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Abstract

This thesis provides an exploration of the research by Yanase and Van Long (2023), which
analyzes the strategic behavior of large and small firms in research and development (R&D)
investments within mixed market structures. Our study focuses on explaining their differential
game framework and the key insights derived from their model. We discuss how firms accumu-
late cost-reducing knowledge capital over time, emphasizing their use of the Open-Loop Nash
Equilibrium (OLNE), its feedback representation, and the Markov Perfect Nash Equilibrium
(MPNE) to characterize firm behavior.

A central finding of authors’ work is that large firms, due to their existing knowledge capital,
lead the process of innovation through continuous R&D investments, while small firms primar-
ily benefit from knowledge spillovers. Their analysis also highlights a non-linear relationship
between competition and innovation, where moderate competition encourages R&D efforts,
but excessive competition reduces profits and weakens incentives to innovate. Additionally, we
examine the effects of free entry by small firms, showing that while increased market entry
stabilizes output, it intensifies the free-rider problem and discourages R&D investment by large
firms.

By systematically explaining the methodology and conclusions of Yanase and Van Long’s
model, this thesis aims to make their research more accessible and provide a clearer under-
standing of the dynamic interactions between firm size, knowledge spillovers, and competition

in mixed markets.
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Chapter 1
Introduction

When firms compete in an industry where both large and small players coexist, their strategic
decisions on research and development (R&D) investments play a crucial role in shaping mar-
ket dynamics. Large firms have the resources to drive technological change, while smaller firms
often innovate in niche areas or benefit from knowledge spillovers without making significant
R&D commitments themselves. The interaction between these firms creates a complex com-
petitive environment, where investment in innovation is not just about technological progress
but also about maintaining a competitive edge.

The study by Yanase and Van Long (2023)[40] shows that large firms lead the accumulation
of knowledge capital, which reduces production costs and enhances their long-term competi-
tiveness. However, their model leaves room for further exploration, particularly in understand-
ing how different strategic approaches to R&D evolve over time and how firms adjust their
investments in response to competition.

One of the central questions this research addresses is how the number of large firms in
a market influences innovation. Prior studies suggest that competition and R&D investment
follow an inverted-U relationship, where moderate competition fosters innovation, but excessive
competition reduces the incentive to invest. This thesis expands on this idea by considering how
knowledge capital accumulation interacts with competitive pressures over time. Another key
focus is the role of free entry by small firms—while increased entry stabilizes market output, it
may also discourage large firms from investing in R&D due to the free-rider problem.

To explore these dynamics, this thesis employs both Open-Loop Nash Equilibrium (OLNE)
and Markov-Perfect Nash Equilibrium (MPNE) concepts. These equilibrium frameworks pro-
vide insight into firms’ long-term commitment strategies as well as adaptive decision-making
processes. The OLNE approach captures scenarios where firms commit to R&D strategies
based on initial conditions, while MPNE models how firms continuously adjust their invest-
ment decisions based on changing levels of knowledge capital.

This thesis builds mainly on the differential game model of Yanase and Van Long (2023)[40]
for strategic R&D investment in mixed market forms. We aim to provide a clear and detailed
presentation of their complex model, emphasizing economic intuition and mathematical clarity.

We offer step-by-step derivations, intuitive discussions of dynamic equilibria, and enhanced



visualizations to enable an appreciation of the model implications. Furthermore, we address
potential limitations and suggest directions for future research, particularly with respect to the
dynamics of free-riding behavior and knowledge spillovers.

The structure of this thesis is as follows. Chapter 1 outlines the significance of strategic
R&D investment in mixed market structures. Chapter 2 reviews key literature on competition,
knowledge capital, and innovation strategies in oligopolistic markets. Chapter 3 presents the dy-
namic optimization techniques used in this study, including Pontryagin’s Maximum Principle
and the Hamilton-Jacobi-Bellman equation. Chapter 4 develops the core equilibrium concepts,
examining the role of differential games in modeling strategic interactions. Chapter 5 introduces
the main model, detailing how large and small firms interact in a competitive setting where R&D
investments influence market structure. Chapter 6 presents the results, analyzing how changes
in the number of large firms and market conditions impact R&D investment, knowledge accu-
mulation, and competitive outcomes. Finally, Chapter 7 summarizes the key findings, discusses
their implications for competition policy and innovation strategies, and suggests potential di-

rections for future research.



Chapter 2

R&D investment, Knowledge capital, and

Market Dynamics



2.1 R&D as a Driver of Innovation and Competitiveness

In mixed market structures with strategic interactions between large and small firms, R&D
investment is an important tool to foster innovation and competitiveness. It is also in such a
setting that R&D decisions are crucial for individual firm outcomes-e.g., relative positions in the
market, price setting, and profitability- and also for the overall market equilibrium. The present
section is focused on how market dynamics are determined by the strategic R&D investments
of heterogeneous-size firms, and more importantly, by the interactions between oligopolistic
large firms and their competitive brethren. Using a differential game approach, we study how
such interactions build up in continuous time, with particular attention to the accumulation of
knowledge capital and its spillovers in competitive outcomes.

Another important function of R&D within mixed markets involves both the generation of
innovation and the enhancement of absorptive capacity. As Cohen and Levinthal (1989)[13]
point out, beyond the fact that R&D is a major direct source of new knowledge, it also serves to
provide a channel through which “absorptive capacity” - that is, the ability of a firm to assimilate
outside innovations - can be developed. This absorptive capacity is essential for those markets
having tremendous spillovers of knowledge; hence, the higher the R&D investments, the more
significant the ability of the firm to capture and use the different industrywide advances. In
large firms, absorptive capacity enhances their R&D value because large firms are able to adopt
innovations created elsewhere and reinforce their market dominance. While absorptive capacity
often binds smaller firms due to resource constraints, benefits also extend to them, although
their R&D budgets may be so limited that the extent to which they can compete on this front is
restricted.

The economic returns of R&D investment diffused beyond individual firms. Griliches
(1998) [22] points out that, though R&D has exceedingly high private return, the social re-
turn from it can be much higher due to spillovers, which raise productivity across the industry.
In mixed markets, such spillovers are a public good and indirectly benefit the firms that invest
less in R&D. This is all the more beneficial for small firms, which, although having fewer R&D
resources, can therefore benefit from others’ advantages. In this respect, R&D stimulates more
fierce competition and innovation, with larger firms as industry leaders setting up the pace in
technological development and productivity growth. Spence (1984)[38] nuances this because of
the fact that spillovers could influence the strategic behavior of firms, especially in competitive
markets. Whereas Griliches viewed spillovers as unequivocally positive, Spence’s discussion
underlined the free-rider problem'. This would easily be absorbed by competitors, therefore
taking away the incentives for individual firms to heavily invest in cost-reducing innovations. It
1s most problematic in markets with easily replicable technologies since firms may underinvest
in R&D as a result of the inability to secure exclusive benefits.

Another layer of complexity in the strategic decisions on R&D investment in mixed mar-

IThe free-rider problem occurs when firms benefit from the R&D efforts of others without investing themselves,
which can lead to underinvestment in innovation. This concept will be explored in greater detail in the following
chapters.



ket structure monopolistic or oligopoly settings is brought out. In fact, Lambertini (2003) [28]
shows that monopolistic firms often face a trade-off between product and process innovation,
favoring process R&D for maximizing their profits through cost reductions. Even when monop-
olists do invest in product R&D, profitability is put ahead of social welfare, and this typically
results in underinvestment in things like product variety that would benefit consumers more
widely. In mixed markets, however, with active competition, firms have incentives on both
fronts for the two types of R&D: it is efficient to implement processes, but they also want to
differentiate their products to appeal to a wider array of consumers.

Larger firms have typically been at an advantage in the scale of R&D investment, having
utilized their size to develop extensive amounts of "knowledge capital”. As Cohen and Klepper
(1992) [12] show, the cost-spreading advantages enjoyed by larger firms also allow them to
focus on process innovations that lower unit costs and foster efficiency. In turn, such economies
of scale in cost reduction generally enable large firms to undercut their smaller competitors,
reinforcing their market position. Large firms in mixed markets can, therefore, subject them
to such competitive pressures by using economies of scale to cut prices and make profitability
increasingly impossible for small firms without recourse to niche differentiation or specialized
innovation.

However, the competitive features of mixed markets are not exclusively determined by large
firms. Poor-resource small firms often accommodate pressures imposed by larger firms through
strategic differentiation. According to Shimomura and Thisse (2012) [36], entry by large firms
produces a “market expansion effect” such that total output rises and prices fall as large firms
bring in efficiency gains. This gives the small firms an discouraging ecosystem either to exit
the industry or focus on niche segments as a survival strategy. However, this apparent decline
in diversity does not seem inherently bad, since consumer welfare in general gains because the
lower prices from the efficiencies introduced by larger players are usually transmitted.

The demand substitutability between large and small firms is an important factor affect-
ing the competitive outcomes. Pan and Hanazono (2018) [32] give an overview of how high
demand substitutability amplifies the impact that large entrants make on their smaller counter-
parts. The closeness of perceived substitutes by the consumer makes competition increase and,
therefore, is dominated by larger firms who take advantage of economies of scale to gain market
share. Where substitutability is high, the resultant equilibrium prices decrease, benefiting the
consumers but often at the expense of the small firms’ exit or marginalization. In cases where
substitutability was low, then small firms would be able to survive in the market by selling
differentiated products, hence maintaining a certain degree of diversity and consumer choice
despite dominance by few firms.

Competition and innovation have been a prime focus of study in the area of industrial eco-
nomics, though there is considerable divergence in the literature over how competitive pres-
sures affect firms’ innovation strategies. From a traditional Schumpeterian perspective, it has
always been put forward that a monopolistic or, at best, a less competitive environment pro-

vides more stimuli for R&D investment. Schumpeter’s argument is that only firms with market



power have the profits to reinvest in innovation; only they will be able to afford the consid-
erable cost and risk of R&D. The less competition there is, the larger the returns to the firm
from its innovations, and the more incentive there is to continue technological advancement.
Recent studies have shown a nonmonotonic, nonlinear relationship between competition and
innovation. Specifically, Aghion et al. (2005)[1], Vives (2008) [39], and Hashmi (2013) [23]
identified an inverted-U relationship, where innovation initially increases with moderate levels
of competition but declines as competition becomes too intense. Aghion and Vives suggest
that at moderate competition, firms are incentivized to innovate to gain a competitive edge, but
beyond a certain threshold, diminishing returns on R&D lead firms to cut back on innovation
efforts. Hashmi extends this analysis by examining U.S. industries, noting that the inverted-U
pattern may vary depending on technological disparities.

It is the differential game approach to the analysis of R&D investment that makes it possible
to deal with the dynamic equilibrium of a mixed market-a market where large and small firms
continue over time to iteratively adjust their respective strategies. This thus captures the iterative
nature of R&D decisions, while giving a fine sense of how accumulated knowledge capital
influences output, price, and profits in equilibrium across the market. The differential game
approach has turned out to be instructive concerning the strategic role that R&D plays in shaping
competitive outcomes, pointing to its value as both a tool of immediate competitive advantage

and as a tool of long-term market positioning.

