this, we follow a
more modern approach than the original one by De Giorgi, using instead some ideas from
the works of L. Caffarelli and A. Vasseur, published between 2005 and 2015 (in particular
[CV10], [Vas14]). For the proof a specific setting is necessary and we postpone the details
to the body of this thesis. For the sake of this introduction, we just sketch the main idea:
a decay estimate which is also a recurring theme throughout this thesis. Let us introduce
the solution truncations and the related truncated energies:

upy=[u—(1-2""]; and U= / ug.

By



where with By we indicate a ball centred at the origin with radius 1/2(1 4 27%).
The core of the proof is to show the decay of the sequence of the truncated energies. In
particular we show that there exists [ strictly greater than 1 such that:

0 < Uy <CUY VEkeN. (2)

To prove such a decay we follow the original idea of Ennio De Giorgi: we employ a com-
bination of Sobolev embeddings, Chebyshev’s inequality, and energy inequality to derive
the energy decay described in Equation (2).

Once it is shown that the truncated energy decays geometrically with an exponent
greater than one, we can conclude that if the initial energy term is sufficiently small, i.e.
Uy < g, then the sequence will tend to zero, i.e. Uy, = 0. In this way, using the definition
of U, we obtain that

Uo = lugllezsay < = Ux =0, ie.u <1aein B(1/2).

If Chebyshev’s inequality and Sobolev’s embeddings are valid for general functions
the energy inequality is strongly related to our PDE and is the point where the main
difficulties arise. In the literature it takes different names depending on the context in
which it is used: in the case of the elliptic equation, for example, it is called Caccioppoli-
Leray while, for Minimal Surfaces, it is called Tilt-Excess inequality. The common feature
of the various energy inequalities we will see is the idea of how to obtain them: we will
test the weak formulation of our PDE with a function that itself depends on the solution.

We briefly sketch here the plan of this thesis.

e In Chapter I, we present a modern proof of XIX Hilbert’s problem’s solution using
an e-regularity argument. We show that if u € H]_ solves (1), then u is locally a-
Holder continuous. In particular, we use the Caccioppoli-Leray inequality to prove

the decay
2
Uk+1 < 024kU;+”

Then, since 1—1—% is larger than the critical value 1, we can reverse Holder’s inequality.
To conclude the proof, we establish an oscillation decay estimate of the form

0SCp, ,, U < Moscg, u,

with A < 1. Once we have this oscillation estimate, we can easily conclude that u is
Holder continuous. This last part is ultimately based on the isoperimetric inequality.

e In Chapter II, we show the solution a counterpart of XIX Hilbert’s problem in the
parabolic setting. If u € L>((0,T); L*(Q)) N L*((0,T); H'(Q2)) is a weak solution to

Oyu — div (A(t,z)Veu) =0 V(t,z) € (0,T) x © (3)



then it is Holder continuous. We proceed in a similar way as we did in Chapter 1.
The main difference is the Energy inequality: the different geometry of the problem
and the different initial regularity of the solution suggest us the new choice of energy
and allow us to prove a Parabolic energy inequality which works in the same way as
the Caccioppoli-Leray’s inequality. Indeed it reverses the Sobolev embedding and
controls the gradient of the solution with the solution itself.

In Chapters III and IV, we deal with the Navier-Stokes equations:

Ou+ (u-Vu+Vp=Au (t,z) € (0,T) x R
dou — (4)
ivu=20
where v :  C R3 — R3 is the velocity field of an incompressible fluid and p : Q C
R3 — R is its pressure. One among the Millennium problems of the Clay Institute
([Fef00]) asks for a proof of the existence of a smooth solution (u,p) to the system
(4).
Up to now, the most important result in this direction is the Caffarelli-Kohn-
Nirenberg theorem [CKN82], which states that the singularities of a particular class
of solutions, called suitable solutions, of the Navier-Stokes equations cannot persist
along a space-time curve. To prove it, we follow the work of Vasseur, who proposed
a new proof based on an e-regularity argument [Vas07].

Even though the problem is highly nonlinear, we can adapt the previous scheme to
our new setting. With a particular choice of energy and a clever use of the suitability
condition, we are able to prove the following energy decay:

Up < CF(1+ |Ipll 2o 11y x8))Us 1,

which guarantees our thesis. For the sake of readability, we do not report here
the choice of Energy and the energy inequality, but there are many similarities
with the parabolic case. Besides the energy inequality, a new problem arises in the
Navier-Stokes system: the non-locality of the pressure conflicts with our choice of
shrinking cylinders (the parabolic counterparts of the previous shrinking balls By).
However, an intelligent pressure decomposition between a local part and a harmonic
one guarantees the applicability of the Calderén-Zygmund theory to obtain the
necessary estimates.

In Chapter V, we add a generalized Wiener process to the equation from Chapter
IT and demonstrate how, under reasonable assumptions, Holder continuity can be
achieved (main reference [ HWW20]). The stochastic partial differential equation we
consider is given by:

Oy = div (AVu) + f(t,z,u) + Z 9i(t, z, ).
i>1

In this case the energy inequality is derived using the Ito formula for stochastic
processes in Hilbert spaces. and energy decay takes the form:



k

Uka < Carem (

Uk717a + X;fl,a)Ulii(ﬁ(jl%

where the term X}, . collects the non-deterministic part of the problem. By em-
ploying martingale tail control of the stochastic integral, we establish a relationship
between the energy Uj_,, and the stochastic term X I:—La' Once we establish the
connection between these two terms, we can demonstrate the stochastic counterpart
of the reverse Holder inequality:

P {Jlert lramsien > @ Ml llpsaqopmmn < a} < e,

which allows us to conclude the Holder continuity of the solution.

In conclusion, studying the detailed proof of Hilbert’s XIX problem allows us to under-
stand that the depth of ideas required for its resolution goes beyond the usual techniques
used for elliptic regularity. In fact, e-regularity, although originally used in the context of
linear PDESs, can be adapted to heavily nonlinear contexts such as the Navier-Stokes equa-
tions or even in the presence of non-deterministic components as in the case of stochastic
PDEs. Therefore, we can confidently state that De Giorgi’s ideas are still fundamental
today in various problems in analysis.



Chapter 1

De Giorgi’s scheme for XIX
Hilbert’s problem

De Giorgi’s solution to Hilbert’s XIX problem is a significant achievement in the theory
of regularity for partial differential equations. In this chapter, we delve into his solution,
highlighting the key steps. While the original article [De 57] is highly precise, grasping
the brilliant ideas behind the solution can be challenging.

In more recent years (around 2000), a modern approach to De Giorgi’s theory was
developed by L. Caffarelli and A. Vasseur. They approached the problem from a unique
perspective, enabling them to identify precisely where the ellipticity of the problem was
utilized. This allowed them to isolate the underlying framework of the original solution
and extend it to a more general context. The main references for this modern approach
are [Vasl4] and [CV10]. The solution we present follows their works, and we also outline
the general ideas behind De Giorgi’s scheme.

Theorem 1.1 (De Giorgi). Fiz A : Q@ C R — R™" a Borel function. Suppose
M < A(x) < AI (I is the identity matriz) almost everywhere on Q for \, A € R. If
u € H} (;R) solves in the sense of distribution

loc
Lu = —div(AVu) =0 (1.1)

then there exists a constant o = a(\, A, n) such that for every Q' € Q, u is a-Hélder
continuous in §2'.




CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

The work is organized in two steps:

1. The Height estimate (also called L> — L? estimate). Thanks to the study of the
behaviour of the energy between the super level sets of the solution u we prove the
estimate

|l o (B1)) Sa l|ullz2)-

2. Oscillation decay. With a more geometric approach we obtain

lullea(aye) Sa llullesay
where the balls are centred in the origin.
Before going into the details we spend some words about the procedure of zooming/scaling.

This is a very general approach when dealing with PDE’s and it will be also useful in the
next chapters.

Zooming

We start with some considerations about the matrix A and the choice of the domains
Q,€Y. When we speak about the ellipticity condition of the matrix A we refer to the
bounds

M < A(x) < AT

which hold z-almost everywhere.

Consider L a constant n x n matrix with real coefficients and ¢ € R™. Then the
function v(z) = u(L(z) 4 ¢) solves

—div(A'Vv) =0

with A" = A(L(z) + ¢). The interesting fact is that A’ and A satisfy the same ellipticity
condition (since the condition is uniform). This implies that both, v and v, have the same
Holder constant «.

With this observation, we can notice that is not restrictive to take @ = B(2) and
Y = B(1/2). Indeed suppose we have proved the theorem for such domains and consider
now general 2 and €. Set d = dist(’, Q) and for every xy € Q' set

U (z) = u (a:g + gx) . z€B).

By previous considerations, note that u’ solves (1.1) with matrix A’(z) = A (x 4+ dy) which
verifies the same uniform elliptic estimates. By hypothesis v’ is C* in B(1/2) and u is

2



1.1. THE HEIGHT ESTIMATE

C% in €Y. To be precise this conclusion is correct because o does not depend on d since,
in the theorem, o does not depend on the choice of € or 2.

Remark. An important remark, applicable to the entire thesis, is that we are consider-
ing uniform conditions, such as the ellipticity condition. This ensures that our problem
behaves consistently under translations, as suggested in the Zooming section. Thanks to
this assumption, going forward, we will assume that all the balls are centered at the origin
unless explicitly stated otherwise.

1.1 The Height estimate

The goal of the first part of the proof is to verify the following e-regularity statement:

Proposition 1.1. If u solves (1.1) there ezists a constant € = e(n, A) such that
if ||u+||%2(Bl) < ¢, then

s [ Loe(B1/2) == (es8) supp( jpyu <1 (1.2)

where uy = max(u,0).

The Height estimate is a consequence of this proposition and it provides a relationship
between the L™ norm and the L? norm of a function. Specifically, it states that if a
function satisfies certain conditions and its L? norm is bounded on a certain set, then its
L norm is also bounded on a smaller set:

Corollary 1.1 (Height Estimate). If u solves (1.1) there exists a constant € = £(n, A)
such that

1
[l oo 1y < z [ull p2(p2)) -
Proof. For any x € B(1/2), consider
u(y) = ———u(z +y),
lull 2529

which is still a solution for the considerations of the Zooming section. Notice also that
||| 21y < € and so, by Proposition 1.1,

u(y) <1 fory e B(1/2).

We get the bound from below by applying the same result to —u. Collecting the two
estimates we write

lall (572 < 1.
Now using the arbitrariness of z in B(1/2) we have the thesis. O

3



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

Notice that the thesis of Corollary 1.1 holds immediately if u is a harmonic function:
it is trivially implied by the mean value property. Even if we are starting from the weaker
hypothesis of u just solving the elliptic equation (1.1) instead of being harmonic, we are
going to prove that we have the same property. To put it differently, even without the
general mean value property, if Lu = 0 (for an elliptic operator L), we can still establish
the reverse Holder’s inequality stated in Corollary 1.1. This highlights the power of the
constraints in compensating for the absence of the mean value property and enabling the
derivation of such inequalities..

We underline that we are using the constraints Lu = 0 to find an inequality that com-
petes with a universally applicable inequality (such as Holder’s inequality). This parallel
brings to mind the Caccioppoli-Leray where the ellipticity assumptions allow us to find an
inequality which rivals with Sobolev embeddings (that holds for every general function).
In both cases, the prize we must pay to get the reverse inequalities is the restriction of
the domain of the left-hand side.

The settings

To prove Proposition 1.1 the idea is to study the decay of the energy between super-level
sets of u. For this purpose, we introduce the truncation uy

wp = u—(1-27"); (1.3)
and a sequence of decreasing balls defined as
1 —k
B,=1B 5(1 +27%) ).

The importance of this choice is that By = B(1) and the sequence of radii is decreasing
up to By = B(1/2). With these two, we can define the energy Uy as

Uk :/ Ui = ||Uk||%2(3k)-
By

Truncation, shrinking domains, and the choice of energy are the key components in
setting up De Giorgi’s scheme. As we delve into the subsequent chapters, these quantities
will undergo transformations influenced by the geometry of the problem, while preserving
their original purpose.

The strategy now is to apply the following crucial Lemma to the energy Uy:



1.1. THE HEIGHT ESTIMATE

Lemma 1.1 (Geometric decay). Suppose that a sequence satisfies
0< Uiy < aCrUP (1.4)

for C > 1, a >0 and B > 1 then there exists a constant € such that if 0 < Uy < ¢
then
lim U, = 0.

k——+oo

Supposing that we are able to prove that Uy, has such a decay, then if Uy = ||uy|[z2(p1) <
e we have U, — 0, which implies

/ u—172=0 = ess SUPp(1/9) U < 1.
B(1/2)

Hence, to prove the Proposition 1.1, we have to verify that Uy satisfies (1.4). Before
proving this fact we spend some comments on the Lemma 1.1 since it will be useful also
in other applications.

Geometric decay

The Lemma 1.1 says that if our sequence decays faster than a geometric sequence we
can choose a first term U, small enough in such a way that the sequence U goes to 0 at
infinity. It is a consequence of the trivial fact that ™ — 0 if z < 1.

Proving that f is strictly greater than 1 is what guarantees us the convergence of the
sequence Uy. Now we give an elementary proof of the Geometry decay Lemma:

Proof. Let us denote
Vi = 0%0(651)2 Us.

By hypothesis we have
ML o ok 8 2% ot 8 8

and, in particular
Vk S Oét(‘/b)ﬁk.

Developing the computation in U instead of V' we get
ko 1 1 B sk
CFICEPU, < (CE2U)* = Uy < (a CFicE-22U;)"
_B__
Hence, for a small enough Uy, we have that (a CF1CT 17 Uoﬂ) <landso Uy — 0. [

5



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

Energy decay estimate

We are left to prove that our Uy decays faster than a geometric sequence. Overcoming the
gap between 1 and 3 > 1 is where difficulties arise (notice that the inequality U1 < Uy
is trivial). To this aim, truncation plays the leading role: we are going to see that taking
only the positive part allows us to use a combination of Holder and Chebychev’s inequality
to put our exponent [ over the value 1.

In particular, we are going to verify the decay for these exponents

Uppr < C2%0 (1.5)

To obtain this result, we need to combine three theorems: Sobolev embeddings, Energy
inequality, and Chebyshev’s inequality. We would like to note in advance that when we
refer to Sobolev embeddings, we also tacitly include the use of the Poincaré inequality
when the function is compactly supported. We present here the Energy inequality that
we will use, but its proof is postponed.

Theorem. (Elliptic Energy inequality) Suppose u > 0 is a weak subsolution to (1.1)
in QCR™ (Lu <0). Then for every ¢ € C° () we have

/Q(V (puy))?de < C’/ u’ | V|’ dz

QN spt e

with C' depending only on the matriz A.

We begin considering the following family of test functions:

or =1 in By,
v, =0 in Bj_,,
|Vg0k| S CQk.

Noticing that ¢, = 1 in By and that {@rur > 0} = {@rur # 0} (the functions ¢y and
uy, are positive) we have

U1 < /(@k+1uk+1)2:/(@k+1uk+1)2 Ligp rupsi>0}-

Since . . 2an—2) 2
n R
pum— R lpu— 1
p*/2 * n/2 2n * n

we can use Holder’s inequality on the right-hand side with exponents p*/2 and n/2:

2/p* )
Up1 < {/ (@kﬂukﬂ)p ] ) ‘{80k+1uk+1 > OHE . (1-6)

6



1.1. THE HEIGHT ESTIMATE

This inequality is the starting point to prove that our energy decays faster than a
sequence with exponent 1. We stress that without taking the positive part in the trun-
cation we would not have the second term on the right-hand side of (1.6). Now we work
separately with the two terms on the right-hand side. The reader is encouraged to pay
close attention to both of them.

To get the estimate on the first term we use the Sobolev embeddings (for a proof of
ur € H' see [ACM10)):

*

[ ] "o [ ().

The truncation wug,q is positive and Luy; = 0, hence we can use the Energy inequality
to get

¢ [ mumy<c | waVeawPzor [ o,

spt k41 SPt k41

Since w41 < ug and spt(xs1) C By (by definition of ¢, 1) we obtain
Nkl
|:/ (g0k+1uk+1)p :| S 022k/ uz S CQQkUk (17)
By,

The opposite action of the Sobolev embeddings and the Energy inequality manages to
get the desired estimate. As we can see, we have not increased the exponent of Uy yet,
but the second term of (1.6) plays an important role to this aim. Notice that

Yrr1(x) > 0= 2 € By = ¢i(z) =1,
Upp1 > 0= u>1—270F) = gy > 1 — 97k 4 o) o ) 5 9= (k+D)

and so we have
{Orr1vrpr > 0} C {@pvp > 27D}

Hence, by Chebychev, we conclude

2 2 4 n 4 2
]{gpk+1uk+1 > 0} ‘E < ‘{gpkuk > 27(k+1)} ‘E < 02% (/ (@kuk)2) = CQ%Uk" (18)
By combining the two estimates (1.7) and (1.8) with (1.6), we obtain the thesis:

2
Uper < C2%0U, 77

7



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

Energy inequality

As we have seen Energy inequality competes with the Sobolev Embeddings, namely it
has to control the norm of the gradient with the norm of the solution. We have already
explained how Corollary 1.1 is the reverse of Holder inequality. In other words, to find

the reverse Holder we need to reverse first the Sobolev embeddings and the information
of this inversion is contained in the Energy inequality.

Notice also that we have not used any hypothesis about w being a solution to the
elliptic problem. The fact that u solves (1.1) is used only to obtain the Energy inequality.
The proof we present uses the same arguments of the Caccioppoli-Leray inequality, in
particular, we test the weak solution to Lu = 0 with a function depending on the solution
itself.

Theorem 1.2. (Elliptic Energy inequality) Suppose u > 0 is a weak subsolution to (1.1)
in QQ CR™ (Lu <0). Then for every ¢ € C§° (2) we have

/Q (V (pu))’dz < C / w?|V|?dz

QN sptp

with C' depending only on the matriz A.

Proof. We multiply Lu = — div(AVu) by ¢*u > 0 and we integarte by parts:
/QAVu -V(¢®u) <0.
Now we use V(p?u) = pV(pu) + puVe and we re-write the left hand side as
/QAVU -V (p%u) = /QA(gOVu) -V(pu) + /Q ouAVu -V

and developing the first term of the right-hand side we get

[ 4u-9ie0 = [ 4960 Ve - [

uAVy - V(pu) + / YuAVu -V <0
Q Q0

or, equivalently,

/QAV(@U) -V(pu) < /QuAVg0~V(g0u) —/nguAVwV@. (1.9)

The right-hand side is equal to
/ upAVp - Vu + / u?AVp - Vo — / wuAVu - V.
Q ) Q

8



1.1. THE HEIGHT ESTIMATE

The second term can be bound using the ellipticity condition. For the other two, we
notice

/ucpAVgo-Vu—/@uAVu-V@z/uV(gou) -AVga—/uAV(gou)-Vgp
Q Q Q

Q

and using, again the ellipticity of A:

/Q UV (ou) - AV — uAV (pu) - w\ < 2|V (o) 2 [l V] 2

Since Al < A(z) we can estimate with

% (/V (pu) - AV (W))m [uVeoll e - (1.10)

The key idea is to use the Young’s inequality (which holds for every ¢):

eal b
ab< —+ — (with1/p+1/q=1).
LD itk Up+ /g =1)
Then (1.10) is less or equal then

2.2

Z%Q/V(gou)-AV (gou)+2A>\§ /QUQ(VQO)z.

Summarizing, we can re-write (1.9) in the form:
2.2

62

/QAV(gou) - V(pu) < / u?AVp - Vo + L[y (pu) - AV (pu) + 2

u? (V).
i 5oz : (Vo)

(1.11)

With an appropriate choice of € (e = \/5), we can absorb the second term on the left-hand
side and we conclude

%/QAV(W).V(W) < (A+2A;52) /Quz(vgo)? O

We conclude the section with a consequence of the previous result.

Corollary 1.2 (Caccioppoli-Leray). If we consider Q" € Q' & § then there ezists a
constant C' = C(A,Q", ) such that

/ (Vu)de < C | wldx

Q/

Proof. Consider 0 < ¢ <1 in Q such that ¢ € C°(§Y) and ¢ =1 in Q”. Since ||Vyl|q is
bounded we conclude

/ (Vup < / (Vi) <c [ wver<c | m

Q/

9



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

1.2 Oscillation decay

Once we have obtained the estimate of Corollary 1.1 we can study the behaviour of the
oscillations of the solution. As a definition of oscillation of u in a set B, we take

oscgu = (ess) supyu — (ess) inf 5 u.

In particular, we are going to prove the following estimate:

Lemma 1.2. If u solves (1.1) in B(2) then there ezists § = §(n, A) < 1 such that

0SCp, , U < Aoscp, u.

We start showing that this lemma implies the a-Holder continuity of u. Consider
7o € By/2 and set the following sequence of functions:

ur(z) = u(zo + 2/4) un(x) = up—y1(z/4).

Since ¢ depends only on (A, n) the functions u, satisfy the same decay estimate of u (see
Zooming).

Now we proceed using recursively the oscillation decay:

sup  |u(zo) —u(a)| = sup |u(zo) — ulzo + /4" )| = sup |u(zo) — up1(2)] <
lz—z0|<4—m zEBy /2 z€By /2

< 08Cp, ), Un—1 < doscp, Up—1 < -+ < gt 0SCp, Uy =
= 6" osceep, u(xo + 1/4) < 2(5”’1Hu|]Loo(Bl).