2.2 The Role of Knowledge Capital in cost-reducing R&D

Knowledge capital drives the competitive process of the modern technology-intensive indus-
try. It is the summation of knowledge, technological capability, and innovation potential that
accrues over time to the firms through sustained investment in R&D. In this respect, develop-
ment or accumulation of knowledge capital is imperative to attain or sustain production cost
efficiency, product quality superiority, or competitive advantage. Partly, this is because invest-
ing in R&D generates a stock of knowledge that accrues and compounds over time, offering
tremendous cost efficiencies in innovation. Klette and Johansen (1996) [27] argue that marginal
return on R&D investments are higher for firms with a larger knowledge capital base, causing
a self-reinforcing cycle whereby a firm that has already achieved a lead continues to extend it.
However, such accumulation of knowledge is not equally open to every firm. Large firms, more
suitably labeled oligopolists, have the financial resources to continuously invest in R&D and
thus self-reinforce positions of dominance in markets. Smaller firms, on the other hand, may

not have the resources necessary for major R&D investments and therefore depend on spillovers

2Aghion et al. (2005) employed panel data from U.K. manufacturing firms between 1970 and 1994, using
citation-weighted patent counts as a measure of innovation. To address endogeneity, they used policy changes such
as the introduction of the European Single Market as instrumental variables to isolate the effect of competition on
innovation. Hashmi (2013), on the other hand, analyzed data from U.S. manufacturing firms, using the NBER
Patent Data Project to examine the relationship between competition and innovation. Hashmi focused on industry-
level patent counts and firm-specific technological capabilities, highlighting differences between U.S. and U.K.
industries due to technological disparities.



from the innovations of larger firms. The advantages of knowledge capital spread beyond the
investing firm and, consequently, are subjected to considerable spillovers that then can be ex-
ploited by other firms without paying the full cost of R&D. Knowledge capital, then, has many
of the attributes of a public good. Griliches (1998) [22] believes that such spillovers from R&D
raise the productivity of an entire industry and, therefore, enable smaller-scale firms to benefit
through increasing their efficiencies without having to make major investments themselves. The
dynamic is best displayed by industries in which rapid diffusions of technological innovations
make internalization costly for firms to earn returns on R&D effort.

Accumulation of knowledge capital is inherently dynamic, with firms engaging in R&D
races to build their knowledge stocks over time. As Doraszelski (2003) [16] observed, such
accumulation decreases not just their costs of production but also strategically places the firms
to outpace their competitors by utilizing their superior technological capabilities. After all,
Doraszelski, shows that firms invest in R&D not only to achieve immediate cost advantage but
also to attain long-term market leadership by preventing rivals from catching up technologically.

The strategic nature of knowledge capital might be understood more fully within the dy-
namic theory of voluntary provision of public goods. Fershtman and Nitzan (1991) [19] model
the dynamic voluntary provision of public goods, where firms invest in knowledge capital that
generates spillover benefits for other firms. They showed that the open-loop Nash equilibrium
results in underinvestment in R&D due to the free-rider problem. There firms voluntarily choose
their R&D investments in a setting in which they are aware that part of their gains from doing
so will spill over to competitors. This generates a difficult strategic environment in which firms
need to balance the cost of investing in R&D against the possible gain for themselves and com-
petitors. Fujiwara and Matsueda (2009)[21] extend this approach using a model of differential
game theory. They demonstrate how firms adjust their R&D strategies over time in response
to competitors’ actions. By applying differential games, they reveal that higher spillover rates
further reduce equilibrium R&D investments in a Markov-perfect setting, illustrating that firms
may adjust their strategies dynamically to optimize their positions in the presence of knowledge

spillovers.

2.3 Dynamic Industry Model: Oligopolists vs Competitive
Fringe

Dynamic industry models provide a conceptual framework to comprehend the strategic inter-
action of firms operating in oligopolistic markets and how their interactions have an impact on
innovation, competition, and market outcomes. These models combined principles of pricing
dynamics, R&D investments, and market interactions which suggest important insights into the
behavior of firms facing different competitive pressures.

Dynamic models are grounded in the evolution of firm strategies over time, explicit in
decision-making concerning pricing, production, and investment in an environment beset by

uncertainty and competitive interactions. Ericson and Pakes (1995)[17] laid the foundational



structure in their Markov-perfect equilibrium framework that captured both firm heterogeneity
and idiosyncratic shocks, as a way to analyze entry, exit, and investment strategies in evolv-
ing market structures. Their model stresses the fact that those dynamics bring about persistent
heterogeneity in firm performance and distribution of market power over time.

In markets with price rigidity, Fershtman and Kamien (1987)[18] indicated how the delays
in price adjustments are exploited by duopolistic firms using closed-loop Nash equilibria. They
also proved that closed-loop strategies, considering the feedback effects of actions on competi-
tors’ responses, lead to lower equilibrium prices with greater outputs than open-loop strategies,
increasing consumer welfare.

A central feature of the dynamic models is an emphasis on R&D investments as a driving
force behind competitive advantage in oligopolistic markets. For example, Pakes and McGuire
(1994)[31] emphasized that R&D played a strategic role in dominant firms by lowering costs
and differentiating products. Their numerical analysis showed that R&D investments are a
key instrument through which firms maintain profitability and market leadership. Delbono and
Denicolo (1988)[14] also compare R&D investments in Bertrand versus Cournot settings, high-
lighting how market structures impact the intensity and the efficiency of innovation. Indeed,
Bertrand competition, being characterized by sharper price competition, yielded greater R&D
intensity than Cournot competition because the emphasis on differentiation is stronger.

R&D activities inherently generate spillovers, whereby the benefits of innovation diffuse to
other market participants beyond the investing firm. Arrow (1962)[3] noted that such spillovers
result in a divergence between private and social returns, given that the innovator is unable to
fully appropriate the benefits of their R&D efforts. This results in various positive externalities,
improving the overall efficiency of the market while reducing the direct incentives for firms to
invest in innovation.

Spillovers are closely related to free-riding behavior, whereby fringe firms benefit from
technological advances made by dominant firms at no cost to themselves in terms of R&D. In-
deed, spillovers are used by smaller firms as a means of competing effectively in the market and
thereby have a bearing on the strategic decisions of oligopolistic firms. For example, Bonatti
et al. (2017)[9] investigated this very interaction and showed that dominant firms are forced by
free-riding firms to balance their innovation strategies in order to maintain competitive advan-
tages while mitigating the erosion of market power due to spillovers..

Dynamic models, such as those provided by Ifrach and Weintraub (2017)[25], give a far
more microscopic look into the interactions of dominant and fringe firms. Their framework
provided a moment-based approach to the study of how fringe firms collectively discipline
dominant players’ behavior in a way that ensures market outcomes are competitive, even when
there are large asymmetries in market power.> Cellini and Lambertini (2004)[11] extended
the analysis to dynamic oligopoly settings with sticky prices, showing that subgame-perfect

equilibria, such as closed-loop strategies, lead to higher outputs and lower prices compared

3Tfach and Weintraub (2017) introduce Moment-based Markov Equilibrium (MME) as a computationally ef-
ficient approach to model industries with many fringe firms. It captures the aggregate effects of fringe firms on
dominant players’ strategies, providing insights into the broader market structure.



with open-loop strategies. These results reinforce the importance of considering the strategic
interplay between firms and the feedback effects of their decisions on market dynamics.

This thesis contributes to the extended literature by explicitly addressing the dynamics of
free-riding behavior and spillovers in markets characterized by the coexistence of dominant and
fringe firms. In contrast to traditional models, which often exclusively consider oligopolists as
the sole driving forces behind innovation, this work contains the strategic responses of fringe

firms in providing a holistic view of market interactions.



Chapter 3
Dynamic Optimization Framework

Dynamic optimization is a potent approach to modeling and solving problems where decisions
must be made over time, specifically in environments where the consequences of actual deci-
sions affect future possibilities. Dynamic optimization is contrasted with static optimization,
which considers decisions at one point in time. While dynamic optimization deals with deci-
sions that are sequential in nature and interdependent on each other; thus, it becomes extremely
important for understanding complex systems such as economic markets, R&D investments,
and strategic planning. In economics, many firms operate in dynamic environments in which
their strategies constantly need to adapt to changing conditions, the actions of competitors, and
advanced technologies. For example, for an investment in R&D, a firm needs to weigh current
expenditure against future benefits e.g. large market share or superior cost efficiencies. These
investments usually take time before yielding a return, so firms ought to account for not only
immediate returns but also long-term strategic impacts.

This section covers the basic tools that have been covered to analyze such problems. It
covers a primer on dynamic optimization; it then covers an introduction to Optimal Control
Theory, the application of PMP, and the role of Dynamic Programming and the Hamilton-

Jacobi-Bellman Equation in the derivation of optimal strategies.
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3.1 Overview of Dynamic Optimization

Dynamic optimization is a significant mathematical framework for analyzing decision-making
problems in which actions taken in the present period have consequences that unfold over time.
These problems typically consist of state variables, control variables, an objective function,
system dynamics, and constraints. Understanding these elements is essential for structuring
problems and developing solutions that maximize or minimize the objective function over a
defined time horizon.

The following definitions are useful: A control variable (u;) is one that you can control,
and for example, you might not be able to control how much capital is in the economy initially,
but you can control how much you consume. Things that we cannot control completely, but
which are nevertheless affected by what we choose as our control are called state variables (x;).
For instance, capital tomorrow depends on how much you consume today. In a more general
optimization problem, we will want to solve for the control variables at every point in time. The
state variables are reflected in the objective function or constraints, determined by the path of

the control variables. A path in dynamic optimization is a sequence of states

{xo,xl,...,xT}

generated by applying a series of control decisions

{uo,ul,...,uT_l}.

The goal is to identify the optimal path that leads from the given initial state x( to the terminal
state x7 while optimizing a specific objective function.

Not all paths are admissible; constraints on state and control variables may limit the set of
feasible paths. For example, a firm’s capital investment may be constrained by the available
budget:

Uy SBtu Vt.

The constraints define the admissible paths, which are those that satisfy all system con-
straints while connecting the initial state to the terminal state. The objective function, also
known as the criterion function, is crucial to dynamic optimization. It typically aims to maxi-
mize rewards or minimize costs over time. In continuous-time models, the objective function is

presented as follows:

J= /0 " P ) () i,

where f(x;,u;) represents cost at time ¢, p is the constant discount rate. This formulation is
especially valuable in models where changes happen continuously rather than at discrete inter-

vals. As mentioned before, we use the infinite horizon to analyze strategic R&D investment
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decisions within mixed market structures, specifically because it allows for the consideration
of long-term objectives and sustainable growth in knowledge accumulation. In more complex
settings, particularly in generalized control theory, the criterion function can be extended to
handle multiple objectives, where each objective may be associated with different stakeholders
or controllers!. This leads to multi-criteria optimization problems where solutions like Pareto-
optimality or Nash equilibria may be applied.

The system dynamics describes how state variables evolve over time based on current states

and control actions. For discrete-time models, this relationship is defined as:

Xe+1 = g(xt,u,),

while in continuous time, it is represented by a differential equation:

P et
These equations illustrate how the system’s state changes based on the chosen controls,
highlighting the interdependence between current decisions and future outcomes. Constraints
are often placed on state and control variables to reflect limitations such as budgetary restric-

tions, physical capacities, or regulatory requirements. These constraints can be expressed as:

l’l(xt,l/l[) S O,

ensuring that the solution remains feasible within the context of the problem being modeled.

3.2 Optimal Control Problem

In this section, we shall discuss the optimization problem, which is generally called the ”Opti-
mal Control Problem”. Optimal control theory is an important division of mathematical opti-
mization that focuses on finding a control law that will give the system the desired optimality
criterion. The primary goal is to minimize costs, maximize efficiency, or achieve any other per-
formance criterion. These models usually represent such systems using differential equations
that show how state variables evolve as a function of the controls.

An optimal control problem needs a cost function which we call the performance index or
performance criterion. This function measures how well the system performs. The problem also
requires differential equations that show how the system evolves over time. To solve the optimal
control problem, there must be a control function. This function will minimize(or maximize)
the cost function. At the same time, it has to follow the system’s rules and any other constraints.
Differential equations govern the system’s behavior, and the problem solver seeks to find the

control function that achieves the optimal performance.