The right-hand side does not depend on the choice of xy, hence we have

sup  Ju(y) — u(x)] < 20" Hull Lo (sy)
|z—y|<4—m

Now take x,y € By, then 4™ < |z — y| < 4=(=1 for a particular n. Combining the
previous estimates we obtain

|u(y) — u(x)]
|z =yl
Choosing o = —1Iny 6 we have that u € C%(By2).

S 4na5n—2||u||Loo(B1).

Proof of Lemma 1.2

To prove Lemma (1.2) we need an intermediate step. To do this we are going to use that
that an H' function can not have a jump discontinuity:

10



1.2. OSCILLATION DECAY

Proposition 1.2 (Isoperimetric Inequality for H'). Consider u such that
5, \Vuy | dr < C and set

[Nl = {u<0}N B,
Bl = {u = 1/2} N By,

M| = {0 <u<1/2)NBl.

Then we have

1 1)\2
ciM| = - (IBINI=+)

Proof and remarks of this Proposition, which relies on the isoperimetric inequality, are
postponed to the last section of this Chapter.

What we are going to prove now, indeed, is that if v is a solution of (1.1), smaller than
one in Bi, and is "far from 1 7 in a set of non-trivial measure, it cannot get too close to
1in BI/Z-

Proposition. Let v a solution to (1.1) in B(2). Assumev <1 and |ByN{v <0} > p >
0. Then supp, , v < 1— A\, where \ depends only on u, A, and n.

Proof. The strategy now is to utilize the Height Estimate. We aim to derive a contra-
diction by constructing a sequence of solutions in which the L? norm decreases while the
supremum does not. This contradicts the essence of the Height Estimate, which states
that if the L? norm is controlled within a certain region, then the function cannot exhibit
excessive growth, and its supremum value remains bounded.

Consider the map S(z) = 2z — 1 and set the following sequence of functions:

vo=v wpp = S(v;) or, alternatively vy, = 2%y — 2F 4+ 1.

By construction we have

1. v(z) = 1if and only if vg(z) = 1 for at least one k;

2. At every step we decrease the L? norm of (vg).

Since v, remains a solution and the L? norm of its positive part is decreasing, ac-
cording to Corollary 1.1, we expect the supremum of vy over B(1/2) to decrease as well.
Consequently, we can ensure that vy < 1. As 1 is a fixed point of S (refer to Figure), we

11



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

— Vo)«
(vi)+

— (v2)+

(Va)-

Figure 1.1: The first iterations of our construction (for a continuous map) when the
function v reaches the value 1.

can conclude that v < 1 as well.

In particular, if we can write vy, <7 (for some kg) in By/,, for 0 < n < 1, then
v<1—27(1—p)

which implies the thesis. To this aim consider a small n > 0, if we can prove that there
exists kg such that

/ (Uko)j- dr <mne.
B

then, by Corollary 1.1, v < n.

To achieve this, it is important to note that for any k, we have v, < 1. Thus,
by applying the Corollary 1.2 of with domains B(1) and B(2), we obtain the following
inequality:

v (vk)Jr}?dx <C
By

By hypothesis we have also [{vy < 0} N By| > [{v <0} N By| > p. As long as 2vy, satisfies

we get, by definition of vy,

|{2'Uk Z 1} N Bl| = ‘{vk+1 Z 0} N Bl| Z / (U}H,l)i dx Z ne.

Bi
Summarizing we have

1. ’{UkSO}ﬂBl‘ZN>O

2. Qur 2 1/2} 0By 2 e > 0

12



1.2. OSCILLATION DECAY

So, from Proposition 1.2, there exists a positive constant «, which does not depend on &,
such that
HO < v < 1/2} N By| > a

Then
Hur <0} N Byl > {op—1 <0} N By +a > p+ ka.

This fails after a finite number of k. At this ky we have for sure that

]

We can prove that the previous proposition implies the oscillation decay (1.2), which
concludes Hilbert’s 19th problem. Take u to be a solution of (1.1) and consider the

function: .
2 su u+infg, u
v(x) = (u(aj) _ P be ) .
0SCp, U 2
Notice that —1 <o <1 and
2 0SCR, ,, U
0SC V= —"
Bz 0sCp, U

Assume that |B; N {v < 0}| < p (or use —v instead of v). Then we can apply the
proposition on v which gives that supp, , < 1 — A and so oscg,,v < 2 — A Hence
oscp, , u < (1 —A/2)oscup,.

Conclusion by means of the isoperimetric inequality

In this last part, we prove the Proposition 1.2 that we report:

Proposition. Consider u such that [ \Vuy|*de < C and set

IN| = Hu<0}n B,
1Bl = {u=1/2} N By,
M| = {0 <u<1/2} N By

Then we have ] )
_1
ClM| = 5 (|B||N|1 ) .

As reported in [ACM10] this result is the reason why De Giorgi’s regularity argument,
even if so analytic, is deeply geometric in spirit. Indeed we are going to see how it is
ultimately based on the isoperimetric inequality. The following proof, which is particularly
elegant, is taken from [Vasl4].

13



CHAPTER 1. DE GIORGI'S SCHEME FOR XIX HILBERT’S PROBLEM

Proof. We set % = sup(0, inf(u,1/2)) which implies Vi = (Vuy) Lio<y<i/2y. For z in N
and y in B, we have

1/2 = aly) — (x) = /Ol(y — ) Valz +ty — ))dt < /Ow_z vl (x 4 SIZ = il) ds.

Assigning the value 0 to Vu outside of By, we get

1/2 < / Vil <a: + su) ds
0 ly — |
integrating this inequality for all y € B, we get

S [ wa (e =g o ars [, ([ 9o (o= as) o

Writing the first integral in polar coordinates for y—x = ro, and noticing that the function
does not depend on r we get

/ n— 1/ (/ |Vl x+sa)ds)dadr<// IVa| (z + so) dsdo
st .

// w11Vl l’—li-SO')d da:/ M()ldy

St s B() ]x—y]”—

Now integrating the variable x € N we get

2= 70 ([ )

By the isoperimetric inequality, the integral in dz is maximized by the ball of radius | N|*/™
centred in y. In particular

N||B
S <y [ valtay
B(1)

Now we use Holder’s inequality to obtain

1/2
/ |va|<y>dys( |w+|2) M2, 0
B(1) M

14



Chapter 2

Parabolic case

We will now show how to establish the Holder regularity of the solution in the parabolic
setting. This analysis builds upon the same ideas presented in the previous chapter. The
objective is to become acquainted with the methodology before delving into more intricate
problems such as the Navier-Stokes equations or the stochastic heat equation.

The equation we are going to consider is the following
Lu = dpu — div (A(t,2)V,u) =0 VY(t,z) € (0,T) x Q (2.1)
where A : (0,7) x Q — R™" is a Borel function that satisfies
M < A(t,x) < AI V(t,z) € (0,T) x Q. (2.2)
A weak solution of (2.1) is a function v € L>((0,7); L*(2)) N L*((0,T); H'(2)) sat-

isfing (2.1) in a distributional sense. For simplicity, when we speak about weak solutions
we implicitly assume that A satisfies (2.2).

The regularity result we are going to prove is:

Theorem 2.1. If u is a weak solution of (2.1) in (0,T) x § then there exists a
constant 0 < « < 1 such that, for every 0 < s < T and ¥ € Q, u is a-Holder
continous in (s,T) x V.

According to Remark 1 and using the Zooming technique of the previous Chapter
one can check that the thesis is equivalent to proving that if u is a solution of (2.1) in

(=2,1) x B(2) then u € C*((—1/2,1) x B(1/2))".

'Dealing with negative times is just a mathematical choice to simplify the readability of the proof

15



CHAPTER 2. PARABOLIC CASE

2.1 De Giorgi’s scheme for parabolic equation

The proof follows the pattern introduced for the elliptic case. The main goal of this
section is the parabolic counterpart of Proposition 1.1:

Theorem 2.2. If u is a weak solution of (2.1) and A satisfies (2.2) then there exists
e > 0 such that if ||u+|]%2(Q1) < ¢ then

up <1/2 in @y

The setting

Since we are in a parabolic context it is more natural to consider cylinders instead of
balls:

Qr = (T), 1) x By,
where By, = B(1(1+27%)) and

1
T, = —5(1 +275).

This time we have Qo = (—1,1) x B(1) and Q» = (—1/2,1) x B(1/2).
As in the elliptic case we set the energy

Uk:/ |ug |3 dadt
Qk

with u; the truncation
up = [u— (1 =279,

Parabolic Energy inequality

We remind the importance of this equation. As we have already said we need to control
the norm of the gradient with the norm of the solution. In the parabolic case, we have
the following result.

Theorem 2.3. (Parabolic Energy inequality) Suppose u > 0 is a weak subsolution to (2.1)
in QCR™ (Lu <0). Then for every ¢ € C§° (Q) and every s < t we have

([e)o+ [ [wers([ad)ore[ [ava @

with C' depending only on the matriz A.

16



2.1. DE GIORGI'S SCHEME FOR PARABOLIC EQUATION

Proof. We multiply (2.1) by ©?u and we use the divergence theorem in space. In this way

we get
T (o) [ [ mas ([0

For the second term of the left inside, we proceed (fixing the time) in the same way as
the Elliptic Energy Inequality. O]

With some extra work, we can prove this Corollary, whose importance will be clear in
the next part. A very similar collection of ideas will be used also for the Navier-Stokes
equations.

Corollary 2.1. With the same hypothesis of the previous theorem we have

1 Thin 1
sup (/ W) (1) + / / (V (pu)? < 242 / / NIV / / 2|Vl
Tk+1§t§1 Q Tk+1 Q Tk Q T, 4 Q

where Ty, is defined as before and p € C§°(£2).

Proof. The idea is to restrict to the case Ty < s < Ty <t < 1. Using this range we can
write (2.3) in the form

(/Q 902u2> (1) +/T;1 /Q (V (pu))® < (/Q g02u2) (s) + O/T:/QUZWSOP'

Now we average between T}, and T, in the variable s and we obtain

(/Q 902u2) (t)+/T:+1/Q(V (pu))* < 287 /Tka+1/Q¢2u2+C/T:/Qu2|V¢|2,

Since the estimate is true for every ¢t € [Tj41, 1] we can find the maximum for the left-hand
side and conclude

1 Tesn 1
sup (/ 902u2> (t)+/ /(V (ou))® < 2k+2/ /4,02u2+0/ /u2|V90|2. O
Tk41<t<1 Q Tir1 7/ Q Ty Q T, JQ

Notice that the left-hand side is simply

W1, u) := [[oul| 2@y + IV (u0)| 222(qp 1)

It is immediate to see that this quantity is a localisation of the assumption on u belonging
to L((0,7); L*(2)) N L*((0,T); H'(<)).

17



CHAPTER 2. PARABOLIC CASE

Energy decay

To conclude De Giorgi’s scheme we have to prove that

T
U1 < CU, (2.4)

which, as in the elliptic case, implies (2.2).

We define the test functions 0 < p; < 1 as

=0 inBS_,
‘V@k’ < CQk,

and we apply Corollary 2.1 with ¢r,1 and ugy; as subsolution. In this way we have

TkJrl 1
Wit = Wi (Ui, Prt1) < 2k+2/T /Qﬁﬂuiﬂ + C/T /QUiH’VSOkHP- (2.5)
k k

Since 1 is compactly supported in By and ug1 < ug, the right hand side is bounded

by
1 1
2+ / / ul 4 C2% / / up < C*U with C'> 1.

For the left-hand side of (2.5), we introduce a new concept. Typically, when working
with functions that depend on both time and space, it is beneficial to obtain a uniform
bound for both variables. This estimate is obtained through an interpolation argument
and is closely tied to the initial regularity assumptions of the weak solution of the partial
differential equation. We state it now and we will continue to use it in the next chapters.

Lemma 2.1 (Time-Space Interpolation). Let f € LP9 N LP¢ with 1 < p,q,p',q <
+oo. For any X € [0, 1] let py, g be so that

1 A 1—) 1 A 1—A
— ==t — and — = —+ p
Px b p ax q q

Then

1 Fllonan < IFIR A

In our scenario, we have the following result:

Lemma 2.2. There exists a constant C > 0 such that

U " < CW,
H90k’+1 k+1HL2(2J )(Qk+1) = k+1

18



2.2. THE HOLDER REGULARITY OF THE HEAT EQUATION

Proof. The bound
| orr1trr1 | Loo2(@p 1) < Wit

is trivial and, by Sobolev Embeddings, we have also

||¢k+1uk+1||L2’n2ﬁ2 (Qk+1) S Wk+1.

Now we interpolate between the two estimates and we get

||90k+1uk+1||L”Aqu(Qk+1) < Wi

for any py, g satisfing (for A € [0, 1])
1 1—X 1 A 1—A

S ad ==l A
D 2 an g 2 + 2n/(n — 2)

Imposing py = ¢) we find py = ¢, = 2(2 + n)/n which implies the thesis.

Collecting the results we have proved, we obtain

u n < Wit < CFU,
||90k+1 k+1||L2(2I )(QkJrl) S Wiyt S k

and therefore,

2 2 2 2
Uk+1 —/ |Uk+1| —/ |Uk+1| l{uk+1>0} S/ Pr+1 ’uk+1’ l{uk+1>0}
Qr+1 Qk+1 Qr+1

(2.6)

where the first inequality is given by the definition of .. Using Holder and Chebyshev

inequalities, we can derive the following conclusion:

n

2
U1 < || @pr1tps1]] 20 [ € Qrar t upr > 0|7
L (Qr+1)

< C*UH{w € Qpyr = ug > 27(“1)}’2%"

2
24n
< CMU 220 / s ?
Qr+1

142
S CkUk+2+n .

2.2 The Holder regularity of the heat equation

We follow De Giorgi’s idea from the previous chapter. We need to introduce

Q =1[-3/2,0] x B(1).
The key point is the counterpart of the elliptic case

19



CHAPTER 2. PARABOLIC CASE

Proposition 2.1. Let v be a solution of (2.1) in Q. Assume v <1 and
1@l

5
Then Supq; , U <1—=A\, where 0 < A < 1 depends only on pu, A and n.

{u<0}nQ@|>

Once we have this result we apply it to the following function

2 supg, u + infg, u
v(z) = u(zx) — 2 :
0SCqy U 2

which implies the oscillation decay estimate
0SCQ/(1/2) U < A0SCqr(2) U.

Proceeding (exactly) as we did in the previous Chapter we get the Holder regularity.

Proof of Proposition (2.1)

In De Giorgi’s proof we worked with the domains B(1/2) C B(1) C B(2) and so we
are expected to use Q'(1/2) € Q'(1) € @'(2). The introduction of Q does not modify
deeply the proof of the Proposition 2.1 but we need the following inequality (whose proof
is postponed).

Proposition 2.2. There ezists o > 0 such that: if u is a solution to (2.1) in QY the
following holds. If we denote,

Bl = {u>1/2} N Q|
IN|={u<0}nQ|
M| = {0<u<1/2}ﬂ<Q1UQ)’

and |B| > 6,|N| > |Q|/2 then
(M| = o

We sketch the proof of Proposition 2.1

Proof. We set
Vo=V Vg1 = 2’(}]C —1.

Since we have (2.2), as in the elliptic case, we have just to prove that, up to choosing a
big k, we can make ||vg||12(g,) small as we want.
By contradiction, suppose that for every k

/Q (vp)3 =6

!
1

20



2.3. ISOPERIMETRIC INEQUALITY FOR PARABOLIC EQUATION

for some § > 0. Then we have

o2 1/20 004 = Hos 2 010041 > [ ()25

Moreover, by definition of v,

o)

I{kaO}m@\zy{vgo}m@z! |

|

Then, by the Proposition 2.2, we get
{0 <o <1/2} N(QLUQ)| > a

We conclude

{ve < 0}N(QLUQ)| > [{ve—1 < 0FN(QLUQ)|+ {0 < vy < 1/2}N(QLUQ)| >

and passing to the limit k& — 400 we have the contradiction. O]

2.3 Isoperimetric inequality for parabolic equation

The proof of Proposition 2.2 is technical but deeply related to the geometry of the
parabolic equation.
Suppose, by contradiction, that we can find a sequence uy, of solutions to (2.1) in @ such

that )
{ur > 1/2} 0 QY =6

[ur, 0[N Q| > 1Q]/2
{0 <u,<1/22N(QLUQ)| < 1/k.

Step 1

In this step we prove that v, = (ug)4 is uniformly bounded in L*([-2,1]; H'(B(1))) and
also in L%*([—2,1]; L?(B(1))). To help the readability we use the notation L* + L? to
indicate the space L*([—2,1]; L*(B(1))) and similarly for other functional spaces.

Since v, > 0 is still a solution to (2.1) we can use the Energy inequality (2.3) that we

report:
([ [ [wears([e)ore [ [arva

Setting ¢ = 1 in B(1) and compactly supported in B(2) the inequality becomes

(/B(l)v,%) “”/:/Bm(v“’“)?g (/Bm)v,z) <s>+c/:/3(2)vg
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CHAPTER 2. PARABOLIC CASE

where we have used that also V¢ is bounded. Since v < 1 we conclude

(/3(1) vi) (t) + /St /B(l) (Vup)? < |B2)| + C(t — 5).

Choosing s = —2 and t = 1 we have that v}, is uniformly bounded in L? + L? while if we
integrate both sides in ¢ between [—2, 1] we get the uniform bound for vy, in L? + L?. We
conclude that v, is uniformly bounded in L? + H*!.

We claim that 0,v;, is uniformly bounded in L? + H~!. Indeed

1

1
Jowulizen = [ 0wt Moy dt= [ | sw [ dw| a
-2

-2 | vend(B)) JB(1)
91l g1 =1

Since vy, is a solution, the last term is equal to
2 2

1 1
/ sup / div(AVug) ¢ | dt < A/ sup / div(Vug) | dt
-2 | vend(B1)) JB(1) -2 | vendsa) JB(1)

Il g1 =1 ol g1 =1

where we have used the ellipticity of A.
We integrate by parts (remember that ¢» = 0 on 0f) and we do not care about signs)

2 2

1 1
A/ sup / V’Uk . V¢ dt 5 / sup ||Vvk||L2(B(1))||V¢||L2(B(1)) dt
— )) B(l) _

2 | yeH}(BO 2 | veH}(B()
91l 1 =1 1l g1 =1

Since the right-hand side is controlled by ||Vvg||z2.12 we have proved the claim.

Step 2

We want to prove that, up to a subsequence, vy is converging in L*([-2, 1]; L*(B(1))). To
this aim, we need Aubin Lion Lemma (see [BPB13] Theorem I1.5.16):

Lemma (Aubin Lion Lemma). Let Xy, X and X, be three Banach spaces with Xy C
X C Xi. Suppose that Xy is compactly embedded in X and that X is continuously
embedded in Xy. Suppose that 1 < p,q < oo and

W = {ue L”([0,T]; Xo) : du € L ([0, T): X1)}

Then W is compactly embedded into LP([0,T]; X).

22



2.3. ISOPERIMETRIC INEQUALITY FOR PARABOLIC EQUATION

Our sequence
H'cIL*cH!
satisfies the hypothesis and so we have that
{uE L*+ H' :8tu€L2+H_1}

is compactly embedded into L?+ L2. This implies that vy, up to extracting a subsequence,
is converging to some v in L? + L2,

Since the convergence in L? implies the convergence in probability (using Chebychev) we
have, for any € > 0,

Jim [{o =] = 2} [-2,1] x B(1)] =0, (2.7)

Step 3

Notice thatNall the properties of u;, are inherited by vy, moreover we have that |{v, =
0} N Q| > |Q|/2 because vy, is positive. Also, v behaves well, indeed we have this lemma:

Lemma 2.3. In the previous assumptions and setting the followings facts hold for v

1 {fv=1/2}n@Qi =24,
2. {v=0}nQl>1Q|/2,
3. {0o<wv<1/2}N(Q,UQ)| =0.

Proof. We prove separately the three points

1. If v > 1/2, then either |[v — vg| > e or v > 1/2 — . Hence
0 <Hue 212k N <Ko —wl 2 e} n Q[+ {v = 1/2-e}n Qi
Using (2.7) and the arbitrariness of € we conclude the point 1.

2. In the same way, if v, < 0, then either |[v — v| > ¢ or v <e. So

O

<Hoe <0}NQI < {lv—wl 2} nQl+{v<e}n@)

|

and we conclude again by (2.7).

3. For the third time we have that if ¢ < v < 1/2 — ¢ then either |v — vg| > € or
0<wp<1/2. So

[{e <v<1/2-e3n(QUQ)] < {lv—ui| > e}N(QIUQ)I+{0 < v < 1/23N(QUQ)].

Using (2.7) we have that the right-hand side goes to zero. Since it is true for every
€ we get the thesis.
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CHAPTER 2. PARABOLIC CASE

Step 4

The previous Lemma leads to a contradiction with the isoperimetric inequality for the
elliptic case. Indeed, the function v jumps between sets where it is bigger than 1/2 and
sets smaller than 0. If we can formalize this concept we have the contradiction we need.
The third point of the previous Lemma implies that for almost every ¢t € [—3/2,1] we
have

{0 < u(t, ) < 1/2} N B(1))| = 0.

For almost every t € [—2,1], Vo(t,-) € L*(B(1)) we can apply De Giorgi’s isoperimetric
inequality (Proposition 1.2), to get that, for almost every t € [—3/2, 1], we have either

v(t,-)=0 in B(1) or  w(t,-)>1/2 in B(1). (2.8)

Now, by point 2 of Lemma 2.3, there are some times —3/2 < s < —1 such that v(¢,-) <0
in B(1). Choose one of such s and set a cutoff function compactly supported in B(1). By
the energy inequality we obtain, for ¢ > s:

(/Q 802013> (t) < (/Q <p2v,§) (s) + C(t — s) (2.9)

and letting k — +oo (with v(-,s) = 0 in B(1)) it implies

(/B(l) 90%2) (t) <Ot - s). (2.10)

Consider the quantity M = ||p]|3/4 and notice that by (2.10) for every t € (s, s+ M/C)

we have .
(/ @2v2)(t)<M=—/ ¥?
B(1) 4 B(1)

If v(t,-) > 1/2 we have a contradiction then, by (2.8), v(-,t) = 0in B(1) for t € (s,s+ M/
(). Bootstrapping the argument we conclude

v=0 in Q)
which is a contradiction with point 1 of Lemma 2.3.

Remark. The limit k — 400 is well defined. Indeed || pvk| pyr2 is uniformly bounded
by the estimate (2.9) and by the fact that pv, < 1 with ¢ compactly supported in B(1).

Remark. Fach step of the lemma relies on the equation (2.7), which holds in the in-
terval [—2,1] x B(1). This interval contains both Q) and Q. The reason we can obtain
such a precise estimate is closely connected to the Energy Inequality in the parabolic case.
This inequality allows us to have significant flexibility in the time variable, as the test
function is defined only in the spatial variable. Consequently, we can exert control over
future events based on our knowledge of the past. The inequality~(2.9) provides us with

information about Q)| by utilizing the information we have about ().
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In a sense, the parabolic isoperimetric inequality is more powerful than its elliptic
counterpart. While the assumptions control the values of u separately in ()} and Q, the
conclusion still holds for the union of the two regions. This is due to the fact that () =

[—3/2, —1] x B(1) represents the past of Q = [—1,1] x B(1), and we can exert control
over the latter using the former.
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Chapter 3

Regularity for Navier-Stokes
equations

The objective of this transitional chapter is to motivate the reader regarding the signif-
icance of the Caffarelli-Kohn-Nirenberg theorem. To accomplish this, we will provide a
brief overview of the Navier-Stokes equations problem, aiming to give an intuitive under-
standing of the regularity assumptions that we will be imposing.

The issue of existence and smoothness of the Navier-Stokes equations is regarded as
one of the most challenging problems in contemporary mathematics. It is one of the ” Mil-
lennium Prize Problems.” The current formulation of the problem was given by Charles
Fefferman in 2000 [Fef00] and can be accessed on the official website.

The incompressible Navier-Stokes equations in dimension three are!

ou+ (u-Vu+Vp—vAu=f (t,z)€ (0,00) x R

3.1
div=20 (3.1)

where u : (0,+00) x R® — R3 is the velocity vector field of the fluid and and p :
(0,4+00) x R — R is the pressure. The term f is a given, applied external force and
v > 0 is the viscosity constant. The problem is endowed with the initial condition:

u(0, ) = ug (3.2)

where ug is a divergence-free vector field.

Since we are working with an unbounded domain we have to control the behaviour of

IThe gradient and the Laplacian are taken on on the spacial variables
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CHAPTER 3. REGULARITY FOR NAVIER-STOKES EQUATIONS

the solution when |z| — oo. Hence we will require

10%up(z)| < Clarey(1+ |z[)™"  for any v and K

3.3
020" f(2)] < Claymrey(1+ |z| + 1)~ for any a, m, K. (3:3)

For physical reasons, we consider accetable only smooth solutions with bounded energy
(at every time), namely

p,u € C™((0,00) x R?)

3.4
/ lu(t,x)|*dx < C' for any t. (3.4)
R3

The Clay Mathematics Institute of Cambridge ask for a proof of

First formulation of the Millenium Problem

Take v > 0 and ug any smooth divergence-free vector field verifying (3.3) (only the
first equation). Take f identically zero. Then there exist u, p functions on (0, c0) x R?
solving (3.1), (3.2) and (3.4).

We will work in this direction. We suppose v = 1 and instead of R3 we consider a bounded
and regular region Q C R3. Then the condition (3.3) is substituted by

u(t,z) =0 in (0,00) x OS2

From now on when we speak about (u, p) solving the Navier-Stokes equations in (0,77) x
with 7" > 0 we mean:

Ou+ (u-Vu+Vp=Au (t,z)€ (0,T) xR

3.5
divu=0 (3.5)

with boundary conditions:

w(0,-) =ug inQ

u(t,z) =0 in (0,T) x 9N (3.6)

with ugy divergence-free.

3.1 Weak solutions

In this section, we present a constructive definition of suitable weak solutions. We aim to
provide an intuitive understanding of the hypotheses we impose.

28



3.1. WEAK SOLUTIONS

When analyzing solutions of the Navier-Stokes equations, it is advantageous to con-
sider spaces of divergence-free functions. We begin by defining the space of the solution
as follows:

V(Q) == {u e CX(Q) : div(u) = 0},

Next, we consider the closures of this space in L? and H!, respectively:

Y7L ronl2

H(Q) :=V(Q) and V(Q):=V(Q) .

These subspaces are closed and thus remain Hilbert spaces when equipped with the L?
and H'! norms, respectively.

Now, we present the most general definition of a weak solution:
Definition 3.1. Given uy € V() we say that (u,p) is a global weak solution of (3.5) in
(0,7) x 2 if:

1w L2 ((0,T); V(9)) N 1 ((0,T); H());

2. (u,p) solves the first equation of (3.5) in a distributional sense;

3. u(0,-) = ug a.e. in .

In the literature, it is common for simplicity to only require the following condition
instead of point 1 of Definition 3.1.

we L2((0,T): HY(Q)) N L((0,T); L2()).

Moreover, the condition div = 0 is imposed in a weak sense, meaning that (u,p) satisfies
the two points of equation (3.5) in a distributional sense.
Let’s delve further into the two key points:

1. Up until this point, we have not imposed any restrictions on the regularity of the
pressure term in the Navier-Stokes equations;

2. We have not discussed the uniqueness of the solution:sS far, we have not addressed
the issue of the uniqueness of the solution to the Navier-Stokes equations.

Let us begin with the first of these two points, which concerns the pressure. We want
to emphasize that the issues regarding its regularity are not trivial but rather necessary
to address in order to tackle the Caffarelli-Kohn-Nirenberg theorem. Before doing so, we
state an intermediate but crucial result:
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Proposition 3.1. Under the previous assumptions on the reqularity of u, we have

we L*((0,T); L5(Q)) N LY ((0,T) x Q). (3.7)
Moreover, (u-V)u € L*((0,T); L*/?).
Proof. By Sobolev Embeddings, since in dimension 3 we have 2* = 6, we get u €

L?((0,7); L°(2)). By space-time interpolation between L*% and L*? we get also u €
710/3.10/3

For the last implication, notice that [(u - V)u]; = > u;0;u;. Then, using Holder with
exponents 4 and 4/3 (fixing t) we get

sl 1sr20y < Nl ooy 195l 2y < o0

for some positive a, 3. n

A strong result of pressure regularity is the following:
Proposition 3.2. If (u,p) is a weak solution of the Navier-Stokes then
pe L ((0,T)xQ) and pe L3((0,T) x Q).
Proof. Using a regularity result concerning the Stokes equation one can prove that, pro-

viding ug is regular enough, we get

IVDllzeo,rycs @) < C(1(w - V)ul])Leo,r)cs @)

with 2 +2 <4and 1 <s<3/2°2%

By previous proposition we have that the norm ||Vpl||

loc

((0,7):L()) 18 bounded if

N}

3
¥+—§4 with 1<s<3/2 and t<2.
s

Using the Sobolev embeddings ? (s* = 3s/(3—s)) we get that 1Pl (0.1):5 () is bounded

if

2 3
;+—§3 with 3/2<s" <3 and t<2.
8*

By choosing T' = s* = 2 we have the best (space-time homogeneous) bound possible.

2A discussion of this kind of regularity can be found in the lecture notes of Milan Pokorny, starting
from [Pok].

3We are using, implicitly the Poincare inequality. The compactness of the support of p is given by
(3.8) in combination with (A.3)

30



3.1. WEAK SOLUTIONS

For global regularity, we use weak divergence on the first equation of (3.5) and we get
—Ap =div ((u-V)u). (3.8)

Fixing t and computing the right-hand side we have that, for almost every ¢, the function
p(t) solves
~Ar0) =3 o

where we have used div(u) = 0. We can apply Calderén-Zygmund theory (see (A.3)) to

get
5/3 5/3
p() gy < Cliws (Ds(0)1757s -

Integrating in the time variable we finally get

5/3 5/3
|| HLE)/J ((0,T)x ) < CHUJUZ||L5/5( (0,T)x€Q)"

Since u € L'*3((0,T) x €), we have reached the desired conclusion. O

We conclude by mentioning two well-known regularity results regarding u, which will
be useful in the next subsection. The proofs of these results are omitted here but can be
found in the references [Cau01] and [Gal00].

Proposition 3.3. If (u,p) is a weak solution of the Navier-Stokes equation we have

1. ue CO(0,T); H(Q));
2. Opu € L3 ((0,T); H(Q)).

Having u € C2([0,T]; H'(Q2)) is a weak way to satisfy the boundary condition. In
fact, for every f € H'(Q), the map

tH/gu(x,t)f(x)dw

1s continuous.

The fact that d,u € LY3((0,T); H~*()) is non-trivial but guarantees us that 9, is a
distribution representable by an L{ _ function.

3.1.1 Suitable weak solution

In the Caffarelli-Kohn-Nirenberg theorem, a particular class of weak solutions is used:
suitable weak solutions or simply suitable solutions.
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Definition 3.2. We say that (u,p) is a suitable weak solution in (0,T) x § if it satisfies
points 1 and 2 of Definition 3.1 and, in a distributional sense, we have the following
enerqy inequality

’ 2

2 2
ﬁt%—i—div(u(’Ql + ))—I—|Du|2— |2‘ <0 Vte(0,7), x €. (3.9)

Theorem 3.1. Suppose ug € V(2). Then there exists at least one suitable weak solution
of Navier-Stokes equations in (0,T) x Q satisfying

1. u(t) — ug weakly in H' ast — 0.

2. For all functions ¢ € C°([0,T] x Q) with ¢ > 0 and ¢ = 0 near (0,T) x 0, we

have
/Qg(;c,t)ga(m,t)dwr/t/|Du|2<p§/ ‘u0|2(x)90(x,0)d:c

S o sa e (M )awe o

For the proof see [FM00]. Notice also that the hypothesis on the regularity of the
initial data ug can be weakned.
Similarly one can prove that, under the same hypothesis, the following holds

Corollary 3.1 (see [Gal00]). For every ¢ € C°(Q) with ¢ > 0 and every 0 < s < t we
have:

2
/'“' da:+/ /|Du|2
!\2 Juf? Juf?
/ (x,s) d+/ —A +<2+p>u-Vg0
Q

Now, let us discuss the regularity problem. To address this, we introduce the following
definition:

(3.11)

Definition 3.3. Let (u,p) be a weak solution (or suitable weak solution) of the Navier-
Stokes equations. Let (to,zo) € ((0,+00) x Q). It will be said that (ty,x0) is a singular
point if u is not L* in any neighborhood of (to, zo). The remaining points, those where u
18 locally bounded, will be called reqular points. The standard notation is:

Reg(u) := {(z,t) : u € L=(U) for some neighborhood (x,t) € U}
Sing(u) := (Reg(u))*

To gain insight into the significance of obtaining a description of the set Sing(u), we
turn to the work of Serrin (see [Ser62]). He proved that in order for u to belong to the
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class C* in a neighbourhood of (tg, z¢), it suffices to have certain estimates, specifically
L" in time and L® in space, with sufficiently large values of r and s. Subsequently, there
have been several improvements in this line of research, and we present here the theorem
from [Gal00] (in particular Theorem 5.2):

Theorem 3.2. Let u a weak solution (or suitable) to the Navier-Stokes equation in (0,T") X
Q. Suppose €1 is reqular and

3 2
we L'((0,7); L*(R2)), for some r,s such that — + 1= 1, s € (3,400],
s

then
u € C((0,T] x Q).

The Theorem 3.2 guarantees us that if we prove the solution’s boundness (in space-
time), we also have smoothness. In particular, the Caffarelli-Kohn-Nirenberg theorem
estimates how big the set of singularities of the suitable weak solution u is.
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3.2 Caffarelli-Kohn-Nirenberg

Theorem 3.3 (Caffarelli-Kohn-Nirenberg). If u is a suitable weak solution of the
Navier-Stokes equations, then P'(Sing(u)) = 0. With P we mean the Parabolic
Hasudorff measure.

As we have mentioned earlier, studying the set where u is unbounded provides crucial
information about the regularity of the Navier-Stokes equations. With this theorem,
we establish that this set cannot be contained within a curve, specifically, the set of
singularities of w cannot include a space-time curve of the form {(¢t,z) : = = ¢(¢)}.
Currently, this result is undoubtedly considered the most significant achievement in the
study of the Navier-Stokes equations. The proof relies completely on the following e-
regularity statement:

Theorem 3.4. The exists a positive constant € such that if u is a weak solution of the
Navier-Stokes equations in (0,00) X Q and for some pair (t,z) € (0,00) x Q we have

1
limsup—/ |Dul? < ¢, (3.12)
Cr(z,t)

r—0 T

then (z,t) € Reg(u). With C.(z,t) C R x R® we have denoted the cylinder (t — r? t +
r?) x B,(x).

Before showing the details we anticipate that we are going to deal with negative times
which is just a mathematical choice: shifting from (0,7") to (—1,7) does not change any
result that we have already obtained.

We begin by demonstrating how Theorem 3.4 implies Theorem 3.3, and then we prove
Theorem 3.4 itself. The proof of the latter theorem is divided into two major steps: we
first establish an intermediate result (Theorem 3.5), and then we conclude the proof. Both
the intermediate result and the conclusion rely on two propositions: Proposition 3.4 and
Proposition 3.5. These propositions will be proven in the subsequent chapter.
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PROPOSITION 3.4

|

THEOREM 3.5 + PROPOSITION 3.5

|
THEOREM 3.4

[=

THEOREM 3.3
Figure 3.1: Scheme of the proof: the numbers indicate the order of the proofs.
From Theorem 3.4 to Theorem 3.3

To state the theorem we need to introduce the Parabolic Hausdorff measure.

Definition 3.4. Given E € R? x R and two parameters o > 0 and § > 0, we define

P(E) = inf {Zwarg B C B (@) x (t; — v}t +17) and 27y /1 412 <6 w}

where w, = 72 /T(1+%) (with I’ we mean the Gamma function). The parabolic Hausdorff
measure of the set E is then

PYE) :=lim P§(E) = sup Ps'(E).

6—=0 §>0

Notice that it is very similar to the classical Hausdorff measure but we consider cylin-

ders instead of balls. Moreover, 2r;4/1 + r? is the diameter of the cylinder B, (z;) x (t; —
T2t + 1),

Going from the Theorem 3.4 to the Theorem 3.3 is a classical covering argument. To do
so we have to remind the Besicovitch property of the cylinders:

Lemma. There exists a number N with the following property: if F = {C.(x,t)} is
a family of cylinders then there exists N subfamilies of F, each consisting of pairwise
disjoint cylinders, which cover the set {(z,t) : 3C,(x,t) € F}.

Similarly to the Balls case, N depends only on the dimension of the ambient space, in our
setting n = 3.

Proof of Theorem 3.3

Fix 6 > 0 and set

Fs = {C_*T(x,t) € (0,00) x Q:2rvV1+ 72 < § and / |Dul? > 67‘} -
Cr

(1)
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By Theorem 3.4 the set of centers of Fs contains Sing(u). Now we use the Besicovitch
property and we consider the N subfamilies F},..., FY of the previous Lemma. Then,
by definition of the Parabolic Hausdorff measure, we have

Pi(Singw) < ) W<Z > WI/CU|D“|2

Cr(zt)e UN., Fi =1 Cp(z,t)EF}

Defining R} := Ue, wiyeri Cr(,1), we rewrite

Ps(Sing(u Z |Du|2.

If we manage to prove that lims_,q ]Rg] = 0 then we have the thesis. Notice that

LYC,) =~ 1.

Now, using the definition of Fs, we get that that r* < 6% and er < |||Du|||L2 cyr W

get
2

)
IRy < C Z r < CN— | Dul.

() EF € J(000)x0

Since Du € L?* (by assumption on weak solutions) we conclude that the limit for § — 0
of the Parabolic Hausdorff measure is zero.

From Proposition 3.4 to Theorem 3.5

The intermediate result is:

Theorem 3.5. For any p > 1, there exists a constant C', such that any suitable weak
solution in Qo = [—1,1] x B(1) verifying

ull7 200y + 1 DullF22(gy) + 12175100 < C

is bounded by 1 almost everywhere in [—1/2,1] x B(1/2).

The main difference between the work of Vasseur and the original one by Caffarelli-
Kohn-Nirenberg relies on this part. The first great idea is to put ourselves in De Giorgi’s
setting: we introduce a sequence of decreasing balls shrinking at B(1/2) (always centred
at the origin as anticipated in Remark 1)

By, = B(1/2(1 4+ 273%),
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The choice of the exponent —3k (instead of just —k) will be clear much later (see
pressure decomposition), for the moment just notice that By = B(1) and B, = B(1/2).
As in the parabolic case, we also introduce a sequence of time

1 _

7%:5@1—2@
and a sequence of specific cylinders

Qk = [Tk7 1] X B/ﬁ
where Q) = [—1,1] x B(1) and Qs = [—1/2,1] x B(1/2). The truncation is defined as

ve = [Ju] = (1 =275)]4,
and the energy is given by
Ur = |Jugll3 + |||
k kllLe>=2(Qy) kNL2(Qw)

where

(1= 2"z
e e M

(1-2%)
ul

Uk
[l

Uk

| Dul* =
Jul

|Vog|* + — | Dul*.

The introduction of the term dj is the first significant difference compared to the
parabolic settings. Without delving into technical details, it should be noted that the
term d; depends on the derivatives of v, and, consequently, on the derivatives of u. This
is in line with the formulation of Theorem 3.5. In this case, the universal constant C' needs
to control not only u but also Du, unlike in the elliptic-parabolic context. One might
wonder why we do not simply take dy = |Vug|. The reason is that when we substitute
vy into the first set of Navier-Stokes equations, the nonlinearity causes the term d; to
emerge. However, all the computations will be presented in the next chapter.

The strategy is to prove that U, — 0, in that case we would have ||vs||f2(g.) = 0
which is equivalent to

sup (/3(1/2)[|u| - l]idx) =0 = |u|<lae €[-1/2,1] x B(1/2). (3.13)

te[—1/2,1]

The key for proving such a result is the following fact:

Proposition 3.4. Let p > 1. Then there exist constants C,[3 > 1 depending only on
p such that for any suitable weak solution in [—1,1] x B(1), if Uy < 1, then we have
for every k > 0

Ue < C*(L+ |Ipll o 10,80 Uk-y -
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For this decay estimate we use a combination of De Giorgi’s scheme and a pressure
decomposition suggested by Vasseur. The proof is postponed to the next chapter.

To prove how Proposition 3.4 implies Theorem 3.5, we begin by noting that
Uy = HuH%wv2(Q0) + ”DUH%?(QO)'

Assuming the hypotheses of Theorem 3.5, we have the existence of a constant C' that
bounds both Uy and ||p||zr.1(qg,)- Let us set a new constant, also denoted as C":

C =inf{C, 1}.

Then we have Uy < 1 and ||p||zr1(,) < 1. By applying Proposition 3.4 (Note that the
constant C* is different from the previous one), we obtain:

Up <2007 .
Using Lemma 1.1, we can find a constant ey > 0 such that, if Uy < gy, we have
Uk — 0.

By redefining the constant as C' = inf{C,e¢} (refer to (3.13)), we have completed the
proof.

Conclusion

Consider a pair (o, ) in (0,00) x © and define the rescaled solutions for a fixed A < 1

up(t, x) = Nu(A2t 4 to, N + 20),
pk(ty I') = )\ka()\2kt + t(]? )\kx + xO)'

It is easy to verify that if (u,p) is a suitable weak solution to the Navier-Stokes equa-~
tions, then (ug, px) is also a suitable weak solution. The advantage of this construction is
that for every (%o, o) in the interior of (0,00) x €2, there exists a sufficiently large k such
that (ug,pg) is a suitable weak solution in @)y. This property allows us to focus on the
behaviour of the solutions in the reference cylinder )y and analyze their regularity and
properties in a controlled setting.