Tn the context of Generalized Control Theory (GCT), as discussed by Y.C. Ho (2023)[24], the criterion func-
tion is not limited to optimizing a single objective. Instead, GCT provides a framework for addressing multiple,
often conflicting objectives, each controlled by different agents or decision-makers.
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Consider the system dynamics given by the motion equation:

d
#0)= 0 pee).u(0) G
with the initial condition
x(tg) = xo (3.2)

A solution to the motion equation is x(¢) € R" which is also a state vector or state trajectory
representing the system’s state at time ¢. The x(¢) functions are required to satisfy some bound-
ary conditions so that the endpoints are fixed typ <t < T. fg is the starting time that is assumed
to be given, therefore xo represents the initial state or the initial condition of the system at the
starting time. T is the time at which the state trajectory passes through the x(7"). We presume
that the motion of the system can be controlled. We shall call the vector u(z) € R™ defined in a
bounded and closed set U (control region) as the admissible control of the x(¢) that transfers xq
to xr.

u(t) e (3.3)

The function f(x,u) in (3.1) is describing the system dynamics (f : R x R" x R' — R" ) and it

is a n-dimensional vector given by

Su(x,u)

that is continuously differentiable. As we can see the state dynamics is not dependent on time.
In this case, the system is called autonomous.

For the optimization problem to be well-posed, it is essential to establish the existence and
uniqueness of the solution x(¢) (state trajectory) corresponding to a given control function u(z).

Let f(x,u) satisfy the following conditions:

1. Continuity: f(x,u) is continuous in x and u over R" x U.

2. Lipschitz Continuity in x: There exists a constant L > 0 such that for all x;,x, € R" and
uel,
1S (eryue) = f Qe ) || < Ly — 22| (3.4)

3. Bounded Growth[4]: There exists a constant C > O such that forall x € R" and u € U,

£ G, u) || < C(1+x]]). (3.5)

Then, for any measurable control «(r) and initial condition x(0) = xp € R", there exists a

unique absolutely continuous function x(¢) satisfying:

x(t) = f(x(1),u(r)), x(0) =xo, 1€]0,0). (3.6)
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To establish the existence of a solution, we rely on Picard’s Method of Successive Ap-
proximations. Let us define a sequence of approximations {x(¢)}, where the initial guess is
xo(t) = xo, the given initial condition. Subsequent terms in the sequence are determined itera-

tively as: t
51 (1) =30+ [ f0(s),u(s)) ds.

This iterative process uses the system dynamics to progressively refine the state trajectory. The
continuity of f and the compactness of the control set U ensure that this sequence converges
uniformly to a limiting function x(¢) on any finite interval [0, 7. The limit function x(z) satisfies
the original state equation, thus proving the existence of a solution.

To prove uniqueness, we use contraction mapping[8]. Assume that there exist two solu-
tions x (¢) and x; () corresponding to the same initial condition and control u(¢). Define their

difference z(r) = x; (t) — x»(¢), which satisfies the equation:
) = fa(0),u(t)) = f(xa(),u(t)).
By applying the Lipschitz condition on f with respect to x, we obtain:
1z < Liiz@)],

where L is the Lipschitz constant. Using Gronwall’s inequality, we can conclude that z(z) =0
for all + > 0. This result implies that x| (f) = x»(), proving the uniqueness of the solution.

The final step is to ensure that the solution does not exhibit unbounded growth in a fi-
nite time. The bounded growth condition on f(x,u) guarantees that the solution remains well-

defined for all # € [0, ), allowing extension to the infinite horizon.

Remark 1 (Lipschitz Continuity:). The Lipschitz condition on f(x,u) is critical for ensur-
ing uniqueness. It implies that small perturbations in the state x lead to proportionally small

changes in the dynamics, making the system’s behavior predictable.

Remark 2 (Bounded Growth([4]:). The bounded growth condition ensures that the trajectory
remains finite and does not escape to infinity within a finite time. This property is particularly

important for infinite-horizon problems as it guarantees the well-posedness of the solution.

Equations (3.1)-(3.3) are the constraints of the optimal control problem. The objective is to

minimize the cost functional of the form:

J(u) = / e P'L(x(t), u(t)) dt 3.7)
To

where L is the Lagrangian or the running cost representing the cost incurred at each moment.
We want to find such a u*(r) so that for all possible control functions #(z) the condition of

feasibility and optimality must be satisfied.
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Definition 1 (Feasibility and Optimality)

A control path u : [tg,o] — R™ is feasible for the optimal control problem stated above if the
Cauchy problem (3.1) has a unique continuous solution x*(¢) such that the constraints x(z) € X
and u(t) € U hold for all ¢ and the integral in (3.7) is well-defined. The control path u*(¢) is
optimal if it is feasible and if the inequality J(u*(¢)) < J(i(¢)) holds for all feasible control
paths #(t) [15].

Now we can finally formulate the optimal problem (P) as follows:

(

min, ey = [ e PUL((),u(t)) dt,
< S.t. (L.5)

(1) = f(x(),u(r)),

x(t()) = X0.

\

In this context, the problem formulation aligns closely with the Lagrange problem in the
calculus of variations, which is the most general form.

Given the general formulation of the optimal control problem described, we can identify
it as a discounted infinite-horizon optimal control problem because it seeks to optimize the
performance over an infinite time interval [fo,c]. The control u(z) is restricted to a nonempty,
compact, and convex set U, ensuring that the control remains within feasible bounds throughout
the optimization process.

The sections intend to establish the required and/or satisfactory criteria that a control and its
corresponding trajectory should meet to be considered optimal. We shall explore two methods
for this purpose. The first method involves using Pontryagin’s Maximum Principle(PMP). By
examining how a slight change in the control affects the cost, necessary optimality conditions
can be derived. The sufficient conditions rely on assumptions of concavity/convexity in both
the objective function and the constraints.

The second method which we shall deal with in the next section is Dynamic programming
(D.P.) which is a powerful technique based on Bellman’s optimality principle. It is commonly

used to solve optimization problems that can be decomposed into smaller subproblems.

3.3 Pontryagin’s Maximum Principle

PMP addresses problems where the objective is to find an optimal control *(¢) that minimizes
or maximizes a cost functional (3.7) subject to the system dynamics (3.1), and (3.2). These
conditions are formulated using the Hamiltonian function, which is expressed by the running
cost, system dynamics, and the role of the costate variable.

The Hamiltonian is a central concept in PMP, defined as:

H(x,u,A0,A) = Age P - L(x,u) + A - f(x,u), (3.8)
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where A (f) € R" is the costate variable.
The costate variable A(z) acts as a Lagrange multiplier for the dynamic constraint x(z) =
f(x,u). Tts role is to ensure consistency between the state trajectory and the optimization con-

ditions. Additionally, A(¢) quantifies the sensitivity of the optimal cost to changes in the state
x(1).

Theorem 1 (Pontryagin’s Maximum Principle). Let u*(t) be an optimal control and, x*(t)
its corresponding trajectory that minimizes the given cost functional. Then there exists a con-
tinuous and piecewise continuously differentiable function A(t), Ay and y (not both being zero)
such that the following conditions hold:

Adjoint (Costate) Equation:

: JoH
A1) = pA(r) = ——(x"(1),u”(2),1,A(1)), (3.9)
Generalized Weierstrass Condition:
H(x™(1),u”(1),A(1)r) = min H (x" (1), u(1), A (1), 7). (3.10)
Transversality Condition:
: —rt T, * _
tlgge A(t) x*(t) =0 (3.11)
Non-Triviality Condition:
A(0)+2 >0 (3.12)

The transversality conditions specify boundary conditions for the state and costate variables

in optimal control problems.

Remark 3. If L(x,u,t) is separable in t, i.e., L(x,u,t) = L(x,u), the discount factor simplifies

the dependence of the Hamiltonian on t.

When Theorem (1) in optimal control provides a necessary condition for optimality, it does
not guarantee that a candidate control is truly optimal. However, it offers a structural procedure
to compute and verify potential optimal controls.

While generally too hard, there are a few very important special cases to the dynamic pro-
gramming problem of continuous systems where the solutions are very accessible. Most involve
variants on the case of linear dynamics and convex - for example, positive quadratic - cost. The
simplest case called the linear quadratic regulator, or LQR, is to stabilize a time-invariant linear

system to the origin.

Example 3.3.1 (Linear Quadratic Regulator)

Let’s consider a market that consists of a public firm (which aims to maximize social welfare)
and a private firm (which aims to maximize profit). Both firms invest in R&D to improve pro-
ductivity and accumulate capital over time. The capital stock evolves dynamically, influenced

by the R&D investment decisions of the two firms.
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Model Assumptions:
Assume state dynamics is given as the capital accumulation is influenced linearly by the

investment level u(t). It also depreciates at a rate §:
k(t) = au(t) — 8k(t) (3.13)

where k() represents the capital stock at time 7, u(z) represents the R&D investments of
both firms at time . a > 0 is indicates the efficiency of R&D investment. The cost of R&D

investment is quadratic in u(t):
1
Cu(t)) = Bu(t)* (3.14)

where the parameter 8 > 0 reflects the marginal cost of investment.
The objective is to maximize the discounted net benefit derived from capital accumulation.
We must also account for the costs of R&D investment. For simplicity, let’s assume that the

benefit is proportional to the capital stock k(z), with weight @ > 0. The total payoff is:

J= /Owe’” (ak(t) — %ﬁu(t)z) dt (3.15)

then the as called Linear Quadratic Problem can be defined as follows:
maxJ / ( - —ﬁu( ) )

k(t) = au(t) — 8k(t), k(0) = k.

subject to:

The Hamiltonian is defined by:
1
H(k,u,A) = ok — Eﬁuz—i—l(au— 5k),

where A(¢) is the costate variable.

The adjoint equation governs the evolution of A (z):

A(t) = pA(t) %—I]—{I:pl(t)—a-l-?t& (3.16)
The control u(¢) maximizes the Hamiltonian:
oH
o= —Bu+Aa=
Solving for u(t):
(1) Aa
ut) = —.
B

The costate variable satisfies:
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At the steady state (k=0, A= 0):

au* =0k — u'= §k*.
a

We use the adjoint eqution (3.16)

(04
Mo—a-1t — A=
pr =a p+o

Substituting A* into the control law:

From the steady-state relationship k* = Su™:
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3.4 Dynamic Programming and Hamilton-Jacobi-Bellman (HJB)

Equation

The dynamic programming method is another powerful approach to solving optimal control
problems. In this section, we first present Richard Bellman’s principle of optimality. The basic
idea behind it is that any portion of the optimal trajectory is also optimal. The optimal policy has
an alternative property: regardless of previous controls, the remaining decision must constitute
an optimal one with regard to the state resulting from the first decision(see [6]).

Let x(-;u) be the state function solution to the Cauchy problem determined by control u:

x(t) = f(x(t),u(t),t), x(to) =x0, u(t)€U. (3.17)

The performance cost during the time horizon [fy, T] is given by:
T
J(x(to,u),t0,u) = P(x(T,u))+ [ L(x(t,u),u(t),t)dr. (3.18)

To

From now on, we begin considering a family of control problems indexed by initial condi-
tions. We apply the invariant embedding procedure to the initial problem, which means now
t € [to, T] will represent the initial time and a given vector x € R" specifies values of the state of

the system at time ¢. Let us define the admissible control set % ([t,T]) as:
A
U ([t,T]) =A{u(s) e % Vs €lt,T|}, (3.19)
for all values of #, fo <t < T. The performance cost function will be:
T
J(x(t, 1), 1,u) = D(x(T,u)) + / L(x(s, ), u(s),s) ds. (3.20)
t
and the state of the system turns out to be:
i(s) = f(x(s),u(s),s), x(1)=x", u(s)e%. (321

Call problems (3.20) - (3.21) with B o (before embedding it was Bo7xo).

Definition 2 (Value Function)

Let P, yo have an optimal solution. Define the optimal value function V (#,x) as:

V(t,x) = inf J(x(t,u),t,u)

ucy

where x(s,u) is a unique solution to the problem (3.21)
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Notice that the terminal condition is
T
V(T,x) = D(x(T,u)) —|—/ L(x(s,u),u(s),s)ds. = ®(x(T,u)) = ®(x) (3.22)
T

Dynamic programming describes an important property of the Value function, based on which

the Hamilton-Jacobi-Bellman PDE will be derived in the following.