Now, for 1 < p < 4/3, we define a sequence
1 _ _
Vk = ||uk||%oo,2(Q0) + FHpk — pkH%p,z(QO) where pk(t) = ][ pk(t,l’)dl’.
By

Since Vpr, = V(pr. — pr) the pair (ug, pr — pr) is still a suitable weak solution.
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Proposition 3.5. For 1 < p < 2 there exists A < 1 and g9 < C/2 (where C' s
the constant of Theorem 3.5) such that for every suitable weak solution and every
(to, z0) € (0,00) x Q the following holds. If

1
lim sup —/ |Dul? < &g
Cr(zo,to)

r—0 T
there exists ko > 0 such that, for any k > ko,

V. C
Vier € 25+ (3.14)

We remind that we have to prove that Theorem 3.5 and Proposition 3.5 imply Theorem
3.4. To this aim, assume that Proposition 3.5 holds. Since in Proposition 3.2 we have
proved that p € L2 _((0,00) x Q) we have that V; is finite. Setting M = max{C,V;}, by
(3.14), Vi, < M for every k, it follows that limsup, Vj is finite. In particular, again by
(3.14),

limsup V;, < C/3.

k—+o0

Moreover
to+A2k

1
| Dug 3200y = —/ / | Dul?. (3.15)
L3(Qo) = Nk o2t JmorBAR)

Since A < 1 we have that \* — 0 and so

Q

1
lim sup || Dug||? glimsup—/ Dul? < gy < —.
k—4o0 H kHLQ(QO) r—0 T Cr(zo,to) ‘ ’ " 2

Then, for a big enough k;, we conclude

+

A

C
B} c,

wlQ

Vkl + HDUMH%Q(QO) <
which implies, using ||px — Pk, H%p,l(Qo) < A 78|pk — P, H%,,,Q(QO), that

||Uk1||%2(QO) + llpx _ﬁ]ﬂH%P’l(QO) + ||Duk1”%2(QO) <1

and by Theorem 3.5 uy, is bounded almost everywhere in [—1/2, 1] x B(1/2). This implies
that there exists a neighbourhood of (to, z9) where u is essentially bounded.
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Chapter 4

Proof of Caffarelli-Kohn-Nirenberg
in De Giorgi’s style

As we have already discussed the Caffarelli-Kohn-Nirenberg theorem can be reduced to
the Propositions 3.4 and 3.5. The heart of the work is the first one, which we remind:

Proposition. Let p > 1. Then there exist constants C,3 > 1 depending only on p such
that for any suitable weak solution in [—1,1] x B(1), if Uy < 1, then we have for every
k>0

U < C*(1 + |Ipll o (- 1.01.80))) Uk

The proof is organised in two steps: the first is an application of De Giorgi’s scheme
in the Navier-Stokes setting and the second is Vasseur’s idea to decompose the pressure.
We conclude the chapter by proving also the second Proposition. Of course, the main
reference is [Vas07].

4.1 De Giorgi’s scheme for Navier Stokes

The first part of the proof will follow the De Giorgi’s scheme. The objective is to prove
that the energy decreases with an exponent greater than 1. In this first part, we will not
yet address the decrease of the pressure, for which an additional important observation
will be necessary (the technique will be developed in the next section).

The key elements of the method include the Chebyshev inequality, Sobolev Embedding,
and Energy Inequality. However, in our specific context, we must adapt these principles
and make technical observations regarding our truncations beforehand.
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The truncation

We start fixing some notation

1. If A, B are n x n matrix we denote A : B the scalar

1,J
2. Consider u, @ : R* — R3 then u ® @ is a n X n matrix such that
[u ® 1);; = uiu;
3. With the previous u we denote D(u) the matrix with components

[D(u)]ij = Oju;

Now we compute some useful identities.

Proposition 4.1. Consider u, 4 : R? — R3 and v : R® — R. Suppose u,u,v are reqular
enough. Then

1. D(uww) = u® Vv +vD(u)
2. u-(u'D(w)) =u-[(u-V)ul
3. div (¢'D(u)) = @+ A(u) + D(@) : D(u)

4. (u® Vo) : D(u) = (u" D(u)) - Vv

Ra

D(uwv) : D(u) = (u”' D(u)) - Vo + v|D(u)|?

D

- ul'D(u) = |u|V]ul

Proof. We proceed proving each point.

[D(U’U)]z] = 6]‘ (UZU) = uiﬁjv + vf)jui = [u X VU]Z‘J‘ + ’U[D(U)]ZJ
2. We compute the left and the right-hand side:

u- (u"D(u)) = 2o ui(u" D(u)); = Do Zj ujOu; = Zij uu;Opu;,
u- [(u-Vul =37 ui(w - Vu = 37w 375wl = 2,5 uiuOu;.
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3.
div (@ Za [u” D (u 28 (Zuja u]) = Z@i(ﬂj@-uj) =
ij
= Z ;07 u; + 00y = u- A(u) + D(a) : D(u).
ij
4.

(u® Vo) : D(u) =(u" D(u)) = Zuiajvajui —

= Z (ZZ: u,-ajuz-) O = (W' D(u)) - Vo

5. Combining point 1 and 4 we get

D(w) : D(u) = (u® Vv +vD(u)) : D(u) = (u D(u)) - Vv +v|D(u)[*.
6. We compute separately the two quantities

[u" D(u)]; = 37 ; w0y,

1/2 25 u;Oiu,
il =0 $,n) = g

We remind the choice of truncation
ve = [lul = (1 = 27¥)).

and

1 —2"M)1 50 0
( M uj>{1-2-4) U\ D2
|ul |u|

Lemma 4.1. The function u can be split in the following way:

& = LI Jul? +

where

Moreover, we have the following bounds:

uv
‘DUl < dka 1{|u|2172—k}’V‘UH < dlm ‘Vvk’ < dk, ‘D_k < 3dk

IU\
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Proof. Notice that

Ve = if lul <1—27"
v = |u| — (1 =27%) if ju| >1—27"

(1——)‘ <1-27F
|ul

Notice also that dy = 0 when |u| < 1 —27% so the only interesting case is when |u| > 1 —
27" as otherwise all terms vanish. Let us suppose |u| > 1—27% and so v, = |u|—(1—-27%).

which implies

1. Since vy, < |u| we have

2
&2 > 25 Dyl? > (ﬂwuy) .
\ | |u|

2. We use |V|u|| < |Du| to get

(1—27%) + vy
|ul

di > [Vl [* = [V]ul|*.

3. Notice that Vv, = V|u| and we conclude as before.

4. Compute the left-hand side using twice Proposition 4.1 and
V(lul™) = —|ul V],
Thus

uv LU
T e Vet up(fi) = e Vur hou- e v

and every summand can be bound by dj.

Sobolev Emeddings

Now we want to obtain a counterpart of the estimate (2.6) (obtained in the parabolic
case) but adapted to the Navier-Stokes context. Proceeding with the same technique,
we utilize a combination of Sobolev Embeddings and space-time interpolation. Although
we exploit the initial regularity of the weak solution, it is important to highlight that no
properties related to the geometry of the Navier-Stokes equations or the suitable weak
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solution condition are involved.

The result is contained in the following lemma, where, unlike in the parabolic case, we
do not yet use a test function. Therefore, we need to pay attention because our function
does not have compact support, and thus we cannot use the Poincaré inequality (which
we implicitly used in previous chapters).

Lemma 4.2. There exists a constant C' such that for every k, and every function f &€

L>(Qy) with V f € L*(Qx)

2/5 3/5
[ Flornu < € (I i@ + 17120 IV F15iq)

Proof. We use Sobolev embedding with p = 2 and p* = 6 on the space variables to get

122000 < Cllifla@y < C (1 lezn + IV Fl2@n) -

We underline that the constant does not depend on the domain (and so on k) because the
domains are controlled: [—1/2,1] x B(1/2) C @y C [—1,1] x B(1). Now we use space-time
interpolation (2.1) with coefficients with p = o0, ¢ =2, p' =2, ¢ =6 and A = 2/5 to
obtain the estimate

1l < UFIE2 + 117,

which implies the thesis. [

With a combination of Lemma 4.1 (point 3) and Lemma 4.2, we obtain the following
result (where every norm is considered in Q):

vkl gios <C(orllpoee + a7 | Vorl[32)

(4.1)
2/5 3/5
<C(lorllzee + el 72 Idel22).

: 2 2 1/2 1/2
Since Uy, = ||[Ug||7 0.2 + [|di |72 we have ||vg]| o200 < Uy |l dill 200 < U
Hence, using (4.1), we get the counterpart of (2.6):

1/2
vkl 1030 < CU,/ (4.2)

where the constant C' does not depend on k.

Chebyshev’s inequality

Continuing to work without directly using the Navier-Stokes equations but only the regu-
larity of its solution, we can prove ”"our Chebyshev”. In particular, there exists a universal
constant C' (independent from k) such that for all £ > 1 and ¢ > 1 we have:
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Top 5
1o >0l za(@uy) < C2730 U, (4.3)

2k 1
H]‘{Uk>0}”L°°’q(Qk71) <C2s Uk?—l

Proof. By definition if v, > 0 then v,_; > 27%. Using Chebyshev and the estimate (4.2)
we find

”1{Uk>O}H%‘I(Qk71) = / 1{'Uk>0} S |{Uk71 > 27’6} N Qkfl‘
k—1

< 21Dk/3/ ’Uk—1’10/3 < CQlOk/SUEfi.
k-1
Indeed for every t € [Ti_1;1]:

Lo >0 o,y < Honma(t,) > 275} N Byy| < 22'“/3 vk (¢, 2) [*dx
k—1

< 2% sup / [vp_1 (t, ) Pde < 2%FU,_4
s€[T-1,1] J B4

and taking the ¢-th root we obtained the desired conclusion. O]

Energy inequality

The third ingredient of De Giorgi’s scheme is an Energy inequality. In this case, the
geometry of the problem comes into play and guarantees the existence of an inequality to
counterbalance Sobolev Embeddings. As expected, we will proceed with the Caccioppoli-
Leray technique.

Before attempting this, we need to make use of a technical result whose difficulty is
due to the strong nonlinearity of the Navier-Stokes equations. Special attention should
be paid to the need for the assumption of a suitable weak solution in order to handle the
truncation term vy, which, unlike in previous chapters, is no longer a solution itself. It is
observed how, in order to handle the nonlinearity, the term dj emerges, demonstrating its
usefulness. This is an example of why the De Giorgi (and Nash) solutions, despite being
used to solve a linear problem, can be adapted to other non linear contexts.

Lemma 4.3. Let (u,p) be a suitable weak solution in Q) = (0,00) x . Then vy, verifies
in the sense of the distribution
v v? ) v Vg
8t3—|—dlv Uz +dk—AE—|—d1V(up)+ ﬂ_l u-Vp<0 (4.4)
u
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Proof. Recall that the pair (u,p), assuming suitability, satisfies:

2 2 2
&g% + div (u%) - A% + div(up) + |Dul* < 0. (4.5)
At first, we write v} as
o o P
2 2 2

We can use (4.5) for the first term while, for the second, notice that

2 112
O, (%) = V0u Uk — U - OqU

= VpOa|u| — u - Opu

— Oyt — U - Oyu

Since ‘u(% — 1)| is bounded by 1 we have a uniform bound on the space-time derivatives

of (M) and we are allowed to compute what follows.

We have

div @W) —u- v(@) Su (|v_;| - 1)D(u) (4.6)
SCRDRUE

where for the first equality we have used that div(u) = 0, for the second the previous
computation and for the third Proposition 4.1 point 2. Trivially we get also

atw — du- [u(ﬂ _ 1)] . (4.7)

Then consider the Navier-Stokes equation
Ou+ (u-Vu+Vp—Au=0

and multiply it by u (% — 1). Using (4.6) and (4.7) we obtain

Jul

atwﬂhv(uw)qu [a(”—k - 1)] - Vp— [u(% - 1)] Au=0 (4.8)

Jul Jul

Adding up (4.5) and (4.8) we get

2 2 2
8t%+div (u%) + {u <& - 1)1 -Vp—+div(up)— {u (% - 1)1 -Au—AM—HVu]Q <0.

Jul Jul 2
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We are left to prove that

2 2
_ [u(ﬂ — 1)} CAu— A% +|Vul* = & - A%’“. (4.9)

We use Proposition 4.1 point 3 with u = u(r;—’“‘ — 1) and we write

div <uT<ﬁ _ 1>D(u)) - Mﬁ . 1” .Au+D(u<|7;—k’ - 1)) . D(w)

For the second term of the right-hand side, we use point 5 of Proposition 4.1:

D(u<|%k| . 1)) . D(u) = (uTD(w)) - v(%‘]) + (%] . 1) 1D (u)|?

while for the left-hand side, we get

div (uT (I% - 1)D(u)) = div (v (M)) - Aw.

Combining the last three equations we have that
2 2
Uk v, — |uf T Uk Uk 2
—[u(— - 1)] cAu=—-A"——+ (uv' D(u)) - V(—) + (— - 1) |D(u)|. (4.10)
|ul 2 |ul |ul
Putting (4.10) into (4.9) we have that:
@) V() + (1) ID@E = & - 1D

We claim that

&) — <1 — 2_k)1{|u|2{1—27k)} |v|u||2 (411)
|ul |u|

(u"' D(u)) - v(

As always, if |u| < 1—27" everything is trivial, so suppose |u| > 1 —27% and the equation

(4.11) becomes
B R e AW LR
wa>v( )— v

Jul ul

The left-hand side is equal to

(u" D(u)) - V(l - ﬂ) =—(1-2"""D(w)) - V(—)

Jul

=9@%lmwm»wm
G

[ul

where the third equality is given by Proposition 4.1. O]
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We are ready to formulate the Energy Inequality for the Navier-Stokes equation. We
multiply Equation (4.4) by a positive test function ¢ defined in x, and integrate it over
the entire space and time interval s < ¢.

(Jo5fon | Josos= ([
//w L s +/ /Ago Ol gty (4.12)
B P P R B

To be truly precise, we cannot, a priori, work in this manner, as the test function must
have compact support in the space-time domain. To formalize everything, we proceed as
in Corollary 3.1, following the idea of [Gal00].

As in the parabolic case, we need to carefully choose the test function in order to refine
the previous result.

Corollary 4.1. We have the following estimate

|ve|” ' 2 k+1 |ve|”
sup ——dx | (t) + di dedr | <2 ——dxdr
ey \Jp, 2 7, /B, Qi1 2

2 2
+023’f/ W28 +026k/ Pl et (4.13)
Qr—1 2 Qr—1 2
1
+/ /nk div(up) + (& — 1>u - Vpdx|dr.
Tj—1 |u

where n. is defined above.

Proof. In (4.12) we choose ¢ = n;, € C*(R?; R) such that

ne(x) =1 in By
m(z) =0 in BY |
0<nr)<1

(V| < C23F

|Ang| < C'26k

A very important observation for the upcoming sections (in particular pressure de-
composition) is that the result continues to hold even if 7, is compactly supported in sets
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smaller than Bj_;. The only hypothesis we need is that such sets are between Bj and
By_1. After using the estimates on Vn, and An, we get:

|vg|? ! 2 vk |
U dx | (t) + e dy, dedr < M dx | (s)
+ C2% /t/ a0 e 4 oo /t/ L
s Sty 2 s Jsptim) 2
t
— Mk | div(up) + U1 ) Vp|dzdr.
|ul
s u

Playing with the range of s and ¢, we obtain the following inequality for T ; < s <

Tk S 1:
2 ¢ 2
(/nk'”‘“' daz)(t)+/ [ e doir < (/m'”k' da:) (5)
2 7 2
1 2 1 2
+023k/ / u‘vk| d$d7+026k/ / —‘Uk| dxdr
Ti—1 v spt(ng) 2 Tr—1 7 spt(nk) 2

1
+/ /Uk: div(up) + (2 - 1)u - Vpdx
Tk—1

Jul

Using the properties of the test function and the fact that ¢ is only on the left-hand
side we get that, for Ty < s < T},

o |* ' > o |*
sup dz ) (t) + di dxdr | < dx | (s)
tE[Tk,l] By 2 Ty, J By By _1 2

|| ; |vg|?
+ 23k / u dxdr + C2° / drdr+
Qr—1 2 2

Qr-1
1
<
Ty—1

/nk div(up) + <|U—k| — 1)u - Vpdz
u

We want to eliminate the dependence from s of the right-hand side. The idea is to apply

the averaging operator

Ty

][ ds

Tk—1

to each term of the previous inequality. This operator does not act as the identity only
on the first term of the right-hand side, resulting in the following expression:

2 t 2
sup ( / [0 dx) (t) + / / 42 dxdr) < ok / POl s
te(Ty 1] By, 2 Ty J By Qk-1 2

k |Uk|2 k |UI<:|2
+ 023 / u—— dxdr + C2° / dxdr
Qe 2 Q 2

k—1
1
"’/ /Uk [div(up) + (ﬁ — 1)u . Vp} dx
Tt |ul

20

dr.

dr.

dr.
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The energy decay

We are now ready to merge the results above and derive (3.4). Once again, the Energy
inequality competes with Sobolev embeddings and the Chebyshev’s inequality enables us
to surpass the critical exponent of 1.

In particular, the left-hand side of Corollary 4.1 satisfies

t 2 t
Ur < 48Uy 1) (/B de+/:r /B dz(r, :B)d:l:dT),
k k k

and so, up to a multiplicative constant,

Uy §2k+1/ o (7, @) |*dwdT + C’23k/ ulvg (7, z)|*dedr
k-1

k—1

+ 026’“/(42 o (7, 2)|*dwdr (4.14)
k—1

+2/T:1 /R nk(x){div(up) + <|ZT? - l)u-Vp] dz

Now we focus on the second term of the right-hand side. We begin by employing the

following decomposition:
v uv
uv; = {u(l - —k) + —k}vi
ul J [ul

and using Lemma 4.1 we get
Uk 2
ul(l— —) vy,
( Jul

This allows us to bound uv? < v? +v3. By substituting this inequality into (4.14) and
rearranging the terms (while also replacing 7 with s for simplicity), we obtain:

dr.

Uk §C26k/ |vg (s, 2) [Pdzds + C’23k/ ok (s, 2)[Pdads

k—1 k-1

+ z/Tl /R () {div(up) + (‘%’] - 1)u - Vp} dz

Now let us consider the first two terms on the right-hand side, and applying Holder’s
inequality, we can write:

026’“/ vk (5, 2) |2 —i—CZ?’k/ lvg (s, 2)°
Qr—1 Qr—1

< C%logll zss(@p oy 1 Lgur>0t L5205 )

(4.15)
ds

+ C¥lvrPll o @y 11ty 2100
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Then, we can continue bounding the right-hand side. In fact,
el o/s(@i—) = N0kl 00,1y < N0k-1lF103(0, 1) < CUk

3/2
03l prorsgy 1y = N0kl3i08(g,_,) < CURA

Finally, thanks to the estimates (4.3) in combination with Hélder’s inequality, we can

continue the calculation as follows:

026’“/ lvg (s, 2) |2 +C’23k/ log (s, 2)?
Qr—1 Qr—1

<O, _ 2B ootk ok Ryl
k+4k/3775/3
—(96k+4 /3Uk£1‘

Summarizing, we have proved:

1
U, < C 26k+4k/3 U,iﬁ + 2/

Ti—1

/nk(ac) [div(up) + (%I - 1)u : Vp} dz

ds.

(4.16)

We are left with the pressure term.

4.2 Pressure Estimate

We need an estimate for

/T: /77k {div(up) n (%’] . 1) “- Vp] dr

We have previously observed (see (3.8)) that our pressure p satisfies

—Ap = Z afj(uzu])
]

ds.

(4.17)

A promising approach to gain regularity for p is to utilize the Calderén—Zygmund
theory applied to (4.17). However, there is a crucial issue: even if we are interested in the
values of p only in a smaller set than €2 (such as the support of ), the Calderén—Zygmund

theory only guarantees an estimate of the form

1pllzr@) < llullzr@),

without providing a good bound for ||p| g, ,)- The brilliant idea of Vasseur is to de-
compose the pressure into two components, denoted as p; and p, with p = p; + ps. One

of them, referred to as the local component, solves

—Apy = 0} (uuy),

ij
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where ¢ is a test function compactly supported in Qr_;. This decomposition allows us to
obtain the useful bound:

120l e (@) < Nlullzrucy)-
as seen in (A.3) for a compactly supported right-hand side.

Regarding the other component, p;, it is harmonic when ¢ = 1. The harmonicity
provides us with additional regularity for this term.

To be precise we have to fix the set where ¢ assumes the value 1. To this aim, we
need to introduce some intermediate balls:

Bi_13:= B(1/2(1 + 2 - 273F))
By_a/3 = B(1/2(1 + 4 - 273F))

One can check that we have this inclusion
By, C By—1/3 C By_2/3 C Bi_1.
For the sake of readability, we use the following notation:

Qr-1/3 = [Th-1,1] X Bj_1/3
Qr-2/3 = [Tr—1,1] X Bj_g/3.

From now on 7, is compactly supported in Bj_1/3 (instead of Bj_;). Notice that we
are allowed to proceed in this way thanks to the remark contained in Corollary 4.1.

Pressure decomposition

For the sake of completeness, we present the following proposition that captures the tech-
nical details of the pressure decomposition, which we are going to prove.

Prior to stating it, we underline the structure of our localization test function ¢, €
C2°(Bg—-1), which will be equal to 1 in Bj_9/3. In this way, our non-local part (which will
be called py;) will be harmonic in By_5/3. To obtain our estimate, we also impose the
conditions |V < C23% and |Apy| < C25*.

Proposition 4.2. Suppose p > 1, 1 < 14,7 < 3 and let p a solution in Qp_1 to
—Ap = Z QQJGW
]
Then we can decompose ]9|Bk_2/3 into two parts p|Bk_2/3 = pk1|Bk_2/3 +pk2‘Bk_2/3, where:
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® pro solves
—Apkg = 28123 (QOkG”) m [Tk—h 1] X R3
ij
with . defined as above.
o For every (t,x) € Qr—1/3 we have the following estimate:

[ (t, @) [+ Vi (8, 2)| < C21F (/B p(t,y)ldy + > \Gij(t,y)ldy> (4.18)

k—1 Br—1 44

Proof. We start using the definition of p and pgs and do the following computation (Ein-
stein’s notation):

— A(prp) = e Ap + Aprp + Vi, - Vp.
— Apr, = 0ipr0;Gij + 0500iGij + 001Gy + 0105 Giy.
Combining the two equations we obtain:
~A(prz = pip) = 0ipr0;Gij + 05010,Gyj + O5yprGiy — Dpwp — Vi, - Vp.
_1

Remembering that pp
delta in the origin we set

is the fundamental solution of the Laplacian in R? for a Dirac

1
= s (Bipr0; G
Po 47T|J}| *( PrO;j ])7
P2 = —1 * (0;010;Gj)
O 4rr|a] J 7
1
5 _ 920,
Po 47T|ZE| ( z]gkaJ)a
1
4
=_ A
Do 47T|$| ( Pk p)>
1
5 _ — .
2 4ﬂ_|$| * (V<Pk Vp)

Finally, we set py = p{ + p3 + ps + pg + py. With this notation we have

Pr2 = ©rP — Do,

Pk = (1 — @)D + Do.

The first three terms of py can be bounded in the same way. We show only the first one:

1 1
010k Gij) — —— = (05,0xGij).-

1
-
Po dn|z]

P
T 4|z

o4
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Hence we have (we are not writing the sum and the constants):

-1 1
py(t, x) = / 00k (y) Gij(t, y)dy — / 02or(y)Gij(t, y)dy
B—1\Bi_2/3 |:L” B y| Br—1\Bi_2/3 |1‘ B y|

where we have used that Vi, = 01in By_53 U B_;. If x € Bj,_y/3 we have that |z —y| >
273 and so:

po(t, z)| < 26k||%0k||01(3k1)/ |Gz‘j(tay)|dy+23k||90k||c2(3kn/ |Gij(t, y)|dy

B3 By

< 9% / Gyt ) dy.
k—1

Similarly, for the last two terms (again x € By_1/3), we get

P, )] < 2% / p(t.y)|dy

B 1

and so we conclude

pot, )] < 2% ( / p(t, )|y + / \Giju,y)rdy) .

Since 1 — ¢y, is null in Qy_2/3 we have the same estimate for py;.

For Vpg1, we can utilize the fact that the gradient of a harmonic function stays har-
monic. We can follow a similar procedure as before. By distributing the new derivative to

the term Ix_iy\’ we increase its exponent by one, resulting in the estimate being multiplied

by a factor of 2%¢. Indeed we get

Vi (8, )| < 2% (/ \p(t,y)!dy+/ IGij(t,y)ldy> : O
Bk71 Bk*l

The pressure decomposition is essentially an adaptation of the previous proposition
to our specific context. We have just to choose our G;; to be w;u; as suggested by (3.8).

Theorem (Pressure Decomposition). If (u,p) is a suitable weak solution in Qr_y then
we can decompose p|Bk_2/3 mnto two parts

p|Bk_2/3 = pk1|Bk_2/3 +pk2|Bk_2/3

where:

® pio Solves

_Aka = Za,?](g@kujul) m [Tk’—la ]_] X R3
i,J
with @y as before.
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e Moreover, for every p > 1, we have the following bound

||Vpk1||Lp’°°(Qkf1/3) + ||pk1||Lp‘1(Qk—1/3) < C212k(||p||Lp’1(Qk—1) + 1) (419>

Proof. We fix the quantity G;; = u;u; such that

—Ap = Z 618]GU

.3
Integrating (4.18) for p > 1, we obtain
IV DRl oo @y o) + 1PR1 | o0 (s ) < C212F (HPHL“(Q/CH +> HGz‘jHL%l(le)) -
i,J

By applying Holder’s inequality, we have

DGl S D NGillei@e ) S lullesg, ) < L

1, .3

Where the lgst inequality fouows from |.|u||%0072(Qk_1) < ||“||%oov2([—1,1]x13(1)) < Uy <1, which
is our starting assumption in Proposition 3.4. ]

We conclude the section on Pressure Decomposition with a straightforward Corollary
that will be used at the end of the chapter to prove Proposition 3.5.

Corollary 4.2. Consider (u,p) a a suitable weak solution in Qo and define for every t
u(t) = ][ u(t,z)de and p(t) = ][ p(t, z)dx
B(1) B(1)
Then we can decompose (p —]_?)[_1/2,1/2]><B(1/2) into two parts: p; and py, where

1. po is solution to

—Apy = Z 9051 (uy — ) (u; — ;)]

with 1 a test function compactly supported in By and equal to 1 in Bi_g/3. We
require also V| < C23 and |[V3p,| < C2°.

2. p1 is harmonic in [—1,1] X By_gs3 (and in particular in [—1/2,1/2] x B(1/2)).
Moreover, we have the estimate for p > 1:

D1 Leoe (=172, /21x B 2)) < C (Hp —Dllze1(@o) + [Ju — ﬂH%p,a(Qo))
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Proof. We have
~A(p—7p) =Y 0i0;[(u; — ;) (u; — ;).
)
Setting G;; = (u; — U;)(w; — u;) and integrating in time (4.18) we get, for p > 1,
Hpkl”LP""’(Bl_l/g) < C(“p — Dllzrao) + Z ||Gij||LPvl(Qo)>

i
< C(lIp = Pllzerio) + llu = llzr2o)

where we have used k£ = 1 and ||u; — w;|| < ||u — @l|. Noticing that
B(1/2) C Bl—1/3

we have done. O

Non-local term

Once we have the pressure decomposition we can estimate the pressure with the sum of

two components:
1 o
/ / un [div(upkl) + (— — 1>u . Vpkl} dz
Ti—1 1 Y Br_1/3 u
1 o
/ / Mk [div(upkg) + (— — 1) U - Vpk2:| dx
Typ—1 1Y Bg_1y3 |u|

By (4.18) we have that Vpg; € LP*°(Qx_1/3) and, since u € L*?, we have

dt+

dt.

div(upr) = u - Vpu € LP*(Qr-1/3)-

Then we can expand the non-local term and obtain:

/ |
Tk—1

To obtain an estimate for (4.20), we need to consider three different cases based on the
values of p. In all cases, we utilize a combination of Hélder’s inequality, the estimate for
v (4.2), and Chebyshev’s estimate (4.3), which we include here for the sake of readability:

/ Mo oy
By_1/3 ‘u|

< [ Tl (4.20)
Qr-1/3

HkaLIO/B(Qk) < CU;/2
10k 2
H]‘{Ulc>0}HLq(Qk71) < (23 ngil (421)

2k 1
H]-{Uk>0}||L°°‘q(Qk—1) <24 qu—l'
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Case p > 10

In this case, we estimate (4.20) using the following bound:

Cllvell o IVPr1l[ o @iy L tors0y [ Larorr @y )5 (4.22)

where ¢ satisfies (p > 1)

3 1 n r 1 — L7 1 R 10
10 ¢ p g 10 p 1=
Since ¢ > 10/7, we can bound (4.22) with

Cllvell Lo IV PR [ L7 (@i o) [ Lus>0y [ £a@i 1)

Using the estimates from (4.21), we have

ol sors(@ 1 Ltns0yllza@n ) < CUL2'WEOTEED = Col/s-1oksn o ii=iim,

Then, using the estimate from Pressure Decomposition, in particular, (4.19) we con-
clude that for p > 10 we can control the non-local part with:

5(1-1
7k _ 10k (1-2)

/ [ Vpra| < C(L+ [|pllzrage)2® = Uy
Qr-1/3

which is compatible with the thesis of Proposition 3.4.

Case 2 <p<10

We bound (4.20) by
Cllvkllzoe2(@y o) VPR Lo (@41 o) 1M im0} o7 20 ) (4.23)
Since p’ < 2, we can control (4.23) with
Cllvllzea@ym I VPRl 2o @y i o) | L 01 [ £2(Q0 1)

By (4.21), we have

4/3
oill 2@,y ) 1T eyl 2(@ur) < C2FPT,

and we conclude as before.
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Case p < 2

Again, we bound (4.20) by
C||UkHLOO’2(Qk—1/3)vaklHLP'DO(QI@—I/S)||1{Uk>0}||Lp/’2(Qk—1/3)

and this time with

Cllokllzez @y VPRllLr @iy L o> 0d | @ L frs 0} ] s, 22 @

where we have used the fact that

By applying all three points of (4.21), we obtain
2

M,% 5_2
Joulz=o@esym Lo lov oI ewsorl o < C2E SO,

Summarizing we have that the non-local pressure term is bounded by

C2*r U (19l 1o @p_r) + 1) (4.24)

where:

1. Forp>10wehaveozp:12+%—§—gandﬁp:g(l—%).

2. For2§p§1()wehaveocp:12+§and[a’p:%.

2

3. Forp<2wehaveap:12+§—3ipandﬂng—sp.

Notice that 3, is greater than 1 for very p > 1. Moreover if p > 10 the exponent f3, is
greater then 3/2.

Local term

We have to find an estimate for

1
/ / Nk [div(uka) + (2 — 1)u . vpk2:| dx
Ty—1 1 v Bi_1/3 ‘u’

29

ds. (4.25)
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As we anticipated, dealing with a local term allows us to apply Calderén-Zygmund

theory to gain regularity of pxo. We start splitting once again pys into three components:
Pr21, P22, and pros, where for 1 < h < 3,

—Apran = Z 33;’ ZJL
ij

and

I

1 Uk (%3
-1 2)e(0-3)
! ’ |u| |ul

2 o1 2k i%

] (pkuj |’U/’ Uu |u 3

3 kg, Uk

~

Then we split the local term (4.25) in three parts

1
PT1 :/ / e () | div(upgor) + (ﬂ — 1>u - Vprot | dx|ds,
T By_1/3 L |ul i

k—1

) . -
PT?2 :/ / () | div(upgee) + <% — 1>u - Vprao | dz|ds,
T By _1/3

- Jul

1
PT3 :/ / 77k<(£) diV(Upkzg) + (E - 1)“ - Vppos | dz|ds.
T By _1/3 L -

- Jul

The idea is that llj is bounded by Lemma 4.1 and, using Calderén-Zygmund theory,
this gives us enough regularity on pge; to find the estimate for PT1. For ff] and 1-33 we do
not have the L> property but we can restrict the study to {u > 1 — 27%}. Otherwise, if
v = 0 we have that ppoo and pgog are harmonics and so smooth. This allows us to expand
the divergence term and trivially we get PT2 = PT3 = 0.

Before going into the details, let us introduce some basic facts about the Calderén-Zygmund
theory.

PT1 Estimate

By Lemma 4.1, we have ’u (1 — |’;—’“|>‘ < 1, which implies that yu; (1 — %) e L9 for
every 1 < g < oo.

Applying Calderén-Zygmund theory (specifically, the Calderén-Zygmund estimate
(A.3)), we obtain ||pa1l|zaq,_,) < C4 for every 1 < ¢ < oo.
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Furthermore, by Calderén-Zygmund theory, we know that Vpgo; has the same summa-
bility as

lom ) - v () -
e (o))
=)< (-3))

The first term of the right-hand side belongs to L*>. The second and third terms are
in L? because, thanks to Lemma 4.1

pu(1- %)) =pu-p(u) ez

Then we conclude Vpgo; belongs to L? and so we can compute:

) v A o (uw
div(upgo1) + (’ | 1)“ Vpro1 = ﬁ - Vpio1 = div (ﬁpkm) — D21 div (—k>
and estimate

|ul
1 1 Uk
PT1 S/ ds —|—/ /pkgl le( )nkdx
Ti 1 Th—1 |ul

uv
§023k/ vk|pk21|dxds+/ | ka1 | i
Qr—1 Qr—1

Dk
<C2% / Uk |pr21|dzds + C |kt |dy dxds.
Qr—1

ds

/kaIUk - Vnpdx
|ul

dxds

|ul
Qr—1

It is easy to check that dj, < v/2d;_1 and so k|l 220, 1) < \/§U,i£21 In particular, for
q > 10/3, we get
PT1 <C23k|lkaLw/sHpm\lmlll{upoﬂl o+ Cllde]| 2Pz 2l L0y 29,
5 4,5
SO(U;_1 D U,j*f‘l)

where for the first bound we have used Holder with exponents

3 1 T7¢q—10 1 1 -2
= - = —y-+
10 10q 2 q 2q

Hence, for ¢ large enough, we have
5
PT1 < CFU . (4.26)
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Estimate PT2 and PT3
By Calderén—Zygmund we have
preall rors < C Y lluy (1 = v/ ul | oo o/ ]| prors
1,3
1/2
< Ollvg|proys < kal and (4.27)

Iasllzsss < €3 Notgolu) sl Nl s
1,3
< COllvellZrors < Ug-s.
This time we need to control their gradients too.
Lemma 4.4. Writing
Vprao =Gao1 + Gaza + Gags
Vpros =Gaz1 + Gaza

we have

~

- |G221||L13&(Qk < 023k||vk||L10/3(Qk71> < O23kUY/2,

-1/3)

2. |Gazll 2@y ) < Clldkllzzq,_,) < CUY.

3. 1Gaasll 5 = < Cllogl pross @y, 1kl £2(0s 1) < CU.
4- ||G231HL%(Q g S < 023k|]vk||L10/3 N < C2%*U.

5. N1Gasall 5 e < Cllokllpors g,y l1del 2@ 1) < CU.

Before proving the lemma let us see how we can conclude. As we have already discussed
we can consider the integrals only where {|u| > 1 —27*}:

1 ‘ v
PT2 4 PT3 :/ / () {le(U(pkzz + pros) + (ﬁ — 1)“ - V(pr2o +pk23:| dx
T By _1/3

k—1

1 1
S/ / |V ||wl|pro2 + Dros|dxdt + / / (IVpraz| + |Vpres|)dxdt
Ty—1 Y Br_1/3 Ty—1 Y Br_1/3

1 1
§C23k/ / (1 4 vg)|pr2a + pros|dzdt + / / (IVpraa| + | Vpras|)dxdt
Ty—1 Y Br_1/3 Ty—1 Y Br_1/3

ds

For the first term on the right-hand side, we use Holder’s inequality to get, up to a
multiplicative constant,

2% (118 uiz2-90) | 20rm - IPkzzll 2oy + I guzr2-90y 52 IPssll ooy ) +
2% (HUk”Lm/?’(Qk_l)||1{|u|21—2_3k}||L5/2(Qk—1)”kaQHLm/s(Qk—l/S)) -

2% (”kaLlo/g’(Qk—l)Hl{|u|21*2_3k}HLlO(Qk—l)Hpk%HLE’/B(QkA/s))
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and using (4.27), (4.3) and (4.2) we obtain the estimate

2k (U,ZﬁﬁlUgﬁ + U U+ OO U+ U U + U U S, ) = o20fu B

(4.28)
For the second term, we decompose the gradients of the pressure and, by Hoélder’s in-
equality, we get the estimate, up to a multiplicative constant,:

(||1{\u|21—273k}||L10/7(Qk_1>||G221||L1°/3<Qk_1/3> + ||1{|u|21—273k}||L5/2<Qk_1>||G231||L5/3<Qk_1/3>> +
1L gu>1-2-33 | 25(@s 1) <|’G223|\L5/4(Qk,1/3) + |\Gz32HL5/3(Qk,1/3)> +
(H1{\u|21—273k}\|L2<Qk71)HGzzzHLQ(Qkfl/g)) :

Using Lemma 4.4 with (4.3) we can keep bound with:

C20k (U,jﬁﬁU,iﬁ 2 4 U,fﬁUk,l)w (UgﬁUH + U U, + U UL ﬁ) = 02U L oUl.
(4.29)
Collecting (4.28) and (4.29) we conclude

PT2+ PT3 < C2U™3 + Ul

We are left to prove Lemma 4.4:

Proof. Recall that pge3 is a solution of

Vi Vk 3
—Apras = Y Oyprty—ti— = Y _ 0y f3.
0 ful lul 45

We decompose V f}- = g?jl + gfj? where
U,V WiV,
Jul - u|
U; VL U; U U; U U; VL
@@= oV <J_) Uk g (_) UiV
ul /- Jul ul /) Jul

and so Vpk23 in 0231 and G232 with
—AGa3 = Z aiajg?jl
,J
—AG232 = Z (918]91332
,J
Using, as always, Lemma 4.1 we obtain

g3 < 2%}

17| < Cdyy,
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and, by Calderén-Zygmund theory and Holder’s inequality, we conclude
HG231||L5/3(Q,€,1/3) < 0231{:”%”%10/3@,@,1)
1Gas2ll 1@,y ) < Cllvellrorsgu_ny lldll 2@y y)-
For proo we proceed in the same way: since
. Vi Vi . 2
—Apyag = ZZJ: 02k (1 - m)uzm = ;@] ij:
we decompose V fj =: 9%1 + gizj2 + gfjg (up to a multiplicative factor 2) where
21 Vg U; Uk
9i; = Vru, (1 - —)
’ ’ ul /) Jul
v UV v v
gfj? = QR (1 — —k> \V4 (—k> + pru; (1 — —k) Vuj—k
|ul |ul Jul |ul
23 Vg '\ U Vg
gi; = —pru;V <—> -
’ T \Jul) ul
By means of Lemma 4.1 and by noticing that
v U, VU
ul J - ul Jul
we can prove
1gi7 < C2% vy,
|g¢j|22 S C?)dk + Odk = Odk,
|9i;?* < Cdyvy
and we conclude as before.
O

4.3 Proof of Proposition 3.5

We conclude the Caffarelli-Kohn-Nirenberg’s Theorem with the proof of Proposition 3.5.
As we have mentioned earlier, there is nothing new in this proof, but we include it here
for completeness. Proposition 3.5 states:

Proposition. For 1 < p <4/3 there exists A < 1 and ey < C/2 (where C is the constant
of Theorem 3.5) such that for every suitable weak solution and every (to, zo) € (0,00) X £
the following holds. If
lim sup 1/ |Dul? < &g
r—=0 T JC(z0,t0)
there exists kg > 0 such that, for any k > ko,

C
Vi < 224 2
k+1_4+4
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We remind that

up(t, x) = Nu(A2Ft 4 to, N + 20),
pr(t, £) = AFp(N*t + to, Ao + ),

and

1 _ _
Vi = llugl|Fooz o) + EHI% — Pl Zozg Where pr(t) = ][ pr(t, z)dz.
Bo

For the moment we choose A < 273. Notice that for (¢, ) € Qo:
U1 (t, ) = Mup(N2t, Ax).
For —1 <t < )\? and z € B, we introduce the backward heat kernel

1 =
— T TE P R
(202 — 1)3/2 ’

ﬂb\(@@ -
which verifies
|| <1 fort=—1

C
N 23 for x| <X, —A2 <t < \?

|AYy + [Vihy| < C forz € BS, —1 <t <\ (4.30)

C
|Vhy| < F forx € R3, —1 <t <)\

We also define n; € C§°(By) to be a standard cutoff function with n; =1 in B(1/2) (and
som =11in B(\)). We set also

Since (uy,py) is a suitable weak solution, following Corollary 3.1, we multiply the
suitable condition (3.9) by ¥\ and we integrate in [—1,s] x R? for —1 < s < A\%. Using
that space derivatives of |ug|? and p, are null we obtain

[ JsEon s f (S5 s

+ /;1 /(@D)\Aﬁl + 2V771 . Vw)\ + Uit AW)
+/_1/V(n1%)'uk(pk — D)
6

g |
2

bt
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Notice that the right-hand side is equal to

, 2 _1 2
/—|Uk(9; al (2, s)m (x /Wk - Va(z, —1)m(z / /|Uk| A (a)n

and, since v, is the backward heat kernel,

[ oot <[ fasols

Hence we can delete the common terms and we get
/luk 7,5)° (x,$)m(x) dx </|uk—w)\(x,—1)m(x) dx
2 2
/ / ‘ (luﬂ ]| ) ug - V(mn)dw | dt
e I
-1
)\2
o/
—1

The left-hand-side is controlled from below by

(4.31)

/(ZDAAM + 2V, - Vaby) ‘ dt

dt.

/V(mw/\) - ug(pr — Py )dx

C lur (s, z)|?

C’ s C
X gy 2 dv =3 ’u’““P (FI) dv 2 5 Vet

The first summand of the right-hand side is bounded by:
wi(x, —1)?
/Mzﬁ,\(:c, —1)m(z) de < V.

Collecting the results:

2 1 _ 2 2 X |Uk|2 — Ju|?
V}c—&-l SO/\ sz + FHpk—&-l - pk;+1||L2,p(Q) + C\ / / T Uy - V(n1¢k)dx
—1

) A2 ’ k|2 A2
+ CA dt +
—1 —1

For the second term notice that

luel>  Ju|?
up, ——
2 2

)

/V(nﬂ/}/\) “ug(pr — Dy,)dx

/(%Am +2Vn - Vi) dx

dt) |

ug®  Jugl?
2

< gl Loo2(qo)
L(Qo)

L12(Qo)
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and

ug* Jugl?
2

L12(Qo)

L1:3(Qo)
‘2

<C ’ plus

£13/2(Qo)
<COugll 226 Qo) Vurll L22(Qo)
<C||Dugll r22(q0) (lurllLoe2(qo) + [[VurllL22(q0))

where we have used Sobolev embeddings for the second inequality, Holder’s inequality
with exponents 4 and 4/3 for the third inequality, and interpolation along with Sobolev
embeddings for the last inequality.