Theorem 2 (Sufficient Condition of Optimal Control). Let the value function V (t,x) be de-
fined and continuously differentiable for all t € [ty,T], x € R", and is a solution to following the

partial differential equation

av(t, , av(t,
ét %) = min {L(x,u,t) + %f(x, u,t)} (3.23)

then V (t,X) is the minimum cost solution for the optimal control problem.

The equation in theorem (2) is called the Hamilton-Jacobi-Bellman partial differential equa-

tion.

Proof

By the dynamic programming principle, one can obtain conditions for the value function V. It
suggests a procedure to compute the value function by splitting the optimization into smaller
problems. Assume ¢ > 0 is a sufficiently small increment of . We split the integral that defines

value function V (¢,x) as following:

) t+0t T
Viex)= min [ [ e+ f<z,x,u>dr+<b<x<T>>]
= L Ak (3.24)

= min {/H&L(x(r), u(t),7)dt+V(t+ 6t,x(r + 5t))} :
ue (t) \Jt
Figure 3.1 shows schematically the optimal path x*(z) in the state-time space, as well as
two nearby points (x,#) and (x + 8x,¢+ 8¢), with 67 > 0 being a small increment of time and
X+ 0x = x(t + 6t).
Since the function L is continuous, the integral in (3.24) is approximately L(x,u,t)0t so we

can rewrite (3.24) as

V(t,x) = uénér(lt) {L(x,u,t)81 +V (x(t + 81),1 + 6t) } + h(8t), (3.25)
where /(8¢) denotes a collection of higher-order terms in &¢. If we assume that the value func-
tion V is continuously differentiable of its arguments, we can use Taylor expansion of V with
respect to i(0t). It is a function such that limgtﬁo@ = 0[35]. At the end of the calcula-
tion, we obtain the so-called Hamiltonian-Jacobi-Bellman equation (3.23). [For the detailed
and different proofs of the theorem, see [35], [7] and [34]].
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V(x+ 6x,t+ 6t) Optimal Path x*(¢)
X+6xfp--------m----2
V(x,1) |
x F--1 ‘ :
l ! .
0 ! t+ 6t

Figure 3.1: Optimal paths in the time-state. A similar representation used in [35]

The HIB equation is fundamental in dynamic programming and is one of the main results

of the theory. It must be noted that the expression to be maximized on the right-hand side of

V(t,x)
ox

(3.23) is similar to the Hamiltonian, with J in place of A. Since the multiplier A represents

the marginal value of the state variable x, we conclude that

aV(t,x)
dx

Alt) =

Let’s now look at the system at any time 7 € [fp,#;] and observe its state at time t — x().
Now select such a control strategy u(r) that it can be described as a function that can also depend

on the state.

u(t) = wlt,x(t))

Definition 3
Define an admissible feedback function w* : [fg, ;] X R — R for the control problem if (19, y),
the Cauchy problem

X(I) :f(t,x(t>>W*(t7x<t)))7 X(t()) =X, €& [t07t1]7 (3.26)

has a unique solution, denoted by x(-;#y,x,w"). The corresponding continuous control function
u(t) = w(t,x(t;10,x,w")), 1€ [to, 1] (3.27)

which takes values in the set U is admissible.
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Proof

Let u be an admissible control and x the corresponding trajectory, such that ;(O) = £. Denote
by x* the solution of (3.26) and let u*(t) = w(t,x*(¢)). We have to show that

T T
= [ 7w e+ @ T)) 2 [ (R 0d+ BEHT)) = (@)
0 0

we also know that
V(T,x"(T))—V(0,&) / —V (t,x" dt—/ Vi(t,x*) + Vi(t,x )E dt=— [ f(t,x",u")dt.
0

and

T

V(T,)E(T))—V(O,é):/()T%V(t,ﬁ)dt:/oT [Vt(t R+ Vi, x)j 1dt< /0 Fl.2,0)dr,

Subtracting second equality from the first one and using the final conditions V(7,x*(T)) =
y(x*(T)) and V(T,%(T)) = ®(£(T)), we obtain that

®(x*(T)) — / £t i dt+/ Y

which proves
J(u*) > J(@).

Theorem 3. [f there exists an optimal feedback control w*(t,x), and t| (ty,x) and x(t (tp,X); 0, X)
are the terminal time and the terminal state for the trajectories of (3.26), then the value function
V(to,X) is differentiable at each point at which t(ty,x) and x(t1(to,y);ty,X) are differentiable
with respect to (ty,X).

Remark 4. Optimal feedback control functions can be discontinuous. It is required to carefully
consider the meaning of the solutions and the properties of their differentiability with respect to

the initial conditions (see [20]).

Remark 5. If the value function V is not differentiable, one can still prove that (??) has to be

satisfied in the viscosity sense. For a detailed explanation, see [10].

If the optimal control policy is smooth, by which it is meant that it varies smoothly with the
system state, and the ending conditions of the system are smooth (terminal time and state), then
the value function, representing the minimum cost to achieve a goal, is also smooth.

Well, this is a fundamental theorem in that it provides us an understanding of how smooth-
ness in the control policy and the system’s behavior affect the smoothness of a value function,
one of the key concepts in feedback control systems.

A verification technique is required to verify the optimality of the admissible pairs. For this,

we present Theorem (4).
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Theorem 4. Let the value function V be differentiable, and satisfy the HIB equation and termi-

nal conditions. Let w(t,x) be the continuous feedback control function that satisfy

AV (t,x)
ot

AV (1,%)

+ L(x,w(t,x),t) + o

flx,w(t,x),t) =0 (3.28)

and
w*(t) = w*(t,x(t,u*))

is an optimal feedback control for the problem P, ,0[20].

Example 3.4.1 (Linear Quadratic Regulator)

Let’s assume the solution shows that the optimal control

is a feedback law that provides robustness against disturbances in x(t).

The problem-solution involves Riccati differential equations which play a central role in
the LQR problems to determine optimal gain x(¢) for the feedback control u*(¢). (For detailed
information about Riccati equations and techniques, see [29], [30] and [20].)

We consider a similar system described in [29] by the following dynamics:

i(t) = —%x(t) +u(t), (3.29)

where x(¢) is the state variable, and u(z) is the control. The objective is to find the optimal

control u(¢) that minimizes the performance cost, given by the following cost function:

1
J(x0,0,u) = %xz(r_f)+%/0 (P (2) +u?(1)) dt, (3.30)

where the first term represents the terminal cost at time 77, and the second term accounts for the
integral cost over the time interval from 7y = 0 to ' = 7. Note that the final time T is fixed, and
the final state x(z7) is free.

To solve this optimal control problem, we first define the Hamiltonian function, H, which
consists of:

The cost function

The system dynamics

The Hamiltonian is given by:



23

To be more clear let’s change the (3.31) into
S 1
=V = min{_ (2 %) + Vi~ 5+ u)} (3.32)
where
Je(x(t),1) =V

is the partial derivative of the value function with respect to the state x(z).
To derive the optimal control, we compute the first-order necessary condition by taking the

partial derivative of the Hamiltonian with respect to u(t):

JH (x(t),u(t),Vy,t),1)

=0. 3.33
u) (3-33)
This gives the necessary conditions for optimality:
u (t)+V, =0, (3.34)
or equivalently,
u (r) ==V (3.35)
After substitute (3.35) in (3.32) we get
1., 1, 1
-V, = _EVX + 7% (1) — Ex(t)Vx. (3.36)
with the boundary condition at the terminal time 7:
1,
Vi, = ¥ (tf). (3.37)
The value function has a quadratic form with respect to the state x(¢). Specifically, we
assume:
] L2
v (ale), 1) = 502 (), (3.38)

where k(z) is a time-dependent coefficient that needs to be determined. By substituting this

assumption into the boundary condition at 77, we get:

V* (x(tf),tf) = %xz(tf) = %K(tf)xz(tf), (3.39)

which implies:

K(tr) =1 (3.40)

Thus, the value function becomes:
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VE(ale)or) = 3K (0), (a1
and the partial derivatives are:

Vil(x(1),) = K(0)x(2), (3.42)

Vi(x(0).1) = S KO0, (3.43

Substituting these expressions in (3.36), we obtain:

1 1, 1 1

—k(t)—= —= ~=0. 44
2K(t) 5K (1) 2K(t)—|—2 0 (3.44)
This is the Riccati differential equation for k().

We solve the Riccati equation with the boundary condition k() = 1. The solution to the

equation is:

k(1) = ? tanh (artanh (—i + £(1? — tf)> ) (3.45)

As ty — oo, the coefficient k(¢) approaches a steady value:

5-1
K= Vs : (3.46)
2
The optimal control law follows from:
u (1) = —x(t)x(t). (3.47)

In the steady-state case as 7y — oo, the optimal control simplifies to:

W (f) = — \/52_ L. (3.48)

This is the closed-loop optimal control law for the system.

Remark 6. For higher-dimensional or multivariable systems, Riccati equations extend to ma-
trix forms. These matrix differential equations are widely solvable using computational tools(e.g.

Matlab, Python). In such cases, the feedback gain K is computed as:

K=R'B'P (3.49)

where P is the solution of the Riccati equation,and R is the control input weight. Numerical

algorithms are used to solve these matrix equations. (see [2], [30])
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3.5 Transition to Infinite Horizon Autonomous Problem

This shift underlines the long-term optimization, where time-dependent behavior converges to
steady-state properties.

In autonomous infinite horizon problems, the system dynamics and cost function are time-
invariant, leading to simplifications in the value function and the Hamilton-Jacobi-Bellman

(HJB) equation. For autonomous systems, the state dynamics are given by:
x(t) = f(x(2),u(t)), x(to) =xo, (3.50)
where is independent of time. Similarly, the cost function depends only on the state and control:
L(x(t),u(t)) = L(x,u). (3.51)

As a result, the value function, representing the minimum cost-to-go from state, becomes
time-independent:
V(x)=inf [ e P'L(x(t),u(t)),dt. (3.52)

uc Jy,

For infinite horizon autonomous problems, the HIB equation simplifies significantly due to

the time invariance of the value function. Starting from the general HIB equation:

pV(x) = min L(x, ) + vV (x)" f(x,u). (3.53)
uc

in which VV (x) is the gradient of the value function with respect to x.

Proof[26]

The derivation of the HIB equation follows from Bellman’s principle of optimality. For a small

interval [t,7 + At], the value function satisfies:
1+Ar
V(x) = min {/ e PTL(x(7),u(7))dT +e PAV (x(t + At)) } :
t

To simplify the recursive equation, the value function V (x(¢ + Ar)) is expanded using Taylor’s
theorem:
V(x(t+Ar)) =V (x)+Ar-VV(x) " fx,u) + O(Ar?), (3.54)

Neglecting higher-order terms &' (Atz) for small A¢, the expression becomes:

V(x) = min {L(x, WAL+ ALYV ()T (x, 1) + e_pA’V(x)} . (3.55)
UEU

Simplifying and taking the limit as A — 0, the HIB equation becomes:

pV (x) = min {L(x,u) L VV(x)T f(x,u)} .
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Remark 7. The HJB equation provides both necessary and sufficient conditions for optimality

when V (x) is continuously differentiable.

The optimal control derived from the HIB equation:

u(x) =arg mi; L(x,u)+VV(x)" f(x,u), (3.56)
UEZ

is time-invariant and provides a feedback law for maintaining system stability and minimizing
the cumulative cost.

The steady-state dynamics satisfy:
X(t) = f(x7 (1), (1)), (3.57)

where and remain optimal for all future times .
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4.1 Differential Games in Economics

Differential games are an advanced expansion of game theory into dynamic settings, where
multiple players interact over time with conflicting objectives.

A crucial element of differential games is the information structure, which dictates how
players’ strategies are influenced by the system’s state and the passage of time. The main infor-
mation structures include open-loop (strategies dependent solely on time), closed-loop (strate-
gies dependent on both time and the current state), and closed-loop with memory (strategies
dependent on time, current state, and past states).