Now using (4.30) we conclude

/Aj / | <M> ug, - V(my)

ug®  Jugl?

< I V| oo (@) 1 | oo 2(0) 5

L1,2(Q0)

C C
< sqllPuwll 220 Ve + FHDukHQLQ’Q(QO) Vi

For the third term notice that Vu = 0 in By and so we can restrict the domain to
B(1) N B s where both ¢, and V¢, are bounded (see (4.30)). Hence we have

)\2
[

The last term is controlled by

g |

2

/(w)\Anl + 2V7]1 . Vw)\) dl" dt S CHukHLOO’Q(QO) S CVk

C _ ) 1P = Dicll7o20)
s lunll =20 ok = Dellr2@o) < € | ukllToe2(qo) + b < CVj

where we have used Young’s inequality.
Summarizing we have proved:

1 _ C C
Verr < CNVe + 5llpert = Pugallzanig) + 3z Dunllzz2 Vi + 551 Dusllzea vV (4:32)

and we are left with the pressure term.

Using the Corollary 4.2 we decompose py — P, = pir + par- Since [—A% A% x B())
is contained in [—1/2,1/2] x B(1/2) the part p;; is harmonic in this latter set and so
smooth. Hence, for every t € [=A% A\?], we use Poincaré-Wirtinger inequality to get

1 2 A2 ) A2\3 )
dx < Cﬁllvpm(t, iz, < CTHVPM:(T% 7N

|Bx| J B,

pua(e 1) — f puly, £)dy
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and, in particular,

1
@ - k() —][plk(% t)dy
A

Now, we use Theorem 2.10 of [GT83]:

2

dx < CN*||Vpu(t, )HLOO B(1/8)"

Theorem. Let u harmonic in Q and ' any compact subset in Q. Then, for any
multi-index o, we have

||
sup | D] < (M) supul
o d Q

where d = dist(Y,00).

In our case we get

VR (t, )||L<><> B(1/8)) <C|’pk1( )||Lo<> B(1/4) <C||29k1( )HL2 B(1/2)

where the last inequality is a consequence of the mean value property for the harmonic
function. Combining the previous results we conclude

1 2
=N pik(z,t) — ][puc(y,t)dy
|B/\| B

For pox notice that, since p < 4/3, then 4/(2 — p) < 6 and so, by Sobolev embeddings,

ek — e, P a < |7

dr < C’)\Z/ lpe1 (¢, z) |2 d. (4.33)
B(1/2)

Then Calderon-Zygmund theory, together with Holder’s inequality, gives for p < 4/3 that
pellzre < Cllfus = T P2 e o Mk — T2, 20
— 20-1 _
< Clug = w72 k= el
< Clup = Tael| 7wz | Dul |72
< OV Du |7

Using pry1(t, ) = Npp( N2, Ax) = A2 (p1p(N%, Ax) + par (A%, Ax)) and a change of vari-
ables we get for very t € [—1,1]:

P41 — Prsa H%Q(B(l))
2

1 1
<o L / (N2t ) — | POy des
1BV o | 1BV Jpon "
1 1 2
+2/\4—/ po(N2t, ) — —— (N2t y)dy| dx
B Sy P2 T TBO] e PNV

1
BBy

< C)\G/ lpe1 (V*t, z) [P dx + C’)\/ |par (Nt 2)|?d.
B(1/2) B(X)

<o) /B Lo POt e e [ (0,2
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where we have used (4.33). Therefore
_ 6—4 1—4
|Prs1 — pk+1||%p,2(Qo) SCONTw ”plk||%P72([7/\2,)\2}><B(1/2)) +CA ||p2k‘||%P’2([f)\2,/\2]><B(>\))
and, in particular,

_ 6—4 1-4
[Prs1 — pk+1H%Pv2(Qo) <SCONT» ||p1k||%Pv2([—1/2,1/2}><B(1/2)) +CAr ”p2kH%P12([—1/2,1/2]><B(1/2))'

The Corollary 4.2 gives the bound:

[Pkt Lroe(m1/2,1/21xB12) < C (Hpk — Dillzra(qoy + lluw — ﬂkHipﬂ(Qo))
< C (llpk = Billisaan) + 1Duel3a )

where in the last inequality we have used p < 2 and Poincare inequality.
Finally, collecting the previous estimates we obtain

_ 6—4 1—4
P41 — pk—s-l”%P«?(Qo) SCOANTw ||p1kH%P«Q([—1/2,1/2]><B(1/2)) + A7 Hp?’fH%Pv?([—l/ll/?}XB(1/2))
6—4 _
<% (Ipk ~ Pellioa g + ||Duk||i2@o>)
+ONTIVE 2/”\IDu;cllllL/fz

Finally, using (4.32), we have
1 _a _
Vi SONVi 4 2038 (Ipe — Bell + 1Dl

_4 — c c
+ON TPV D7 + —gllDukllL2M + 3z 1 Dulz22 v/ Vi
C

T | Dugl[fz + C( + 2" 7) Vi + _HDuk”L22Vk

C _
g Dl vk+A o[ D[V

Now we use that Vq <14V, for 0 < g < 1. Moreover we fix A in such a way that
C(\? + Ao ») < 1/8. In this way, we get

1
ng + C)\||Duk||L2,2Vk

+C)\HDukHL22(Vk +1) + Cal| Dug |37 (Vi + 1)

Vi1 <Ch||Dug |72 +

:gvk + A+ BV,
where C'y depends on A and
A= (Cal Dugllfes + CollDug |32 + Ol D115,

B = (Cal Dugll 22 + Ca| Dunl[32 + Ca | D112,
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Now we choose ¢y in such a way that if || Dug||z2 < 2g9 we have

1
max {A, B} < min {g, %}

where C'is the constant of the Theorem 3.5. Thanks to (3.15) we have reached the desired
conclusion.
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Chapter 5

Holder regularity for Stochastic Heat
equation

The regularity theory of De Giorgi, with the assumption of measurability and ellipticity
of the diffusion matrix, can be extended successfully to the case of random matrices. The
introduction of White Noise does not pose a problem either, as long as its behaviour is
assumed to be sufficiently regular. In this chapter, we will follow the article [HWW20] to
prove the stochastic counterpart of what we did in Chapter II. For readers who are not
familiar with stochastic analysis in infinite dimensions, a brief introduction to the subject
can be found in the appendix.

The equation we are dealing with is the stochastic heat equation. Fix a filtered proba-
bility space (€2, F, (Fi):, P) and consider the following stochastic partial differential equa-
tion

duy = A(t,w, uy)dt + B(t, uy)dW, (5.1)
where ¢ € [0,00). Notice that A and B depend also on the time variable. Furthermore A
has also a random part described by w € €.

The generalised Wiener process we are going to consider is the so-called white noise
or cylindrical Wiener process:
W = Z w'z; (5.2)

i>1
where (z;); is an orthonormal basis of £2(R) and (w?); is a family of i.i.d., standard, real
Brownian motions. This process is actually an ¢*(R)-valued generalised Wiener process
with covariance operator () = Idy.

The Gelfand Triple we are considering is the classical

H}(R™) C L*(R™) c H '(R™).

71



CHAPTER 5. HOLDER REGULARITY FOR STOCHASTIC HEAT EQUATION

Nothing change if we consider, for example, a bounded domain instead of all R™.

Since the covariance operator is the identity map on £%(R), the operator B is defined
in the following spaces (we are implicitly using the fact that we do not need a Hilbert-
Schmidt extension of [? since our covariance matrix is an identity):

B :[0,00) x Hy(R™) — Ly (I*(R), L*(R™))..

Its action on z € [*(R) is defined as follows

B(t,v)(2) = ZQi(t Lu(-))z € LA(R™)

where g = (g;); is defined in the spaces g : [0,00) x R" x R — [*(R). Regularity assump-
tions on g are postponed.

_ The interesting part of the problem relies on the non-deterministic part of the operator
A which is defined in )

A:[0,00) x Hy(R") — H™'(R™)
where we have omitted the dependence of Q. Its action on an element of w € Hj(R") is
defined as

A(t,v)(w) :/ div (A(t, 2)Vou(z)) w(z) + f(t, z,v(x))w(x)dx
! (5.3)
=— /n (A(t,z)Vou(x)) - Vw(z) + f(t, z,v(z))w(z)dx

with A = A(t,z,w) is an n X n matrix depending also on w € € and f is a real function
defined on [0, 00) x R™ x R.

An alternative and more intuitive way to see our SPDE is:

O = div (AVu) + f(t,z,u) + Zgi(t, T, U

i>1

where the diffusion coefficients of A are random. The symbol ! is very common in the
literature and can be seen as a sort of derivative of the Brownian motion (even though,
formally, it is not differentiable).

The hypotheses we require on A, f, g are of two types: one is about measurability and
the other one is about regularity. Since we will primarily focus on the regularity aspects,
the reader is encouraged to pay closer attention to them. As for the measurability, we
assume standard hypotheses:
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M1 the diffusion coefficients of A are (F;); progressive measurable (for fixed x and t);

M2 for fixed z and progressively measurable process h, the process (g(t, z, h;)); is also
progressively measurable with respect to (F);.

For regularity, we ask:

R1 Uniform ellipticity: there is a positive constant A such that

M < A(t,z,w) <A for all (¢, 2,w) € [0,00) x R™ x Q;

R2 Linear growth: there exists a non-negative function K € L?*(R™) N L>*(R") and a
positive constant A such that

|f(t,z,v)| +|g(t,z,v)|z < K(x)+ Alv| for all (¢,2,v) € [0,00) x R" x R.

We will now proceed to demonstrate that our initial hypotheses are sufficiently strong
to ensure the well-definition of our stochastic partial differential equation.

Recalling property 3 of the definition of stochastic PDE (B.7), we observe that equa-
tion (5.1) is well-defined if the process B(t, u;) is stochastically integrable. However, it is
important to note that our definition of stochastic integrability only applies to processes
defined on intervals of the form [0,7]. When the time domain is [0,00), we say that a
process is stochastically integrable in [0, 00) if it is stochastically integrable in [0, 7] for
every T' > 0. It is important to be careful in this case since we are not allowed to integrate

over the entire interval [0, co).

Proposition. Under the previous hypotheses we have that if [0,00) 3 t = u, € Hg(R™)
is a square-integrable and progressive measurable process then (B(t,u;)); is stochastically
integrable in [0,00).

Proof. For simplicity set ¢, = B(t,u;) and consider an arbitrary 7" > 0. We have to prove
that

1. ¢ is predictable with respect to (F)y;

2. |l < o0

The first thesis is given by M2 (progressive measurable implies predictable) while for the
second we have to verify that

E[ | Dl Q] < o
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Since in our case () = Id;z we have to check that

/ > (ewpien, ex) 2y dt

k>1

/ Z”%ekHP(R dt] < 00. (5.4)

k>1

We start looking for the adjoint of ¢, € Ly(¢*(R); L*(R™)). To this aim consider z € ¢?
and f € L? (the following computations are allowed by R2):

(2, f)r2 = (B(t,ue)z, f)r2 = /n Zgi(t,x,ut(x))zif(a:) dz
— (e [ glta (@) f(e) doje
Hence the adjoint of ¢, is, for f € L*(R"),

b= ([ stauwie ) erm,

i

Hence we have

Z H%@k@kHz%(R) = Z

2

<> ([ 1ot utotoent ar)

/ g(t, x,u(x))e(x) do
Rn

l2

s(Z [ lott. ()t ) (Z [ @@+ e >|>ek<x>dx)

= <Z<K, er)rz + Aus, 6k>L2> = (1Kl + Allul|z2)*

k>1

Finally the term (5.4) is controlled by

T T
E [/ 2| K%, + 2A|yut|\§2dt] = 2T || K%, + 2AE [/ \|uty|%2dt]
0 0

where the last term is finite since (u;); is square-integrable. ]

Finally, we have proved that equation (5.1) makes sense and we can define, according
o (B.8), the notion of weak solution.

Definition 5.1. A weak solution to (5.1) is an (Fi)icp,00)-adapted process [0,00) x 25
(t,w) = ug(w) € HY(R™) if (up to a modification *)

u € L*(Q x [0,00); Hy(R)),

! The process v is a modification of u if V¢ P (v; = u;) = 1.
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and for every ¢ € C°(R") and t € [0,00), P-a.s.
(us(-), () = (uo, ©) —/0 <A(8,')Vus(')7vsﬁ(')>d8+/o (f(s, us()), (-))ds
3 [ttt e

i>1

where every inner product is in L*(R™) and we have explicated the variable with respect
to which we are doing such product (with the notation (-)). The dependence of u; and A
from w € Q are omitted.

Remark. One may ask why the last term of the previous definition has that form. We do
not show a formal proof but we give a precise idea of why we have the following equality:

/t<3(8,us( ))dWs, o(-) Z/ gi(s, - us(+)), () dw?.

0 i>1

We start reminding our white noise (5.2)
W = Z w'z;

where w' are Brownian motions and (2;); is a basis for [*. Since W does not depend on
the space variable and formally we have dW = >, dw'z; we write

/t<B(3,U5( ) AWy, o(+) Z/ (5,us()) 21, @(-) ) dw’.

0 i>1

Using the definition of B the last term is equal to

>/ B0t o N o)l —2/ (30 DO

i>1

where the last equality holds because (z;); is a basis.

We conclude by emphasizing that we do not have sufficient hypotheses to establish the
existence of such a weak solution. However, we will show that if a solution exists, then it
possesses a-Holder continuity.

5.1 De Giorgi’s scheme for a Stochastic PDE

The main result of the work is the following estimate.
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Theorem 5.1. Let u be a weak solution (according to definition (5.1)) solution of the
SPDE (5.1) with deterministic initial data ug € C°(R™). Then there exists a constant
C=C(n,\,A,T,p) such that

E HUHZP([O,ZT};L%RH))} +E [HU’H?OO([T,QT}XRW)} <C (||u0||L2(R") + ||K||L2(JR") + ||K||L°°(R”))p
This result will imply the a-Holder continuity of the solution.

Before going into the proof we spend some words on the theorem.

Remark. As always the choice of the time interval is arbitrary: during the previous
chapters, we have taken [—1,1] shrinking to [—1/2,1] according to Vasseur’s work. In
the stochastic case, it is convenient to use [0,2T] and [T,2T). The reason is contained in
the classical approach to Martingales and Brownian motions: since the starting points of
these particular stochastic processes are t = 0 we work with [0,2T) and [T,2T]. It should
be clear that this change is completely irrelevant (since we can scale).

We conclude by noticing that since we are dealing with an initial data value we have to
require also that our weak solution u is a P-almost surely continuous process with respect
to the time variable.

The setting

We are going to deal with cylinders because the equation is parabolic. Since the spatial
domain is not bounded we set

with T}, = (1 — 27%)T. In this way, we have Qy = [0,27] x R" and Q. = [T,2T] x R™.
As a truncation we consider, for a > 1,

Uha = [u—a(l - 279,

and the energy is:

oT 2
Upa = lluralliazg = / ( |uk7a(x,t)|2dx) dt.
7, \JRr

Another crucial quantity that will control the stochastic contribution is

Xiswimsw [ S0 () 7)) et

Tp<s<t<2T
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Energy Inequality

We need to use the It6 formula in infinite dimensions to obtain the desired inequality. For
simplicity, we will state only the formula in the case of a function that does not depend
on the time variable. However, a slightly more general version and its proof can be found
in [DZ14] (section 4.4).

Given a Hilbert space H and a functional F' € L(H;R) we write DLF € L(H; L(H;R),
D2 F € L(H ® H;L(H;R) for the first and second Fréchet derivatives respectively.
C?(H;R) is the space of the functional twice continuous, Fréchet differentiable in H.

Theorem (It6 formula). Let T > 0, U, H be Hilbert spaces, (2, F,(Ft)i>0,P) be a
filtered probability space, carrying a generalised Wiener process (Wy)i>o defined on U
with covariance operator () and assume

1. € L*( x [0,00); H);

2. ¢ is a Ly(Uy; H) valued stochastically integrable process;
and Xo € H. Then given F € C?(H;R) and a stochastic process, (X;)i>0, satisfying,
t t
Xo=Xo+ [ wdst [ g,
0 0
it holds that,

F(X;) = F(Xo) /DF ¢sds+/DF 3) (psdW5)

+1 / T2, P (@) (0@ s
2 /o

Proof. The proof can be found in [DZ14] O
Now we show how to use the formula in our context.

Step 1

The idea is to apply the formula on u; with decomposition

¢ ¢
up = U +/ A(s, uy)ds +/ B(s, us)dW, (5.5)
0 0
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CHAPTER 5. HOLDER REGULARITY FOR STOCHASTIC HEAT EQUATION

where U = *(R), H = L*(R") and Q = Id. As 1), we are considering A(s, u,) and
B(s,us), respectively.

The assumptions on B guarantees us that ¢ is a Ly(12; L>(R™)) valued stochastically
integrable process. The regularity on v is given by R1 and R2. The only problem is that,
a priori, A(s, us) = 1, is H1(R")-valued and not L?(R")-valued. To solve this we remind
that we are assuming the existence of a weak solution in

u € L*(Q x [0,00); Hy(R™)),

which implies that wu, is L?(R")-valued process. Since both u; and B(s,us)(W,) are
L?(R™)-valued process, by (5.5), we conclude that A(s,us) is an L?(R")-valued process.

Since we have checked the hypotheses we can consider as function the following F' :
L?*(R") — R defined as

FU) = Wl = [ 15(0) = alt =29 e
Formally the Fréchet derivatives are
DyF(f)(g) =2 . fra(x)g(x)da,
DLF(D@0) =2 [ 1, 09(@h()ds

Notice that F' does not belong to C?(L*(R");R) and thus we are not allowed to use the
It6 formula. To fully justify this, refer to [Kry10] or [HWW20].

Step 2

We analyse separately every term of our It6 formula.

L F(X:) = ||Uk,a(t)||%2(mw) and F'(Xo) = ||uk,a(0)||%2(Rn)

2. Using (5.3)

/ DIF(X,)(1s)ds = 2/ (upa(8), A(s, us)) 2@nyds
= —2/ /n (s,2)Vus(x)) - Vg o(s)(x)dzxds + Q/Ot . f(t, z,us(z))ug o(s)(x)deds
= —2/0 (A(s,  )Vuga(s)(+), Vuga(s)(: ))des—l—Z/O . f(t, z,us(z))ug o(s)(x)dzds.
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5.1. DE GIORGI'S SCHEME FOR A STOCHASTIC PDE

3. By the definition of B we have
/D Fs, X)(0dWe) =2 [ {ua(9)0). Bls. 0, ())W)
= 2/ /nZgl (t, 2, us (7)) ug o (s) (2)drdw!

4. For the last term we have to spend some words on the notation. The expression

D2, F(X,)(0,Q")(0sQ"?)" = D2, F(us)(B(s, us)(B(s, uy))*

should be seen as an operator from [?(R) to R. It follows that the trace acts on a
basis (z;); of [*(R) as follows

> D2, F(ud)(B(s, us))(B(s, us)) ]z = 2/2 (s, us)(2) () 21{uk,a<s)>o}df€

:2/ D lgi(s 2w, Ly 50y

=2 [ g(s, 2, us) [pL{u,.,(s)>0pd.
]Rn

By collecting all the results and writing everything in stochastic notation we get

Al a(t)F = ~2(A( ) Vo), Tuga (O ot +2 3" it (), k(1)) s

+ { an {’g(t’ Z, ut)|122 + 2uk7a(t> (.T})f(t, T, ut(x))} 1{uk,a(t)>0}d$:| dt.
(5.6)

Step 3

We need some extra work on the equation (5.6) to get our inequality. The reader is invited
to note the similarity of the techniques with the Navier-Stokes case.

First, we use the elliptic assumptions on A and integrate between t, and ¢, where
Ty <tog<Tp <t <2T:

t t
g a ()2 + 22 / Va5 225 < [Juralto) |2 + / 23 (gu(11), tha(5)) ot
to i

(5.7)
/ [ {1g(us)lie + 2upa(s) f(ts} Ly o >o}dx] ds,
tO R
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where we have denoted f(us) = f((s,x,us(z)) and g(us) = g((s, z,us(x)). Additionally,
we have omitted the spatial dependence, which is evident from the preceding computa-
tions.

Now, we work on the last term of the previous inequality. If u;, > 0 then
0<u<(14+2Mu, 1, (5.8)

By Chebychev we have also

. 28\ *
ual0) > 03] = e > 274 < (2] uecaa8
These facts, together with the regularity assumptions on g, give us the following estimate
t t
/ [ Ig(us)\?zl{uk,a(s)>0}d4 ds < 2/ [/ (K (2)* 4+ A?|us(2) ") Ly o (5)50) d | ds
to Rn to n
t t
<2|K |3 / |{z : uga(s)(z) >0} | ds + 2A2/ lus(7)|?dxds
< |K|% C’k/ | tk—1.a( ||2d3+0k/ / [up_1.4(3)(z)|*dzds

= M1+ ||KI) / s o) [12ds
to
< CFA+||K|%) Up-1,0

where the last inequality is given by Jensen’s inequality and the constant C' depends on
A. For the term involving f, we proceed in the same way (using also Holder’s inequality)
and we get

/ / 2p,a(8) f () L o (s)>0pdxds < CF(1 + || K||2) Up—1,0-

Collecting all the results we transform (5.7) in

t
g a ()] + 22 / |Vtsa(s) s

< Huka tO HL2 +/ 22 gz us uka >L2dw +Ck<1+ HKH2 )Uk’ La-

Taking the supremum over t in [T}, 27, we have that
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2T
sup  upa()Z + / |V tsa(s) 2
te(Ty,,2T] to (5.9)

< Clluka(to)llie + CXiy o+ C*A+ [IK[3)Uk-10-

for some constant C' depending only on n, A and A.

Energy decay estimate

Since we have our Energy Inequality, we can proceed to prove the geometric decay of the
Energy. Our objective is to be able in a position to use Lemma 1.1.

Following the previous chapters, we compute our space-time interpolation. The choice
of the exponents will become clear later on.

Lemma 5.1. We have the following estimate for general functions:

1 st sy < (171 + 13 2 (5.10)

4(n+1)
n Y

Proof. We start using use time-space interpolation (see Lemma (2.1)) with py =

p=o0,p =2and q\, = (";1),q—2 q' = . This gives us
n+2
4(7L+1) 2n+1) 2n -
/] < |l ||f||§("“’
Now, using Young’s inequality
ab < a? 4+ b?
with p=2(n+1)/(n+2) and ¢ = 2(n + [)/n we conclude. O

We are now prepared to prove that the Energy decay is geometric. This result will
conclude the first and main part of our proof. Notice that it is precisely the Chebyshev
inequality that generates the exponent —%(n + 1), thus pushing the decay index beyond
the critical value of 1.

Theorem 5.2. Assume that the function K satisfies || K| L~ < 1. Then for a constant
C=C(n,\,\,T) we have

k

Uk,a = Uk lL,a +X]>ck 1a)Uli£(17,L:1)'

a2/n +1(
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Proof. Using Hoélder’s inequality with exponents (n + 1)/n and n + 1 we obtain

lura(®N3 < a1/ - Huna(t) > 03 (5.11)

where we have denoted by || - |2 the norm || - ||z2(gn). By Chebychev’s ineuqality we have:

EN 2
{ua0) > OH = [(oncalt) > 270 < (2) sl

Squaring (5.11) and integrating on [T}, 27| we have

ok #/(n+1) - poT )
2 4 n
< (5) ] Tua @l
a T,

Again, for Holder exponents with the same values:

ok 2/(n+1) 2T iy n/2(n+1) o 1/2(n+1)
Uk,as(—) ( / ||uk,a<t>||2n+1)/ndt) ( / Huk_l,awédt)
a T Tk

ok /(n+1)
_ (_) letge0|| Y/t
a k,a LA(n+1)/n,2(n+1) /n Qk) k—1,a .

(5.12)

Applying (5.10) on uy, we obtain
1
2 2 2
[tkallZarvmemenmgy S SUP Nuka@ONz + [ [[tka(t)]20) (-2 dt-
tE[Tk,QT} Tk
Applying Sobolev’s Embeddings to the last term we obtain
2T
kol Zsosn memsnmgy < sup luka(t)]3 +/ Vg a(8)][52.
tE[Ty,2T) Ty,
which is controlled, using Energy inequality, by
Cllura(to)llze + C* X510 + C* (1 + | K1%) Ur—1,0;

k‘,(l - 2 n ] uk‘ a 0 l k; ,a k— 1(1 k—1.a

where we have used || K|z~ < 1. Since t is free to move in the interval [T}_1, T}] we can
use the mean value theorem to select a value of ty in such interval such that

Tk
Jukato)Be = F  luna(®)Fadt < 27 Vs 0
k-1
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5.2 Height Estimate

The objective of this section is to derive an estimate of the L™ — L? type, commonly
referred to as the Height estimate. The techniques we will employ in this section differ
from those used in the previous chapters and they ultimately rely on the tail property of
martingales.

For now, we have proved that, if | K|z~ < 1, then there exists C' = C(n, A\, A, T') such

that
U < C* I ¢ e
ka < W( k10 T Xio1.0)Up 1

where

Ty <s<t<2T

X]:_La - Sup / Z(gz(T7 " uT(')); Uk7a<7-)(')>L2dU}j_.

As one might expect, the presence of the stochastic term Xj_; , requires some additional
considerations. The final part of the proof contains elements from classical literature on
stochastic analysis. We closely follow the approach outlined in [HWW20].

To prove the a-Holder regularity of the solution, we begin with the following basic
fact:

Lemma. Suppose (M); is a continuous local martingale. Then we have

P{ sup (M;— M) > a, <M>s—<M>lsz)}gze—a2/4b

1<s<t<S

Proof. By the Theorem of Dambis, Dubins-Schwarz (see [RY99] Chapter V, Section 1,
Theorem 1.6) there exists a Brownian motion B such that

M, — My = By,

Hence we have the following sequence of contained events:

IP’{ sup (M; — M) > a,(M)s — (M), < b}

1<s<t<S

P{ sup (Buny, — Bun,) > a. <M>s—<M>le}

I<s<t<S

IN

]P{ sup (B; — By) > a}

0<s<t<b

§]P’{2 sup BtZa}

0<t<b
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where we have used that the quadratic variation is an increasing process.
By the symmetries of the Brownian motion we obtain

]P{ sup 2B; > a} <2P{By > a/2} < 9e~a*/4b

0<t<h

where the last inequality holds for the Gaussian variable By ~ N(0, /). O

This basic lemma contains the idea to find an estimate for our X ,’;a. Indeed consider

Xeim [ 30 o)) e

which implies X} , = supy,, <s<i<or(X: — X;). By the standard theory of stochastic
integration, X; is a continuous martingale (see the appendix) and so we can use the
previous lemma.

Proposition. Assume ||K||o < 1. Then there ezists a constant C' = C'(n, A\, A) such that
for all positive o, B it holds

P{X;,>aB, Up. < B} < Ce@/",

Proof. 1f we can show

(X)or — (X)), < C*UZ, (5.13)
then we have

{Xia 2 af, Upa =B} { sup  (Xy = X)) > af, (X)or = (X)zip, < CW}

Typ1 <s<t<2T

and by previous Lemma, we have done. To prove (5.13) we start with

2T

(X)or = (X)1, = / Z(gi(ﬂ S Ur (4)s W1, (7) () L2

Tet1

Now we proceed similarly as we have already done in the energy inequality. We start
using Minkovsky inequality

Z (/n gi(T,Qf,UT($))Uk+1(T)($)d$>2 < (

(2

l9(7, 2, ur(2)) 12 Uk+1(7')(37)d$) .

R

Using R2 we can control the right-hand side with

2

(/n (K (z) + Au, ()] Uk+1,a(7)(x)dac) 2 < ( 5 K (x)upy1,0(7)(2) + AUT(w)UkH,a(T)(ZE)dx)
< ( / kg a(7) () + c* / n 2, (7)(a:)dg;)2
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where we have used (5.8). For the first term we use Holder’s inequality with exponent 2
and Chebychev we conclude

> ( / ) gi(T,x,UT(x))uk+1<T>(37)d$)2 <C* ( / ) uz,am(m)dxy.

2

Finally, integrating in [Tj1,27] we have reached our conclusion. O

We are ready to present the stochastic counterpart of the Height estimate. Notice that
we have not used the classical Lemma 1.1, but we have relied on the tail property of the
martingales, instead. Therefore, we introduce the so-called tail estimate for 7' = 1.

Proposition 5.1. Assume K., < 1. Then there exists a constant My = My(n, X\, A) such
that for all a > 1 and M > M,

1
n+1

P {llut |z (@) > as M[ut||Laz(gy) < a} < e

Proof. The first trivial observation is that {||u*||ze(g.) > a} C GS where G, = {limy_o0 Uy o =
0}. Now consider the family of events

& = {Uk,a < (%)27’“}

where M and v < 1 will be determined later. These events satisfy:
1. By definition of Uy, we have {M||u"|| p12(qy) < a} = &o;
2. G C Upso €F because 7> = 0. Decomposing

U & =&U [U(gls N 5k1)]

k>0 k>1

We have that
P {[[ut || e (@) > a5 Mut|[pa2q) < a} SP{GENE} <D P{EFNE}.

k>1

Now we want to estimate P{&; N &_1}. To this aim, we use a combination of Theorem
(5.2) and the previous estimate. The goal is to prove that

{5;; N gk—l} C {XZ—I,Q > Ozﬁ, Uk—l,a < 5} (514)
for a = (2C)*2M 7+ with C' the constant of the previous proposition and 8 = GQX;;

Notice immediately that {Uy_1, < S} = &—1 from the choice of f. Now (5.14) is
equivalent to assuming that the event £_; is true (has probability one) and proving that

2
{Xi1a>0aB}C& or equivalently X; |, <af = Upq < (%) V= ~B.
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By Theorem 5.2 we have

Ck C 14 (20)/2 )0
Uia < (5 4+ )8 = (”)(VJ;](V[%) )16

where C is a constant different from C' and 6 = 1/(n + 1). Now if v small enough and
M is big enough we have

Uk,a S ’}/B

Now using the previous Proposition on (5.14) we find
P{EN &1} < Ce /" = Ce ™M,
Hence, for a large M,

P{|lut] e > a, M||u™]|pa2 <al <P{GN&EY<CS e 2MP < oMS
Qo) (Qo) a

k>1

5.3 Holder continuity

We are ready to prove Theorem 5.1. By scaling we can assume T = 1, || K|z + || Koo < 1
and |lug||2 < 1. For readability, we report the scaled version of Theorem 5.1:

Theorem. Let u be a weak solution (according to definition (5.1)) of the SPDE (5.1)
with deterministic initial data ug € C°(R"). Assume ||K||s + || K||oo < 1 and [Jugl]2 < 1.
Then there ezists a constant C = C(n, \, A\, p) such that

[T Ve S o | I AR el
Proof. We show that there exists a constant C' = C'(n, A\, A, p) such that

U LI, dt] <C and E [||u|\]£oo([172]an)] <c. (5.15)

We can assume that p > 4. Indeed suppose that we have proved the theorem for p > 4

and consider the case p < 4:
2 p/2
/ (1 + |ut(x)|2dx) dt
0 R™

[ o] - [[ ([ o) "o

/0 (1+/n [uelz )\2dx)g§dt /022+2(/n |ut(x)|2dx>2dt]

2
< 412E V Hut\]‘igdtl <c
0

<E

<E <E
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Step 1

For the first bound the idea is to use the It6 formula with the function F(f) = || f||2 + 1.
With the same work that we have already done for the Energy inequality, we can check
that

do(t) = (t) (H(t)dt + dGy) (5.16)
where () := [Ju(-)]|7. + 1 and

—(A )V (), V()2 + (8 we()) () ez + g - w())le 72
lue()NI72 +1

/ Z gl ) 7u5 S( )>L2dw;
lus()|[?2 + 1
The solution of (5.16) is well known and given by

o) =)o | [ H(s)ds 1 Gy~ 500

Since our stochastic integral is a square-integrable martingale we have that, for 0 <t < 2,

(G, < /02 (fR" fg(i:z,(.?;s‘|(2x)|pus(x)dx>2ds S/0 (fRn Hut(/;:‘iz( )I)us(:c)dx)QdS

2
[ (fRn o)+ e ) < /2<||K||2||us||2+A||us||§)2ds
= ||us<>||L2 = JuslE+1

where the last inequality is given by Holder’s inequality.
Using the assumption on K we get

2 2\ 2
(G}tg/ (”“S”2+A‘|“8‘|2) ds < 2(A +1)?, (5.17)
0

lusl3 +1

where we have used

sl + Aluslls < (Jusl3 + DA +1)

(which can be proved by considering separately the cases ||us|l2 < 1 and |lusl[2 > 1). By
Novikov’s condition (see [Nov72]) the estimate (5.17) guarantees that

1

e
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is a martingale for 0 < ¢ < 2. In a similar way, one can check that H(t) < 4(A +1)? (
starting by noticing that —(AVu, Vu) is always negative by the ellipticity assumptions
on A). Since everything is uniformly bounded in time we obtain

Ewwﬂ=wmvE{mpp(ﬂﬂw$w+m%—§«%0]}scwmw

In particular,

2
E [/ ||ut|!%2dt} < 2Cp(0)? = 20(||luol72 + 1)? < C.
0

Step 2

For the second bound, we consider the quantities

: :
X = eluapeaey and ¥ = ([l
0
By considering v and —u we have, using Proposition 5.1, that
a _ g1/ (n+1)
]P’{X> ,Y<_}<2 M
a,YV < oy <2

for every a > 1 and M > M,. Set I = max{1, My} and use the previous inequality with
a>I? and fix M = /a > I > Mjy:

P{X >aY < a} <27,
By the first inequality in (5.15) and Jensen’s inequality we have
E[Y*] < C.

Hence,
o0
-1
E [y i) = X ey = | PLX > @)oo
0

SMOZP"‘P/

2
MO

P(Y > va)a’ 'da —|—p/ P(X >a,Y <+a)a" 'da

2
MO

< M —l—p/ P(Y? > a)a? 'da —|—p/ P(X > a,Y <+/a)d’ 'da
0 M2

0
oo

1
< MZ +E[Y?)+2p / e g lde < 0.0

Mg

Now that we have proved Theorem 5.1 we have all the elements to conclude the work
and prove the a-Holder continuity of the solution.
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Theorem 5.3. Let u be a solution of (5.1). Then there exists a positive « = a(n, A, A)
such that uw € C([T,2T] x R"™) for every T > 0. Furthermore, we have a quantitative
estimate: indeed there exists a constant C' = C(n, A\, A, p) such that

E HW\%&([MT]W)} < C (lluollzn) + 1K (2@ + +1 Kl @)

Remark. By assumingT = 1 and scaling up to ||ug|| 2wy < 1 and || K|| p2@n)+|| K| Lo mn) <
1 we re-write the thesis as
E |6l g )| < C- (5.18)

We provide a brief overview of the proof since it involves elements of stochastic analysis
that go beyond the scope of this thesis. However, all the details can be found in [HWW20)].

Proof. The crucial idea to conclude is contained in [DDH14] and consists in considering
the solution v to the same SPDE with constant coefficients.

dv = Avdt + Zgi(u)dwi v(1/2) = 0.

For this simpler equation, Kyrlov’s theory applies and v € C*1((1/2,2] x R™).
The function ¢ = u — v solves,

Ovp = div(AVu) + div(AVv) — Av + f(p +v) in[1/2,2] x R™. (5.19)

Since (5.19) does not have a stochastic perturbation, the usual regularity theory of Chapter
IT (with small modifications) applies and we have ¢ € C*? ([1,2] x R") for some exponent
Qg € (0, 1)

Now that we have established the Holder continuity of both ¢ and v, we can proceed
to prove the Holder continuity of u for @ = min(ay, ay). However, to prove (5.18), we
need to exert additional effort to control the p-power of the solution. For this purpose,
we rely on quantitative estimates provided in works such as [Kry96]. ]
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Appendix A

Calderon-Zygmund theory

Let us denote A as the fundamental solution of Laplace’s equation for the Dirac delta in
the origin (AA = &y). Then, for an integrable function f on a general bounded domain
2, we define the Newtonian potential of f as the function N'(f) defined on R™

N(f)(@) = (A f)(z) = / Az — ) f(y) dy.

Q

The main regularity theorem (for the proof, see [GT83] Theorem 9.9) of the Newtonian
potential states:

Theorem A.1. Let f € LP(Q), 1 < p < oo. Then, N(f) € W*P(Q), AN(f) = f a.e. in
Q, and

ID*N(H)llzrey < Cllf v, (A1)
where C'= C(n,p).

In other words, the theorem states that the LP norm of the second derivatives of the
solution to the Poisson equation can be bounded by the LP norm of the Laplacian of the
solution. It is important to note that even if f has compact support in €2, the Newtonian
potential N'(f) is not necessarily compactly supported in €.

Since we would like N (f) to have compact support, we will proceed with a local con-
struction of the Newton potential, denoted as N'(f). To this aim, consider f with compact
support in 2 and denote d = dist (spt f, 92).

e Consider the following covering of €:

By Besicovitch’s covering theorem, there exists a number N = N(n), depending
only on the dimension n, and subfamilies Fi,..., Fx of F such that:

|



APPENDIX A. CALDERON-ZYGMUND THEORY

L. QcUy,F;

2. for every ¢ the elements of F; are pairwise disjoint.

Since the balls are disjoint, there is a finite number of them and we indicate with
Yi,...,Yyn their centres.

e We construct our operator in the following recursive way:

If € By, (d/2), then
NO@= [ Aa-)f@)dy
By (d/2)00
If z € By,(d/2) and x ¢ U;;ll B, (d/2), then

N(f)() = / MGy

It is easy to see that, this time, N'(f) is compactly supported in . A reasonable
question is if there is an analogous of Theorem (A.1) for N'(f). Luckily, we have

Theorem. Let f compactly supported in 2, 1 < p < oo, then N'(f) € W?P(Q), AN(f) =
fin Q and o
ID*N (H)ller) < Cllf o) (A.2)

where C' = C(n,p)

Proof. By Theorem (A.1), we know that AN(f)(z) = f(x) holds, up to a set of null
measure 57 in By, . Similarly, this equation holds in By, \ By, , up to a set of null measure
S,. Continuing this process, we find that AN (f)(z) = f(x) holds almost everywhere in
Q, up to the set S; U ---U.S)y,. Since M is finite, we conclude:

AN(f)=f ae. inQ.

Similarly, we can prove that N (f) € W??(Q). However, in order to establish the
bound, we rely on the Besicovitch property of our covering. !

N
PNy = [ PR X [ o
Uity Fi i=1 By (d/2)eF; ” Bv(d/2)
Without loss of generality assume that for every :

DN (f)|P > D*N(f)[P.
> / L) By(z / DT

By(d/2) d/2)eF;

"'Without utilizing this property, we could encounter overlapping of the balls, and the number of
overlapping would depend on the number of balls, which in turn depends on the domain 2. Consequently,
the constant C' in the bound would also depend on the domain.
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Now we use (A.1) together with the fact that the constant C' in Theorem A.1 does not
depend on the choice of the domain:

IDEN () ey < N / DN (f)P < C?N / P
%G; By(d/2) %@T (d/2)

=C P < Ol g
Uz, By(d/2)

where in the last inequality if (J» B,(d/2) D 2 we use that f = 0 outside . O

We can now present a crucial result concerning regularity in elliptic equations.

Lemma. Suppose that u solves in the distributional sense in )
_ 2
—Au=) 0f
i,J
Then, for every 1 < p < oo, there ezists a constant C' = C(n,p) such that

[ullzri@) < Cllf ey

Moreover, if f is compactly supported in §2 also u can be assumed to be compactly supported

in €2.

Proof. We use the dual definition of the L? norm and the regularity of the Newtonian
potential:

|u||Lr) = sup /uw: sup /uA/T/(w): sup /VuV/T/(w),
Q Q

o]l =1 o]l =1 ]l o=

where for the third equality we have used that, by density, we can assume w € C°(Q)
and in this case N (w) is compactly supported. Using the definition of distributional
derivatives (again by the compactness of the support of N'(w)) and the estimate (A.2) we
get

||l r) = sup /QZ@%f N(w) = sup / Zf 32/\/

lwll =1 l[wll

<C Sup_ lefllm [wll o CIIfHLp(Q)

llwll

To prove the last point notice that if f is compactly supported in € also >, .0 y Z] is

compactly supported. Then, using the operator N we can conclude. O]

With a slight modification to the previous proof, we can obtain the following result,
to which we refer when we talk about the Calderén-Zygmund theory.
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If u is a solution, in €2, to
Z’Lj

then
ul| ey < C E | fill e () (A.3)
0

where {f;;}:; is a finite family of functions.
Moreover, if every f;; is compactly supported in 2 also u is compactly supported in

Q.
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Appendix B

Stochastic Analysis in Infinite
dimension

We present a self-contained introduction to Stochastic Analysis in Hilbert spaces, with a
focus on Stochastic Partial Differential Equations (SPDEs). We underline that our aim in
this introduction is not on the existence and uniqueness of solutions to SPDEs. Instead,
we aim to provide a basic overview of the ingredients of a Stochastic Partial Differential
Equation. Our main reference for this topic is the book by Da Prato and Zabczyk [DZ14].

B.1 Introduction to probability theory in Infinite di-
mension

Operator in Infinite Dimensional Spaces

Given Banach spaces E, F we denote L(F;F') the set of bounded, linear operators be-
tween E and F. This space is also a Banach Space (with operator norm) and we denote
by L(E) the space L(E; E).

Consider two Hilbert spaces U and H and consider a bounded, linear operator between
them O € L(U; H).

e We denote with O* € L(H;U) its adjoint operator which satisfies
(Ox,h)yg = (x,0"h)y forallz € U, h € H.

e We say that an operator O € L(H) is positive if
(Oh,h)y >0 forall h € H.
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Now we proceed by introducing two important functional operator spaces that play
a crucial role in the study of Stochastic Analysis in infinite dimensions: the Trace Class
operators (or simply Trace operators) and the Hilbert-Schmidt operators.

Definition B.1. Let U be an Hilbert space. We say that a symmetric ' and non-negative
operator T € L(U) is a trace class if there exists a basis (when we say basis we mean
orthonormal basis) (e)r for U such that

(e 9]

TrT := Z(Tek,ek>u < 00.

k=1

> In such case, we say T € Ly(U).