Optimal control problems can be solved using techniques such as Pontryagin’s maximum
principle and dynamic programming. The choice of solution technique in differential games
influences the resulting equilibria. For example, open-loop strategies typically lead to one type
of equilibrium, while closed-loop strategies (also known as feedback or Markov-Perfect Nash
Equilibria) consider the current state, leading to different outcomes|5].

To understand the fundamental principles of differential games, let’s delve into a straight-
forward two-player scenario involving players A and B. In this setup, each player has control
over a state variable and seeks to maximize their payoff function within the specified time frame
[0,T].

Let x(¢) denote the state variable representing the system’s state at time ¢. The dynamics of

the system are governed by the following differential equation:

(1) = f(x(t), ua(t), up(1)) 4.1)

where u4 (¢) is the control variable for Player A, up(t) is the control variable for Player B, f
is a function that describes how the state evolves over time based on the players’ control actions.

Each player seeks to maximize their respective payoft function, which depends on the state
variable and the control actions over the time horizon. The payoff function for Player A is given
by:

A:Azﬂﬂmm@Mme+&@ﬁﬂ 42)

Similarly, the payoff function for Player B is:

5= [ Lalx0),0a (), up(0) i + gu(x(T)) 43)

where L4 and Lp are the running payoffs for Players A and B, respectively. g4 and gp are
the terminal payoffs at the final time 7.
Each player aims to maximize their own payoff function by choosing an optimal control

strategy. The objective for Player A is to find u (¢) that maximizes J4:

uy (1) = argmaxJy (4.4)

ua(t)
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Similarly, the objective for Player B is to find uj(¢) that maximizes Jp:

up(t) = argmaxJp 4.5)
MB(Z)

This is called an n-person(here 2-person) noncooperative differential game. In the following
sections, we shall discuss Cournot games and Bertrand games which are basic examples of

noncooperative games.

4.1.1 Cournot games

We study Cournot competition in markets comprising large and small firms, where large firms
possess private information about market conditions (e.g., demand or cost structures) while
small firms operate with limited information. We derive temporary equilibrium conditions and
assess market outcomes under asymmetric information.

In market, particularly in the mixed market with assymmetric information, large and small
firms coexist. Large firms (i € L) have private information s about market conditions, influenc-
ing their output decisions g;, and the small firms (j € S) base their production g; on observed
aggregate signals Q and public market conditions.

Each firm maximizes its profit:

TGk 4k, Prs) = qi - P(Q) — Ci(qx), (4.6)

where ¢y is quantity chosen by firm k, Q = Y gy, is total market output. P(Q) is market-clearing
price, decreasing in Q. Ci(qy) is the cost function for firm k, which may depend on private
signal s for large firms.

Information structure for firms is following:

1. Large firms observe private signal s, representing detailed market intelligence (e.g., de-

mand intercept, marginal cost shifts). Optimizition is based on s:

maXﬂi(QEC[—i?P(Q?S)?s)' (47)
2. Small Firms rely on observed prices or output aggregates.Each small firm maximizes their

profit function:

J

For large firm i, the profit maximization problem is:
max ; = i -P(Q,5) —Ci(qiss)- (4.9)

First-order condition (FOC):

om; _9P(Q,s) 9Ci(gi,s)

_:P(Q7S)+Qz 8Q 86]1'

4 =0. (4.10)
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or:

P(Q,s)+qi-P'(Q,s) — Ci(gi,s) = 0. (4.11)

In the other hand small firm j optimizes as following:

l’I}]aXﬂj:qj'P(Q)—Cj<qJ'). (4.12)
FOC:
% p(Q)+a;-P(@) - 29U (4.13)
8qj / 8qj ' '
Rewriting:
P(Q)+qj-P'(Q)—C}(qJ-) =0. (4.14)

Equilibrium requires when each firm’s FOC is satisfied, and total output Q is consistent:

0=Y a+) aqj (4.15)

icL jes

Substituting P(Q) and P'(Q) into equations (4.11) and (4.14), and solving iteratively for g
and g, yields equilibrium quantities.

Assume the inverse demand function is linear P(Q) = a — bQ, and cost (in this analysis it is
the cost of R&D investment) is quadratic Ci(g;) = %ciq%.

Substituting into (4.11) large firm has:

a—bQ+q;-(—b) —cigi =0, (4.16)

a—bQ —bg;—ciqi =0. 4.17)

Substituting into (4.14) small firm has:

a—bQ+gqj-(—b)—cjq; =0, (4.18)
a—bQ—bgj—cjq;=0. 4.19)
Combining:
a—bQ a—bQ
0= ) (4.20)
IEZL ci+b ]ze;gcj'—l—b

Reorganizing and solving for Q:

(1+b2 +bY

ieL i+ JjeSs

a a
. 4.21
cj—i—b) ZCi+b+ZCj+b ( )

ieL JjeS

If we define ¢ =Y <, c-_}rb +Yjes ﬁ we can rewrite the function for Q as following :
i J

__a¢
Q—1+b¢. (4.22)
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Using Q from (4.22), we get g; and g;:

._a—bQ ._a—bQ
ql_Ci—Fb? qJ_CJ+b

. (4.23)
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4.2 Dynamic Equilibrium conditions

Dynamic equilibrium in differential games describes the status where players adopt optimal
strategies dynamically over time with the involvement of system dynamics so as to minimize
costs. The two major strategy frameworks considered are open-loop strategies, where the con-
trols are determined at the initial time and fixed throughout, while closed-loop strategies change

dynamically with regard to the state of the system.

4.2.1 Open-loop strategies for LQ game

Let’s consider the problem where two players seek to minimize their individual quadratic per-
formance functions. The players control different sets of inputs to one system described by a
differential equation of arbitrary order. The system’s initial state is known to both players, and
they have to decide on a control for the infinite time horizon. Therefore, payoffs are defined as
functions that depend on time, with time going from zero to some predefined final time which
can be infinite. We are looking for pairs of strategies for players such that any deviation will
make them lose.
It is called the open-loop Nash non-zero-sum linear—quadratic differential game in literature[5].

The system dynamics for N-player game is defined as follows:
N
X(1) = Ax(t) + Y Biui(1), (4.24)
i=1

The system we shall explain involves two players, so formally the system (4.24) for a two-

player game can be written as:
X(1) = Ax(1) + Byuy (1) + Boua (1), x(0) = xo, (4.25)

u; is an m;-dimensional (control) vector player i can manipulate, A, By and B, are constant

dimensional matrices. Both players try to maximize the criterion function

Ji(ur, 1) = /O Tert [x(0) T Qix(0) +i(t) "Raa(r)| i, i=1,2 (4.26)

where Q; > 0 weighting matrix of the state , and R; > 0 is weighting matrix of control.

The Hamiltonian for player i is defined as follows:

N
Hi(x,u,A)) = e P (xTQix+uiTRiui> -}_)LIT (Ax+ Z Bjuj> ) 4.27)
j=1

Associated co-state function is

Ai(t) = pAi(t) — = (4.28)
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If we take partial derivative of the Hamiltonian(4.27) with respect to x we get

JdH;
ox

therefor final co-state function we get is

— e PIQix+ AT Ai(1). (4.29)

Ait) = rdi(t) — e " Qix(t) — AT A1), (4.30)

The optimality condition requires that the optimal control u}(z) satisfies:

JdH;
- =0. (4.31)
8ul~
Taking the partial derivative:
JdH;
—— = "Ru; —|—BlT)»,'. (4.32)
8ul~
Solving for u}(z):
ul(t) = —R; "B} L(1). (4.33)

Theorem 5 (Open-Loop Nash Equilibrium). If {u}(t,x0)} | is an open-loop Nash equilib-
rium solution, with {x*(t) },>0 being a corresponding state trajectory, then there exist N costate
functions A'(t) : [0,00) — R", such that Theorem (1) is satisfied[5].

Theorem (5) provides conditions that must necessarily be satisfied by any open-loop Nash
equilibrium solution and thus could possibly be used to generate candidates.

Regarding also stabilization we use Riccati differential equations by which we get the feed-
back representation of OLNE. First, assume that the quadratic co-state relationship is given as

Ai(t) = Pix(t) where P; € R™" is a symmetric matrice. Then, the optimal control will be

ul(t) = —R; "B} Px(t). (4.34)
and the state becomes
N
X(t) = (A — ZBiRi_lBl-TP,-> x(1) (4.35)
i=1

Associated co-state dynamics is
Ai = Px+ Px. (4.36)
Subsustituting 4;(¢) = Pix(¢) into (4.36) we define the algebraic Riccati equation as:

0=PA+A"P,—PS;P+Q;—rP. (4.37)
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where

N
S; = (Z B jRJTlBjTP]) (4.38)

j=1
The solution(s) P; (and P;) to this equation, which satisfies an additional stability property,
plays a similar role to the stabilizing solution of the algebraic Riccati equation in the standard
linear-quadratic (LQ) regulator problem. Considering the two-player game we can finally write

the theorem about feedback representation of OLNE as following:

Theorem 6. Continuous-time two-player linear quadratic differential game (4.25) has an open-

loop Nash equilibrium (uj,u;)

ui(t) = —R;'B/ Px(t), i=1,2

1

if there exist (P;,Pj) solutions of the Riccati equations (RE) such that the eigenvalues of the

following closed-loop system matrix lie in the left half-complex plane'.

Acl 2=A—51P1 —S2P2 (439)

4.2.2 Closed-loop strategies

The system dynamics for an N-player game are given as in (4.24). Each player minimizes the

individual cost of functional
Jilur, .. uy) = / e [x(t) T Quxr) +i(e) " Ri(r) | (4.40)
0

Theorem 7 (Closed-Loop Nash Equilibrium). A set of strategies {uj(t),...,uy(t)} constitutes
a closed-loop Nash equilibrium if:

» The strategies are state-feedback laws of the form:

ul(t) = —Kix(t), K;=R;'B/P;,

1

where P; € R"*"" are symmetric positive semidefinite matrices.
* The matrices Py, ..., Py solve the coupled Riccati equations:
o 1pT
ZBJ-R; B;P; | P+ Qi—rP.
=1

O:PiAJrATPi—P,-(
j:

* The closed-loop system matrix:

N
Aqa=A-Y BR;'B/P,
=1

1=

17.C. Engewarda (1996) presented an expanded proof of theorem (6) in [? ] using Lyapunov equations which
ensure closed-loop stability by confirming the negative definiteness of the closed-loop dynamics.
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has all eigenvalues with strictly negative real parts.

Theorem 8 (Stability of Closed-Loop Dynamics). The closed-loop dynamics:
x(t) = Acx(t),
are asymptotically stable if the eigenvalues of A.; satisfy:
R(A) <0, VAceig(Ay).

Stability is guaranteed if:
1. The pair (A, B;) is stabilizable for all playersi=1,...,N,
2. The pair (Qg/Z,A) is detectable for all playersi=1,...,N.

The feedback strategies u; (f) depend on the state through the matrix P;, which satisfies the
Riccati equation. The coupled Riccati equations reflect the interdependence between players,
as the solution for P; depends on the solutions P; for j # i.

The closed-loop Nash equilibrium strategies are:

ui(t) = —R;'B/ Px(t), i=1,...,N,
where Pj,..., Py solve the coupled Riccati equations. The closed-loop system dynamics are
given by:

N

i(t)= A=Y BR'B/ P | x(t).
i=1
This generalizes the two-player closed-loop Nash equilibrium for N players, where the dy-

namic nature of controls is based on the system’s current state. In [? ], it is reported that the
Riccati equations satisfying the stabilizing solution of the eigenvalues of the closed-loop sys-
tem matrix lie in the left-half complex plane and, based on the conditions specified in [5] for

detectability and stabilizability, provides such solutions.
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5.1 Market Structure

We model an industry with horizontally differentiated products, where there are m > 2 large
firms and a continuum of small firms, the latter referred to as the fringe.” The small firms are
indexed by w € [0,n], where 11 > 0 denotes the measure of the continuum of small firms. In
this model, both the number of large firms and small firms are exogenous parameters, and there
is no entry or exit of small firms, a condition we will later relax. This assumption distinguishes
our model from traditional monopolistic competition models, where the number of firms adjusts
to market conditions.