One can prove that the space L;(U) equipped with the natural norm || 7|, = |TrT|
is a Banach space.

Definition B.2. Let U, H be Hilbert spaces with basis (ex)r, (fx)r respectively. Then
T € L(U; H) is said to be a Hilbert-Schmidt operator if

[e.e]

ITI3, = (Tex, f)h < oo.

k=1

In such case, we say T € Lo(U).

The space Ly(U) of these operators is a separable Hilbert space with the natural scalar
product

(T,S) = Z(Tek,Sek>H for T, S € Ly(U; H).

k=1

The standard regularity theory for Hilbert spaces guarantees us that if @ € L;(U) is
symmetric and non-negative then Q'/?2 € Ly(U) and, in particular, there exists a basis
(ex)r C U and a summable real sequence (\;); such that we have the following represen-

tation
Q1/2£L‘ = Z\/ )\k<£€,€k>U €k. (Bl)

k>1

Random variables

Let (2, F,P) be a probability space and (E, B(E)) a measurable, separable, Banach space,
with B(E) the Borel sigma algebra induced by the norm || - ||g.

LA symmetric operator T' € L(U) is an operator T such that (T'z,y) = (z, Ty) for every z,y € U
2Tt can be proved that if the series converges for a basis then it converges for any basis
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A measurable map X : Q — F is called a random variable and £(X) = X,P is its
law (which is a probability measure on F). A well-known fact is that X is an E-valued
random variable if and only if ¢(X) is a real random variable for every ¢ € E*. This
implies that if X is an F valued random variable, then Q 3 w — || X(w)||g is a real
random variable (see [DZ14] Proposition 1.2).

Now, we aim to integrate a random variable with respect to the measure P. We fol-
low a similar approach as in the real case: we begin by integrating only simple random
variables, and then expand the construction using a density argument.

A simple E-valued random variable is a random variable which can be written as:

X(w) = Z zrla, (W)
k=1

where N > 0 is an integer, x;, € E and Ay € F for very k. The natural integration is
given by

E[X] := /ﬂ X(w)dP(w) =Y xP(A;) € E
k=1

and we say that X is integrable if || X (-)||g is integrable.

The density argument is the following (for proof see [May21]):

Proposition. Let X be an E-valued random variable with (E,| - ||g) a Banach space.
Then there exists a sequence of simple random variables (X,),>, such that || X(w) —
Xn(w)||g — 0 almost everywhere.

The integral of X is defined as the limit of the integral along an approximating sequence
of simple random variables. For p € [1, oo] we define naturally the spaces LP(Q; E) as the
completion of the simple random variables under the norms

1 .
E [ X1, if p € [1,00),

X = ess S(lzlpHX(w)HE, if p = oc.
we

(Gaussian variables

Just as in the real case, Gaussian variables play a fundamental role in the study of non-
deterministic phenomena in the context of Hilbert spaces. In what follows, we identify
the Hilbert space U with its dual space U*, and we denote the action of g on h as (h, g).
Before proceeding, let us recall the definition of the characteristic function.
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For a measure u defined on a Hilbert space U, the characteristic function of y is defined
as follows:

iu(h) = / "9 du(g) for all h e U.
U

Definition B.3. Let X be a U-valued random variable. Then we say that X is Gaussian
if and only if (X, g) is a real Gaussian random variable, for every g € U. We say that a
measure i € P(U) is Gaussian if p = L(X) for a Gaussian random variable X .

The following theorem presents a strong characterization of Gaussian random variables
in the context of Hilbert spaces. It bears similarities with the characterization in the real
case.

Theorem. Let U be a Hilbert space. A measure p € P(U) is Gaussian if and only if
there exist m € U and QQ € L1(U) symmetric and non-negative such that

a(h) = el m M= Qhh) - for qil b € UL

Furthermore one has the identity,
[ 18l dun) = 150
U

Finally, if p = L(X) then we say that X ~ N (m, Q).

Proof. Suppose p is Gaussian then, by definition, can be written as y = X,P for a
Gaussian random variable X. By Riesz representation theorem (every continuous linear
functional on a Hilbert space can be uniquely represented as the inner product between a
fixed vector in the Hilbert space and a variable vector) there exist m € U and @ € L(U)
symmetric and non-negative, such that for all h,g € U,

E[(X, h)] = / (. hydpa(z) = (m, )

U

E[(X, h)(X, g)] = / (2, 1) (z, g)dp(x) = (Qh. g).

U

Assume without loss of generality that m = 0 (centred Gaussian variable). By definition
of push forward, we have

i) = [ () = [ X ap) = Bl
H Q

where Y = (X,h) is a real Gaussian variable. Then, by the characterization of the
characteristic function of real centred Gaussian variables, we have

E[eiY] — e—%(rg
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where 02 = E[Y?] = E[(X, h)(X, h)] = (Qh, h). We are left to prove that @ is Trace class.
By Fernique’s Theorem (see [May21] Theorem 1.4.11), a Gaussian measure has a finite
moment of all orders, in particular

/U 1A du(h) < oo.

Now let (e,),~; C U be a basis, so that we are allowed to apply Lebesgue’s dominated
convergence in the first step, we have,

kI ann =3 [ e aun) = 3B (X)) = 3 (Qerves) = Tr.

For the converse implication, we consider () € L;(U) symmetric and non-negative. Then
there exist a summable sequence (A;)r C R and a basis (ex), for U such that

Qek = )\kek.

Now take a sequence of i.i.d real standard Gaussian variables () and set
X = Z VvV )\kekﬁk (BQ)
k=1

We claim that X defines an U-valued Gaussian variable. To prove that B.2 is well defined
consider the partial sums

Xm - Z \/A_kekﬂk
k=1

and notice that (X,,),, is a Cauchy sequence with respect to the ||- || norm defined above.
Indeed for n > m we have

n 2 n
1 X0 — X3 = E[| X, — Xull7] = E (Z \/Akﬁk> <> N
k=m k=m

and since \; is summable it is also a Cauchy sequence (which implies (X,,),, is a Cauchy
sequence as well). Since the space L*(€2,U) is complete we have that (X,,),, is converging
in || - ||2, then there exists a subsequence of partial sums converging P-almost everywhere
in U. [l

From now on () will be called the covariance operator of X.

Generalised Gaussian variables

Following the idea presented in (B.2) we have that X is a Gaussian variable if and only
if it can be written as - -
X =" 8Q"er = > Buv/Men (B.3)
k=1 k=1
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where (Ag)g is a summable sequence and @ € L;(U) is the covariance operator of X. We
stress that the last identity is possible because () is a Trace class operator. The leading
idea behind the definition of the Generalised Gaussian variable is to consider @ € L(U)
symmetric and non-negative only. In this way the formula

X =) 5Q"e (B.4)
k=1

is not well defined but the strategy is to extend the space U to a bigger space U,, in a
way that

iE[ﬂi](Qmek, Q" ?er)u,, < o, (B.5)
k=1

which implies that the partial sums of (B.4) are converging almost everywhere. Once we
have the convergence we can define the action of X on h € U as

his Xy = B (Qer, ex )y, (hren)y.,

k=1
which is also linear. We start with a very important example.

Example. Consider the so-called White Noise

W= Z Brex
=1

which corresponds to () = Idy, which is not a Trace class operator. Notice that if h € U
the real random variable (W, h)y is not well defined (the variable W does not converge
to any element in U). Now we consider the extension U,, defined as the completion of U

under the norm
(o)

1
1allE,, =D 5 ex)
k

k=1

where (e)x is an orthonormal basis for U. Notice that the map
h— Wy, = (W, h)y,, = Zﬁk (h,er)u..

is well-defined. Indeed we have

oo
> (her)., < Z 1201%. Nlexll?
k=1

Moreover we have also, for h,g € U,

U.. = I

=1
UMZE<OO
k=1

E[(W,h)v.,] =0, E{W, k). W, 9)v..] = (h,9)u.

X
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In the example it was easy to find the suitable extension of the space U under which
W converges. For a more general X we have to understand which properties we need
on these extensions to make everything work. For the moment we present the definition
of the generalised Gaussian variable and after we show how it is related to the previous
construction.

Definition B.4. Given a Hilbert space U, we say that a linear map h — X, defines a
generalised Gaussian random variabl, if X, is a real Gaussian random variable for every
h € U and if

E[|Xh— X"l 20 ash, >heU

Notice that the previous map
h +—> Wy, = <W, h)Ue:L'

defines a generalised Gaussian variable. The extension idea we have presented is closely
connected to generalized Gaussian variables through this powerful result (for a complete
proof see [May21]):

Theorem. Let U,U., be Hilbert spaces and Q) € L(U) (symmetric and non-negative) be
such that Q'?(U) =: Uy C U,, with Hilbert-Schmidt embedding iQ"/? : U — U,,. Then
(B.4) defines a generalised Gaussian random variable on U. Moreover it can be proved

that the definition of X as a generalised Gaussian random variable on U is independent
of the choice of U, and 1.

Hence the property that we require on our extension is that the map
QY U = U,

is a Hilbert-Schmidt operator. Indeed in the example with () = Idy one can easily prove
that ¢ : U — U,, is Hilbert-Schmidt.

Proof. Our aim is to prove that X as in (B.4) is converging in U,,. This is equivalent to
check (B.5):

ZE[@%KQW% Q' er)u., = Z(iQm@kJQl/Z@HUW = Z((ZQI/Q)* iQ" ey, e
k=1 k=1 k=1

1 (@) 10) <o
where we have used that if iQ'/? is Hilbert-Schmidt then (@'Ql/z)* iQ'? is Trace class. [
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Martingales

The results concerning the Martingales in an infinite dimensional space are very similar
to the real case. Every proof of this subsection can be found in [DZ14].

Theorem. Let X be a E valued random variable which is Bochner integrable and G C F
be a sub-sigma-algebra of F. Then there exists a P-unique random variable Z such that

1. Z 1is integrable;
2. 7 is G-measurable;

.
/ X ()1 4dP(w) / Z(@)14dPw), forall A€ g

In this case we write Z = E[X | G].

Once we have this construction we can define the Martingales.

Definition B.5. Let (M;);>0 be an E-valued stochastic process and (F)i>o a filtration on
(Q, F,P). Then we say that (M;);>o is an (F)-martingale if

1. for every t > 0 the random variable M, is integrable;
2. My 1is F; measurable;

3. E[M,; | Fs] = My P-a.s. for all0 < s <t< 0.

We are particularly interested in continuous, square integrable martingales, i.e., EF-valued,
continuous, (F;);-martingales such that

M|y, = sup E[[|M]|%] < oo
t€[0,T]

It is possible to prove that M2 (E) is a closed subspace of L?(2; C([0,T]; E)) and so it is
itself a Banach space.

Wiener Processes and Generalised Wiener Processes

Definition B.6. Given a Hilbert space U and a trace class operator Q € Li(U), we say
that (Wy)i>o is a standard Q-Wiener process with respect to (Fi)i>o if,

1. W():O,'
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2. Wi>o is Fi>0 measurable for every t > 0;

3. the map t — Wy € U s P-a.s. continuous;
4. Wy — Wy ~ N(0, (t — $)Q) for any 0 < s < t < oo,
5. Wy — Wy is indipendent from Fs for any 0 < s <t < 00.

If we do not explicitly write the filtration we are assuming that (F;); is the normal filtration
induced by the process (W);.

Let @ € L1(U) and suppose that Qe = Axex, for an orthonormal basis (e), for U with
(Ak)r C R. One can prove that (W;);>o is a Q-Wiener process if and only if

:Z\/)\_kﬁfek
k

where (S)x are independent, real, Brownian motions.
Suppose (W;)¢>0 and consider again the orthonormal basis generated by (). Then we have

sup IE[HWtH = sup E
t€[0,7T] (0,77

Z (W, ex) 2] < sup Z tQeg, ex) = sup t Tr(Q) < oo

e te[0,T) - te€[0,77]

which implies that the Wiener process belongs to M2 (E).
We define the generalised Wiener process using the same extension argument that brings
from a Gaussian variable to the Generalised Gaussian variable.

Definition B.7. Given a Hilbert space U, we say that a family of linear maps [0,T] xU >
(t,h) — Wh € R defines a generalised Wiener process if for each h € U the map t — W,
defines a real Wiener process and for any subsequence (hy), converging to h € U we have

E[|[Whi — W, «|*] =0 for allt > 0.

Employing the same ideas used for the Gaussian variables we can understand a generalised
Wiener process as a Wiener process taking values in a space slightly larger than U. In
particular, we can write W; as a formal sum

= BQe

k>1

where (S )x is a family of i.i.d, standard, real Brownian motions. We may consider the
Wiener process (Wp )i p as a U, valued Q-Wiener process on U provided that

QY U = U,

is Hilbert-Schmidt. This brings to the fact that the generalised Wiener process is an
element of M2(U,,).
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B.2 Stochastic integration

We conclude by giving meaning to integrals of the form

t
0,7] 5 ¢ / oud Vs
0

where (¢;); is a suitable operator valued process. The strategy is similar to the one for
the finite-dimensional case, the work is organised as follows

1. Define the stochastic integration for a class of simple L(U; H)-valued processes called
Er(U; H);

2. We notice that the integration is an isometry between (E7(U; H), || - [|32) and the
space of square-integrable martingales (M7(H), || - | sz ), where the norm #7 has
to be carefully defined;

3. With a density argument we extend the definition of stochastic integration to every
predictable process (¢¢); such that [|¢[l5z is finite.

Simple processes

We say that a process [0,T] > t — ¢, € L(U; H) is simple if there exists a sequence of
times 0 =ty < t, < --- < t,_1 =T, and a set of L(U; H) valued, (F;,,)"_, measurable,
random variables (,,)"}, taking only finitely many values, such that

n—1

Pt = 90010(t) + Z mel(tm,tmﬂl(t)'

m=0

We write &(U; H) for the set of L(U; H) valued simple processes on [0, T7.
For a simple process ¢ one defines the stochastic integral by the formula

n—1

t
/ SOdes = Z <Pm(th+1At - th/\t)
0

m=0

and denoted by ¢ - W (t).

The norm H%

We start introducing the subspace Uy = Q'/2(U) of U which is a Hilbert space with the
inner product

(u, V), = (Q " ?u, Q' v)y
for u,v € Uy and Q% = (Q'/?)".
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Proposition. We have the inclusion L(U; H) C LY(U; H) also denoted as Lo(Uy; H).

Proof. Let ¢ € L(U;H) and we prove that ¢ € Lo(Up; H) or, equivalently, ¢*p €
Ly(Up; H). Indeed consider (uy)x a basis for Uy

> (e our, wehu, = > Q0 our, @ Pup)y = D (QVQTP0 puy, up)y, < 0.

k k k

The last series is finite because Q'/2Q~1/2p*¢ is trace class. Indeed QY2Q~'/? is trace
class and p*p € L(U). Since the composition of a trace class operator with a bounded
linear operator is still a trace class we have done. O

This inclusion guarantees that simple processes are measurable, Lo(Uy; H)-valued pro-
cesses. The advantage is that Lo(Uy; H) is also a separable Hilbert space, equipped with
the norm

lll7g := Tr [(Q'%0)(Q?¢)"] .

This allows us to define the set of square integrable processes with respect to a Q-Wiener
process. For a measurable process, [0,T] 3t — o; € LY(Uy; H), we set

T
el = E [ / H%Hig] -

With respect to this norm, we have the isometry we need. Indeed the map

Er(U; H) — M7(H)
o —>p - W

is an isometry between (Er(U; H), || - ||l52.) and the space of square-integrable martingales
(MZ(H), || - [l;mz.). These results are collected in the following proposition.

Proposition. Let ¢ € Ep(U;H). Then (¢ -W,),, defined as before, is a continuous,
square-integrable, H-valued martingale, adapted to the natural filtration of (Wy)s. Fur-
thermore, one has

le - Wlag = sup Elllg - Willi] = llellhe

t€[0,T]

For the proof see [May21].

Density extension

We wish to extend the definition of integration to every L3(U; H)-valued process such
that [l¢[lyz < oo. Since we want our stochastic integration to preserve the martingale
property we have to restrict to predictable processes.
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Definition B.8. Given (F;)iwcpo,r) o filtration, then we define Pr as
Pri=c({(s;t]x F:0<s<t<T,FeF}JU{{0} x F:F € Fp}).

Given a Hilbert space H, we say that a process ¢ : [0,T] x Q — H is predictable if it is
Pr-measurable.

We say that a process [0,T] x Q 3 (t,w) — L3(U; H) is stochastically integrable
with respect to a Wiener process W' if

1. it is predictable with respect to the natural filtration of W;

2. |l < oo

This space is denoted by H2 (W) and observe that it is a Hilbert space with inner product
T
<907 ¢>H% = fo <‘;0t, wthgdt.

Theorem. If ¢ € H2(W) then there exists a sequence of simple processes (o), C
Er(U; H) such that || — go”HHz% = 0. This allows us to define, by density, the stochastic
integral indicated as

t
[0,T] 9t»—>/ w0, dWy = o - W,
0

which is a continuous, square-integrable, H-valued martingale.

With some extra work but with the same ingredients one can define the integration with
respect to a generalised @)-Wiener processes (W,),. Since the embedding ¢ : Uy — Uy, is
Hilbert-Schmidt by definition one can see W as a Wiener process with values in U,,.. Hence
we can define the integrals for predictable processes taking values in Ly(QY?(U.,); H),
where we have replaced U with U,,. However, this is unsatisfactory, since we know that
definition of a generalised Wiener process does not depend on the choice of the extension
U., and so it would be natural for the integration to retain this property. It turns out
that we can retain the same space of integrands as in the previous theorem.

Theorem. Let (Wy)er) be a generalsied Wiener process on o € H3.(W). Then, letting
1: Uy — U, be an Hilbert-Schmadt extension then the integral

¢
0,T] €t - W, = / (s 0 i HdW,
0

15 a continuous, H-valued square-integrable, martingale.
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B.3 Stochastic PDE’s

Before introducing Stochastic Partial Differential Equations (SPDEs), it is helpful to
review some basic concepts from Functional Analysis that are commonly used in the study
of time-dependent partial differential equations (PDEs) in infinite-dimensional spaces.
These concepts provide a foundation for understanding the behaviour and properties of
solutions to such equations. We begin by recalling the notion of unbounded operators on
Banach spaces.

Definition B.9. Given Banach spaces E, F', an unbounded linear operator A from E to
F is a pair (A, D(A)) where D(A) C E is a linear dense subspace and A : D(A) — F is
a linear map.

If A is densely defined from F to F and continuous on its domain then there exists a
unique, continuous extension of A defined on all E.

Another important concept in the study of PDEs is the Gelfand triple. We recall the
definition:

Definition B.10. A Gelfand triple consists of three spaces: a separable, reflexive Banach
space denoted by V', a separable Hilbert space denoted by H, and the dual space of V
denoted by V*. The triple is defined as follows:

VcH2H CV*

Here, H* represents the dual space of H, which is isomorphic to H itself due to the Hilbert
space duality.

Let A : D(A) € V — V* be an unbounded linear operator, 77 > 0 and B €
L3([0,T]; H) be a square-integrable map. Then we consider the deterministic, linear
PDE

U= = uo-
We leave any specification of spatial domain and any boundary conditions to the definition
of the spaces V and H.
For example, consider the homogeneous heat equation, which corresponds to B = 0 and
A = A. The Gelfand triple we have to consider is

Hy(R") C LA*(R") C (Hy(R"))" = H ' (R™).
The unbounded operator A : C*(R?) C Hj(R") — H'(R") is a continous map from

C2(R?) to HY(R™). Since C%(R?) is dense in HJ(R™) the operator A can be uniquely
extended to Hj(R3).
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We are ready to add stochastic rumour to the equation (B.6). Fix 7" > 0 and a filtered
probability space (2, F, (F;)¢, P). Consider also a Gelfand triple (V, H,V*) of Hilbert

spaces and the stochastic partial differential equation

{ duy = A(ug)dt + B(u)dW, (B.7)

U|t:o = Uo,

where

1. (Wt)te[(),T] is a U-valued generalised Wiener process with respect to the filtration
(F1)t, with covariant operator () and U is a fourth Hilbert space.

2. A: D(A) C V — V* is an unbounded operator;

3. B:V — Ly(Uy, H) and for every square integrable process [0,7] 5t — u; € V' we
have (B(u))epo,r) € Hi(W).

A weak solution to (B.7) is an (F;)¢cjo,r1-adapted process [0,7] x > (t,w) — w(w) € V
if

u € L2(Qx[0,T]; V), (B.8)
and for every v € V and t € [0, 7], P-a.s.

(ug,v) = <u0,v>—|—/0 (A(us),v>ds—|—/0 (v, B(us)dWs).

Notice that we have given the definition only in the case when the operators A and B do
not depend on (t,w). As we are going to see this does not modify the definition of a weak
solution.

The hypotheses are very similar to the one we ask for a deterministic PDE, the only
difference is represented by the ones on B. To understand them we remind that HZ (V)
represent the space of stochastically integrable processes, namely ¢ € HZ2(W) if it is a
process [0,7] x Q> (t,w) — LY(U; H) such that

1. it is predictable with respect to the natural filtration of W;

2. |l < o0

Hence the hypothesis of (B(u;))ieo.r] € Hi (W) for every square-integrable process [0, 7] 3
t — u; € V is exactly what we need for a good definition of (B.7).
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