The behavior of large firms is strategic; they are able to influence the market through their
pricing and production decisions, as shown in earlier works by Shimomura and Thisse (2012)
[36] and Parenti (2013)[33]. Small firms, however, compete by offering differentiated products
but are price takers, responding to the aggregate market conditions set by large firms.

The small firms in the market face a downward-sloping demand curve, and their pricing
decisions are determined by the residual demand in the market. In contrast, the large firms
influence the overall market outcomes, including pricing and quantities, through their strate-
gic investment in R&D. R&D investments reduce production costs over time by accumulating
knowledge capital, benefiting both large and small firms, although the latter do not invest di-
rectly in R&D. This behavior is in line with the findings of Yanase and Long (2023) [40], who
describe the role of knowledge accumulation as a public good driven by large firms’ voluntary
R&D investments.

In the context of this mixed market model, we also consider the possibility of market dy-
namics over time. As the number of large firms increases, the output and pricing of both large
and small firms are affected by the competition dynamics introduced by these firms. The large
firms’ strategic decisions regarding their product range and R&D investments determine the
equilibrium outcomes in terms of output, price, and market structure [33].

This setup provides a framework to analyze how R&D-driven competition and market ex-
pansion impact the equilibrium, including the role of knowledge capital and the interaction

between large and small firms in the industry[36].

5.2 Consumer Preferences

Apart from CES preferencesl, in their model Yanase and Long[40], preferences and demand are

modeled using a quasilinear and quadratic utility function? for the representative consumer. The

I'The models of monopolistic competition often adopt different functional forms, such as CES (constant elastic-
ity of substitution) preferences, which assume a constant degree of substitution between goods, as in Shimomura
and Thisse (2012)[36].

2This type of utility is convenient for modeling horizontally differentiated products, as it allows for the incor-
poration of diminishing marginal utility and substitution effects between varieties. The quadratic form captures the
decreasing marginal utility of consuming additional units of a good, which is common in models of imperfect com-
petition. Other studies in the literature, such as Parenti (2013)[33] and Pan and Hanazono (2018)[32], have used
similar quasilinear and quadratic preferences to examine monopolistic competition with differentiated products.
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consumer derives utility from consuming a set of horizontally differentiated products, which can
be produced by both large firms (oligopolists) and small firms.

The utility function of the representative consumer is given by:

u(x,y(w),hp;0 € [0,1]) = o

Zx,+/ 0)do
Zx,+/ 0)dw 2

Zx +/ 2a’a)]

+ho

5.1
where:

x; is the consumption of variety i produced by large firms,

y(w) is the consumption of a differentiated good produced by small firm @,

hg is the consumption of a homogeneous numeraire good,

o > 0and y € (0, 1) are parameters controlling preferences and the degree of substitution

between goods.

This utility function assumes that the consumer derives utility from a weighted sum of the
consumption of differentiated goods. The degree of substitutability between these goods is
controlled by the parameter ¥, where a higher y indicates a greater degree of substitutability.
The quadratic terms capture the diminishing marginal utility from additional consumption of a
good, reflecting the assumption that consumption increases the total utility, but at a decreasing
rate as more varieties are consumed.

The budget constraint for the representative consumer is given by[40]:

Z pixi + / ®)dw+hy=1 (5.2)

where p; is the price of a differentiated good produced by large firm i, g(®) is the price of a
differentiated good produced by small firm w, and / is the consumer’s income.
The first-order conditions for utility maximization with respect to x; and y(®) are given by

the following inverse demand functions[40]:

pi=a—(1—y)xi—yQ, i=1,....m (5.3)

g(@)=a—(1-yy(®)-y0, ocl0,n] (5.4)

where Q =Y"" | x; + fo y(w)d® represents the total industry output. These equations define
the demand for each variety of differentiated good, where the price faced by each firm depends

on the total market output, indicating that large firms influence the market price through their
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production decisions. As Y increases, the degree of substitutability between products increases,
making the demand more sensitive to changes in the market output.
By summing over all large firms’ demands and integrating over the small firms, we obtain

the following relationships for the price index P and the total industry output Q[40]:

n n
P=Y pi+ [ g(@)do=(m+ma—[1+0m+n-170 55)
i=1
_ (m4+n)a-P
Q= 1+(m+n—1)y (5.6)

Thus, the price index P is directly related to the total output Q, with the coefficient y deter-
mining the sensitivity of prices to changes in total output.

5.3 Knowledge Capital

The large firms engage in research and development (R&D), which contributes to the accumula-
tion of knowledge capital, a common resource that reduces the production costs for all firms in
the industry. The stock of knowledge capital K(¢) evolves over time according to the following

differential equation[40]:

=

Il
—

K(t)=Y ki(t)—6K(t) (5.7)

1

where k;(t) denotes the R&D investment of firm i at time 7, 0 is the depreciation rate of the
knowledge capital.

The knowledge capital K(7) accumulates over time due to the investments made by the
large firms. As the stock of knowledge capital increases, the unit costs for both large and small
firms decrease, resulting in lower production costs across the industry. This accumulation of
knowledge capital is critical in shaping the long-term equilibrium of the market.

Since the small firms do not directly invest in R&D, they benefit from the technological
advancements generated by the large firms’ R&D activities. As the knowledge capital grows,
the small firms’ unit costs decrease, allowing them to produce more efficiently even though they
do not make R&D investments themselves.

To model the evolution of the knowledge capital, we assume that the rate of change in the
stock of knowledge capital is proportional to the total R&D investment by all large firms, minus
a depreciation term. The accumulation of knowledge capital has important implications for both
the large and small firms’ production costs, as it directly impacts their efficiency in the market.

Therefore, the large firms are not only competing in terms of output quantities but are also
investing in R&D to accumulate knowledge capital. This dynamic of knowledge accumulation
benefits both the large and small firms in the long run, reducing the costs of production and
increasing overall market efficiency.

At any given point in time, firms are aware of their unit costs of production, which depend
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on the current stock of knowledge capital, K. For large firms, this cost is denoted as ¢ (K), and
for small firms, it is denoted as 7(K). To model these costs in a way that reflects differences
in firm size and technological advantage, we introduce the following assumptions regarding the

cost functions, as suggested by [40].

Assumption .1:  The unit cost for small firms is always higher than or equal to that of large
firms:
o(K)<t(K) forall K>O0.

This assumption is in line with the observation made by [40], where they emphasized that
large firms typically enjoy economies of scale and technological advantages, allowing them to
maintain lower production costs. Small firms are often constrained by fewer resources, less ac-
cess to technology, and higher operational costs. This assumption enables the model to capture
the fundamental difference between the two types of firms and their competitive dynamics in

the market.

Assumption .2: unit cost functions for both large and small firms are piecewise linear, as
proposed by [40]. The cost functions are given by:

For large firms:

6—0gK for 0<K<Z

o(K) = o
0 for K> 020’
And for small firms:
T—1K for 0<K<ZL
T7(K) = ok S - T
0 for K> 110

Here, 6, 0y, 7, 79 are positive parameters, where & and 7 represent the maximum unit costs
for large and small firms, respectively, and 6y and 7 are the rates at which these costs decrease
as knowledge capital increases. The piecewise linear form was introduced by [40] to capture
the idea that, initially, firms experience linear cost reductions as they accumulate knowledge
capital. However, once a certain threshold is reached, the benefit from additional knowledge
capital begins to diminish.

The piecewise linear cost functions allow for a simple yet realistic representation of how
unit costs evolve with technological progress. Initially, both small and large firms experience
linear cost reductions, which reflects the typical efficiency gains firms realize as they innovate
or adopt new technologies. However, once the firms reach a certain level of knowledge capital,
the marginal gains from additional knowledge capital decrease, which is why the cost reduction
flattens out at a certain point. This is a realistic assumption in many industries where the pace
of technological improvement slows as firms reach the technological frontier.

Remark 1: To ensure that Assumption (.1) holds with the piecewise linear cost functions in

Assumption (.2), they imposed two conditions on the parameters[40]:
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1. & < 7, ensuring that small firms’ costs are always greater than or equal to large firms’

Costs.

2. G% < 1:%’ ensuring that small firms experience a slower rate of cost reduction compared to
large firms as knowledge capital accumulates.

These conditions are important because they maintain the consistency of the model’s as-
sumptions. The first condition ensures that the model remains realistic by maintaining the
fundamental assumption that large firms have an advantage in terms of unit costs. The second
condition ensures that small firms experience a slower decrease in unit costs compared to large
firms, which is consistent with the idea that large firms typically have more resources to invest
in R&D and technological innovation.

- Case A: When oy > 10, i.e., for K € (0, %), a marginal increase in K reduces the unit
costs of large firms by more than it reduces the unit costs of small firms. This case aligns
with the scenario described in [40], where large firms benefit more from innovations and R&D
investments due to their scale and resources.

- Case B: When oy < 19, i.e., for K € (0, c%), a marginal increase in K reduces the unit
costs of small firms by more than it reduces the unit costs of large firms. This scenario reflects
cases where small firms might be more agile and able to rapidly adopt new technologies, thus
benefitting more from increases in knowledge capital.

These cases were identified to account for varying dynamics depending on the relative rates
at which large and small firms experience cost reductions. The distinction between these cases
is crucial for understanding how firms of different sizes might respond to technological ad-

vancements in the market.
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6.1 Temporary Equilibrium

In this section, we assume that both large and small firms engage in Cournot competition. In
this framework, firms decide on their output levels simultaneously, each aiming to maximize its
individual profit. Each firm assumes that the output levels of other firms are fixed when making
its own output decision. The market price is determined by the total industry output, Q, which
is the sum of all firms’ outputs, both large and small.

This assumption of Cournot competition is particularly suitable for modeling the market
because it reflects the interdependence between firms’ production decisions. In such a setting,
no firm has perfect knowledge of the competitors’ strategies but reacts to the observed market
conditions, which is realistic for industries where firms have some influence over the market
price but also face competition from others.

The total market output Q is defined as the sum of the outputs from both large firms and

small firms:

N Hmax
0=Yn+ /0 y(w)du 6.1)

Where: - x; represents the output of large firm i, - y(it) represents the output of small firm
U, - N is the number of large firms, and - Uy« represents the total number of small firms.
In Cournot competition, each firm chooses its output level to maximize its profit. The profit

for large firm i is given by:

7 = p(xi, Q—i)xi — C(x;) (6.2)

Where: - p(x;,0—;) is the price that firm i receives for its output, which depends on its own
output x; and the total market output Q_; produced by all other firms, - C(x;) is the cost function
of firm i, which is a function of its output x;.

Similarly, the profit for small firm u is given by:

() = q(u, Q)y(u) — Cs(y(1)) (6.3)

Where: - g(u,Q) is the price that small firm p receives for its output, which is also a
function of the total market output Q, - Cs(y(u)) is the cost function of small firm u, depending
on its output y(ut).

The equilibrium is determined by solving the first-order conditions for profit maximization,
ensuring that each firm’s output is optimal given the outputs of the other firms. The first-order

condition for a large firm’s output is:

871',' .
8_x,- =0 (6.4)

Similarly, the first-order condition for a small firm’s output is:
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dmy ()
dy(u)

These conditions allow us to derive the equilibrium outputs of both large and small firms,

=0 (6.5)

considering their interdependent strategic decisions. The equilibrium total output Q is the sum
of the outputs of all firms, and the market-clearing price is determined by the relationship be-

tween the total supply and the demand in the market.

6.1.1 Large Firms’ Output Determination

When a large firm i determines its production level, it takes into account that any increase in its
output will contribute to the overall market supply Q, which consists of its own output x; and

the output from all other firms, both large and small. The total market output is given by:

O=Y+xi+ ) xj=Y+X_i+x=0_;i+x,
J#
where Y represents the total output from small firms, X_; is the total output from all other large
firms, and Q_; is the total output excluding firm i.
The increase in output by firm i affects the market price, which is determined by the aggre-

gate market supply. The market price function p; is given by:

pi=0o—(1—-y)x;—v0,

where o is a constant, ¥ represents the price sensitivity to the total market output, and Q is the

total market output. The derivatives of the price function with respect to x; and Q_; are:

Ipi _ Y Ipi _ .
8x,- 8 Q,i
The profit of large firm i is given by the difference between the revenue and the total cost,

including production and R&D costs:

it = [pi(xi, 0—i) — o (K)]x; — c(ky),

where ¢ (K) is the unit cost for firm i as a function of the knowledge capital K, and c(k;)
represents the cost of R&D investment for firm i, where k; is its R&D investment.
To maximize its profit, firm i chooses x; that satisfies the first-order condition for profit
maximization:
xig—];; + pi(x;,0-i)) —o(K) =0,

which simplifies to:

[ —o(K)—yY —yX_i—o(K)]xi —c(k;) = 0.
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Solving this equation for x;, we find the profit-maximizing output x; as:

api
L ZPLR2 e = (22 — ok
mf = = SR ) = elh) = () = (k)

where x; is the optimal output that maximizes the firm’s profit.

Assuming all large firms are symmetric (i.e., x; = x forall i = 1,...,m), the total output from

all large firms is:

X_ = (m— l)x,

where m is the total number of large firms. The total market output Q is then given by:

Q=o0—0(K)—yY+ (m—1)x)—2x;,

where « is the base price constant, and the terms Y and (m — 1)x represent the total output from

small firms and the other large firms, respectively.

6.1.2 Small Firms’ Output Determination

Since small firms also produce differentiated varieties, the price g(u) at which each small firm
u sells its output y(u) depends on both its output and the total market output Q. The price

function is given by:

g(u) =o—(1—=y)y(u)—y0=f(u),0), (6.6)

where Q is the total market output, ¥ is the price sensitivity to total market output, and « is

the base price. The partial derivatives of the price function with respect to y(¢) and Q are:

9f(y(1), Q) _ of(y(1),Q) _
ay(u) 20

Each small firm perceives that its own output y(u) has no impact on Q, as total market

—(1=7), =7 (6.7)

output is primarily driven by the large firms. Thus, small firms take Q as given. The profit for a

small firm p is:

' (p) = [g(p) —t(K)y(n) = [f(y(u),0) — t(K)]y(1), (6.8)

where 7(K) is the unit cost for small firms, which depends on the accumulated knowledge

capital K. The first-order condition for profit maximization is:

df(y(n),0)

Y ovw)

+f(y(u),Q) —7(K) =0, (6.9)

which simplifies to:

o —yQ—1(K)—(1—7y)y(u) =0. (6.10)
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This equation determines the profit-maximizing output for small firm u, given the total
market output Q and the cost structure.

To find the equilibrium output levels for both large and small firms, we need to solve the
system of equations resulting from the first-order conditions for profit maximization. The total
output from small firms is ¥ = Ny, where N represents the number of small firms and y is the

output per firm. The profit-maximizing output for small firms is given by:

o — y(Ny+Nx) — t(K) —2(1 — )y =0, (6.11)

where x is the output of each large firm, which is assumed to be symmetric across large
firms. This equation gives the equilibrium output y for small firms in terms of the total number
of small firms N, the output of the large firms, and the cost function 7(K).

For large firms, the equilibrium output x is determined by solving the system of equations for
large firms, as previously described. In a symmetric equilibrium, where all large firms produce
the same output x, the total output from large firms is X_; = (N — 1)x, and the equilibrium output

for each large firm and small firm is given by:

= L0 - 7)at WVEK) - (e +20 - P)o(K)] =5 (), (612)
y= 2 [2= Dot oK) — (1 +2(1 1)) = (K), ©.13)

where
I=2(1-7)2-7)+72(01—7)N+(2—7)tmax] > 0, (6.14)

is a constant depending on the price sensitivity 7.

Thus, the equilibrium output for both large and small firms can be found by solving these
equations simultaneously. The market-clearing price is determined based on the total output
Q0 = X_;+7Y, ensuring that the supply from both large and small firms equals the total market

demand.

6.1.3 Effects of a Change in Knowledge Capital

In this section, this study examines the short-run implications of a change in the stock of
knowledge capital, denoted as K, on the temporary equilibrium outputs of both large firms
(oligopolists) and small firms (the competitive fringe). Knowledge capital serves as a cost-
reducing factor for both types of firms, and this section investigates how marginal changes in K
affect their production outputs under different cost-reduction scenarios.

Differentiating the equilibrium output functions with respect to K yields the following re-
sults for large firms and small firms, respectively [40]:

dx*(K) _ (yn+2(1-¥))%— 1%

= 1
K T ) (6.15)
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dy*(K) (ym+2—1y)t— ymoy

dK r

where I > 0 is a constant expression determined by market structure parameters, including

(6.16)

the number of large firms m, the mass of small firms 1, and the degree of product substitutability
Y [40].

The sign of these derivatives is crucial in understanding how an increase in knowledge cap-
ital influences the output choices of the two types of firms. When the marginal cost-reducing
effect of knowledge capital is stronger for large firms than for small firms, i.e., 69 > 7o, the
output of large firms increases with K, while the output of small firms decreases. This result
emerges because large firms experience a greater reduction in marginal costs relative to small
firms, which enhances their competitiveness and incentivizes an expansion in their production.
Simultaneously, the increased competitiveness of large firms erodes the market share and prof-
itability of small firms, leading them to reduce their output.

Conversely, when the marginal cost-reducing effect is stronger for small firms than for large
firms, i.e., 0y < 7o, an increase in K decreases the output of large firms and increases the output
of small firms. In this scenario, small firms disproportionately benefit from the accumulation
of knowledge capital, improving their cost efficiency and enabling them to expand their market
presence. The intensified competition from small firms pressures large firms to contract their
output as their relative cost advantage declines [40].

An additional complexity arises when considering threshold conditions that further refine
the comparative statics. In the case where oy > 79, large firms increase their output if and only
if 79 < oy (1 + 2(;,—;7)) Small firms decrease their output if and only if 6y > 79 (1 + %’)
These inequalities reflect the interplay between the cost-reduction parameters and the degree
of product substitutability, y. As substitutability increases, competition becomes more intense,
which tightens the conditions under which large firms expand their output in response to knowl-
edge accumulation.

In the alternative case where 0y < 7y, large firms reduce their output unconditionally with
an increase in K, and small firms increase their output unconditionally if 75 > oy <1 + %/)
This condition indicates that when small firms enjoy a substantial marginal cost reduction from
knowledge capital, they can expand production aggressively, regardless of the specific charac-
teristics of large firms.

These theoretical results are visualized in Figure (6.1), which partitions the parameter space
defined by oy and 79. The horizontal axis represents the cost reduction coefficient for large
firms, oy, while the vertical axis represents the same parameter for small firms, 7. The figure
delineates regions corresponding to positive and negative effects of K on the outputs of large and

2(1-y)

small firms. In the upper region, where 7y > oy (1 + T) , the output of large firms decreases

with K, and the output of small firms increases. In the lower region, where oy > 7 <1 + %’ ) ,
the output of large firms increases with K, and the output of small firms decreases.
The upper region in the figure is particularly important because it highlights the possibility

that an increase in knowledge capital can harm large firms. This insight is nontrivial because
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Figure 6.1: Effects of Knowledge Capital on Large and Small Firms’ Outputs. Taken from
Yanase and Van Long (2023)[40]

knowledge is often assumed to benefit firms universally. However, when small firms derive
greater cost reductions from knowledge capital, the competitive advantage of large firms erodes,
and their market position weakens. This observation leads to the conjecture, later verified in the
dynamic analysis, that large firms would have no incentive to invest in knowledge capital if the
economy operates within this region [40].

The economic intuition underlying these results is rooted in the classic tension between cost
efficiency and market competition. When large firms are the primary beneficiaries of knowledge
accumulation, they reinforce their market dominance by lowering their costs and expanding
production. This dynamic is consistent with the Schumpeterian view that large firms lever-
age innovation to secure market power. In contrast, when small firms benefit more, knowledge
accumulation democratizes cost reductions, intensifying competition and challenging the domi-
nance of large firms. This outcome resonates with the literature on knowledge spillovers and the
role of technological diffusion in enhancing the competitiveness of smaller market participants.

Ultimately, the findings underscore that the distributional effects of knowledge capital are
contingent upon the relative efficiency gains across firm types. This has significant implications
for both firm strategy and public policy. Large firms may lobby for proprietary knowledge or
seek to restrict spillovers, while policymakers must balance the promotion of innovation with

the preservation of market competition.

6.1.4 Effects of a Change in the Number of Large Firms

Now let’s acknowledge the short-run effects of an increase in the number of large firms, denoted
as m, on the temporary equilibrium outputs of both large firms and small firms. This analysis

is crucial for understanding how changes in the structure of the oligopolistic segment of the
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market influence firm behavior and market outcomes. The number of large firms represents the
degree of competition within the oligopolistic sector.
Differentiating the equilibrium output functions with respect to m yields the following re-
sults for large firms and small firms, respectively:
ox'(K)  2y(1—pxK)

o= = : (6.17)

Iy'(K)  y(2—7y)xK)
A e LA (6.18)

where I" > 0 is the same composite constant involving market structure parameters, and

x*(K) is the equilibrium output of a large firm, which is itself a function of the stock of knowl-
edge capital K [40].

Both derivatives are negative, implying that an increase in the number of large firms re-
duces the equilibrium output of each large firm and each small firm. This result is intuitive
and aligns with the classic Cournot competition framework: as the number of competing firms
increases, price competition intensifies, leading each firm to reduce its output. Large firms
face increased competition from additional oligopolistic rivals, which depresses their market
share and profitability, incentivizing them to contract their production. Small firms, in turn,
experience heightened competition in the broader market, as the increased output from a larger
number of large firms suppresses prices, reducing the output and profitability of small firms as
well.

The reduction in output for both types of firms reflects the fundamental economic principle
that greater competition generally drives down market prices and reduces the equilibrium quan-
tity produced by individual firms under imperfect competition. This result holds regardless of
the level of knowledge capital K, although the magnitude of the effects depends on the param-
eter 7, representing the degree of substitutability among products. As ¥ — 0, products become
more differentiated, reducing the competitive pressure, and the impact of m on output dimin-
ishes. Conversely, as ¥ — 1, products become homogeneous, intensifying price competition,
and the effect of an increase in m becomes more pronounced.

The reduction in individual outputs can be interpreted as a fragmentation effect. As the
number of large firms grows, the market becomes more crowded. Each firm produces a unique
variety, and the presence of more competitors erodes each firm’s market power. This results in a
lower optimal output per firm. This effect extends to small firms, whose demand is also affected
by the increased competition from large firms. Since small firms are price-takers, their outputs
decrease as the market price declines.

The degree of substitutability among products, captured by the parameter ¥, moderates the
effect of an increase in m. When products are close substitutes (high ), competition is fierce,
and the reduction in output per firm is more pronounced. When products are weak substitutes
(low 7), the effect of m on individual outputs is less significant. The limiting cases are crucial

to understand the boundaries of this behavior:
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* When y — 0, products are independent, and an increase in m does not affect individual
outputs. Mathematically, as y — 0:

ox*(K) 2(0)(1 —0)x*(K)
om r

IV'(K) _ _(0C2-0x"(K) _,
om r ’

This is because when products are entirely independent, firms operate as monopolists

with no strategic interaction.

* When y — 1, products are homogeneous, and competition drives prices to marginal costs,
making individual outputs independent of m. Mathematically, as y — 1:
dx*(K) 2(1)(1—=1)x"(K)

= — =0
om r ’

oK) __(HR-DrE)
om r '

This reflects the fact that with perfect substitutes, all firms’ outputs converge to a common

level determined by the marginal cost, irrespective of m.

Economically, these limiting cases imply that when products are completely independent,
each firm essentially has a monopoly over its product, so the presence of additional firms does
not affect demand or output. On the other hand, when products are perfect substitutes, the
market behaves like a perfectly competitive market where the price is driven to marginal cost,
and adding more firms does not change the equilibrium output per firm significantly.

An important consequence of this result is that an increase in the number of large firms
reduces not only their individual outputs but also the outputs and profits of small firms. Small
firms, despite being price takers, are indirectly affected by the strategic interactions among
large firms. This outcome highlights the interdependence between the oligopolistic core and
the competitive fringe within a mixed market structure. The presence and actions of large firms
shape the market environment in which small firms operate, underscoring the broader impact of
oligopolistic behavior on market outcomes.

Ultimately, this analysis emphasizes that increased competition among large firms has a uni-
formly negative impact on individual firm outputs in the short run, affecting both large and small
firms. This has policy implications concerning market structure regulation and competition pol-
icy, as interventions aimed at increasing the number of large firms may intensify competition
but could also reduce individual firm viability, particularly for smaller market participants.

Let us denote the industry output in the temporary equilibrium by:

Q" (K) = mx™(K) +ny"(K).



51

An increase in m reduces each large firm’s market share:

I (K)/Q"(K)] _ _2(1-p)[a—o(K)x*(K) _
am Q*(K)2I '

This result highlights that as more large firms enter the market, not only does each firm’s output
decrease, but their relative position in the market also weakens. The decline in market share
exacerbates the competitive pressure experienced by each firm.

While the above results focus on the temporary equilibrium with a fixed stock of knowledge
capital K, the reduction in output due to an increase in m can have long-term implications. Large
firms invest in R&D to build knowledge capital, which reduces production costs over time. If
increased competition reduces their output and profit margins, the incentive to invest in R&D
may weaken. This dynamic feedback loop suggests that over-fragmentation can harm long-term
productivity growth.

These theoretical results align with findings in the broader competition and innovation liter-
ature. Singh and Vives (1984) [37] showed that in a differentiated Cournot market, an increase
in the number of firms reduces each firm’s equilibrium output. Aghion et al. (2005)[1] estab-
lished an inverted-U relationship between competition and innovation: moderate competition

stimulates innovation, but excessive competition erodes profits and discourages R&D.

Proposition 1. Let firms compete in quantities in a market with horizontally differentiated prod-
ucts. Assume 0 <y < 1. An increase in the number of large firms m reduces the equilibrium

output of each large and each small firm in the short run.

Proof:

Assuming a representative large firm chooses its output to maximize profit, the first-order
condition yields the equilibrium output as a decreasing function of m. Differentiating this equi-
librium condition with respect to m yields a negative sign, confirming that % < 0. A similar
differentiation for small firms yields the same result.

An increase in the number of large firms leads to lower individual firm outputs, which can
reduce the profitability of large firms. This may undermine their incentives to invest in R&D, es-
pecially in industries where knowledge spillovers are significant. Policymakers should balance

competition with innovation incentives, particularly in sectors with high R&D dependency.

6.2 R&D Investment

The decision-making process regarding research and development (R&D) investment is a piv-
otal element in the dynamic model presented by Yanase and Van Long[40]. Large firms aim to

maximize the discounted sum of their future profits over an infinite time horizon:

Vie [ e [ (K0 ~ )] i (6.19)

where r > 0 is the discount rate, x;(K(z)) represents the temporary equilibrium output of
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firm i as a function of the knowledge capital stock K (), and k;(¢) denotes the R&D investment
by firm i at time 7. The profit is reduced by the cost of R&D investment, denoted as ¢(k;), which
is specified as a quadratic function:

B

(ki) = Ek%, B>0 (6.20)

The quadratic cost function reflects increasing marginal costs of R&D investment. This
functional form is commonly used in dynamic models because it simplifies the mathematical
treatment of firms’ optimization problems while capturing the realistic feature that investing in
R&D becomes increasingly expensive as the level of investment rises.

The objective for each large firm is to determine its optimal R&D investment path k;(z) to
maximize its value function V;. This involves a trade-off: increasing R&D investment raises fu-
ture profits by reducing production costs through knowledge accumulation, but it also increases
current costs due to the quadratic nature of the investment function. Firms must carefully bal-
ance this trade-off to ensure that the benefits of future cost reductions justify the immediate
expenses.

An important economic implication of this setup is that firms with higher discount rates r
are likely to underinvest in R&D because they place a lower value on future cost reductions.
Similarly, if the parameter 3 is large, indicating that R&D is very costly, firms will reduce their
investment efforts. This highlights the sensitivity of R&D decisions to both the cost structure

and firms’ time preferences.

6.3 Open-Loop Nash Equilibrium

Let’s focus on deriving the dynamic equilibrium under the assumption that large firms adopt
open-loop strategies for their R&D investment. This approach requires that each large firm pre-
commits to an investment path at the outset of the game and adheres to it throughout the time
horizon. The credibility of such commitment is assumed to hold.

To formalize the problem, each large firm i chooses its R&D investment path k;(),- to
maximize its discounted profit stream.

The Hamiltonian for firm i is defined as:

H; =x"i(K)?* - Ek,-z + A

> ki—l—ij—5K

J#i

where A, is the co-state variable representing the shadow value of knowledge capital.

, 6.21)

The necessary conditions for an optimal path include:

OH;

o= ~Bli+2=0 (6.22)
A = )L-_a_Hi—( +8)A—2 -(K)@ (6.23)
i = A oK =\r i Xi dK’ :



53

along with the transversality condition:

lim e ™" A;(1)K (t) = 0. (6.24)

f—oo

Substituting condition(6.22) into condition(6.23), and considering the symmetry among

large firms, we obtain:

= (r+8)k— %50(5 +&K), (6.25)
K = mk — 8K, (6.26)

where k denotes the common R&D investment level, and x? (K) is expressed as:
x;(K) =&+ &)K. (6.27)

where

£ 2(1-y)a+ynT—(yn+(2(1-y)o
I

and

£ = (yn+2(1-7))o0— YN
- r

Here, & and & are parameters derived from the temporary equilibrium conditions. Impor-
tantly, & > 0 is a necessary condition to ensure that large firms choose positive R&D invest-
ment; otherwise, no investment would be optimal.

The system of differential equations (6.25) and (6.26) characterizes the dynamics of the
knowledge stock and R&D investment over time. The steady state is determined by setting
k=0and K =0. ForK < %, k = 0 satisfies:

. 280(S +SGoK")

k' = , 6.28
B(r+9) ( )
From equation (6.26), K = 0 satisfies
mK
k= —. 6.29
5 (6.29)
Combining (6.28) and (6.29), we solve for the steady-state knowledge stock:
ok E
= Mmoo (6.30)

- B(r+8)8— 2mé}
Proposition 2. A unique positive and finite steady-state stock of knowledge capital exists in the

Open-Loop Nash Equilibrium if and only if the marginal investment cost parameter B satisfies

the following condition:
2mé&?
P> 5ir o)

If this condition is not satisfied, the denominator becomes non-positive, leading to an infinite

(6.31)
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Figure 6.2: Steady State of OLNE, figure from [40]

or negative K*, which is economically meaningless.

Additionally, the condition 0 < K* < 6 /0p must be satisfied. This upper bound ensures that
the knowledge stock does not exceed the point where the unit production cost for large firms
becomes zero. If K exceeds G/0yp, the unit cost 6(K) becomes zero, implying no further cost
reduction is possible from additional knowledge accumulation.

The stability analysis reveals that the steady state is a saddle point(see Figure (6.2) for a
graphical representation), which is a standard outcome in linear differential game systems of
this nature.

Substituting the solution for K* into (6.28), we find the steady-state R&D investment:

. 2808 287K

= B0+0)  BUrto) (6.32)

For the feedback representation of OLNE, let’s define the equilibrium paths for K(¢) and
k(t) as:

K(t) =K+ (Ko — K*)e™, (6.33)

1 /— T 0
k(1) = — (A + 5) (Ko — K*)e + 2K, (6.34)
m m
where A is the stable eigenvalue:

_ _ 2 _ 2
A:#, A:—(r+5)5+%. (6.35)

Using equations (6.33) and (6.34) we obtain OLNE in feedback representation as:
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28 — V12 —4A A
poL "+ oA Mg (6.36)
2m m

Note the economic interpretation of the convex payoff structure in the presence of knowl-
edge spillovers. Unlike standard models with diminishing returns to capital, this setting in-
troduces increasing marginal benefits from knowledge accumulation due to positive feedback

loops.

Remark 8. The stability of the steady state can be analyzed using the characteristic equation

derived from the linearized system around the steady state. The Jacobian matrix evaluated at

dK 9K

dk  dk
the steady state yields the characteristic equation J = [ dk oK ] :
Jk  JK

2
A2 —rd — (5r+ 52—%) =0 (6.37)

The solutions to this quadratic equation are:

rj:\/r2+4(5r+52_2”;3_§§>

2

Since one root is positive and the other is negative, the steady state is a saddle point. This

Aio= (6.38)

implies that the system is stable along one path leading to the steady state but diverges along the
other. As a result, firms must carefully coordinate their R&D investments to ensure convergence

to the steady state.

A positive and finite steady-state level of knowledge stock exists only if the adjustment cost
parameter f3 is sufficiently large. In the context of the model presented in the document, the

marginal cost of investment is given by:
MC; = Bk,

where k represents the flow of investment in knowledge capital. Simultaneously, the marginal
benefit from knowledge accumulation increases due to spillover effects and positive feedback
loops. This reflects the increasing marginal returns discussed in the document.

Assuming an equilibrium path starting from an initial knowledge stock K(0) < K*, and

given that investment is increasing with knowledge capital along the path, we have:

dk

K o
dK =

As the knowledge stock K increases, the marginal cost of investment also rises along the
equilibrium path:
d(Bk) dk
—=pf—=>0.
dak ~Pak”
According to [40], the condition for a finite steady-state requires that the marginal cost in-

creases sufficiently relative to the marginal benefit. If B is too small, the marginal cost does
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not rise fast enough, and the gap between the marginal benefit and marginal cost widens indefi-
nitely:
MBg —MCj — o  as K — oo.

This dynamic leads to unbounded knowledge accumulation. On the other hand, if B is
sufficiently large, the increasing marginal cost offsets the increasing marginal benefit, leading
to a steady-state equilibrium where the gap between the marginal benefit and marginal cost
closes:

lim (MBx — M =0.
Rirg. (MBx —MGy) =0

This condition is consistent with the steady-state requirement in the [40] that a positive and

finite level of knowledge stock requires 8 not to be too small.

6.3.1 Effect of change in large firms on k* and K*

This section investigates the impact of an increase in the number of large firms, denoted by
m, on the equilibrium R&D investment level in the Open-Loop Nash Equilibrium (OLNE).
This analysis is fundamental in understanding the relationship between market competition and
firms’ innovation efforts, especially in an environment characterized by knowledge spillovers
and cost-reducing R&D.

In the OLNE, each large firm selects its R&D investment k;(¢) to maximize the present value
of its profit stream, subject to the accumulation of knowledge capital K(¢). The equilibrium
R&D investment level can be expressed as a linear function of the stock of knowledge capital
K:

kK°L(K) = A,K + B, (6.39)

where A, > 0 represents the sensitivity of a firm’s investment to the existing stock of knowl-
edge capital. B, > 0 captures the baseline investment when knowledge stock is zero.

Both A, and B, are functions of the number of large firms m, implying that the level of
competition shapes the firms’ investment decisions.

Explicitly, A, and B, are defined as follows:

r+28—\/(r—|—25)2—8§§2m

2m

\/(r+25)2—@—r

Bo(m) = S sy amEr (6.41)

where r > 0 is the discount rate representing the time value of money, 6 > 0 is the depreci-

Ao(m) =

(6.40)

ation rate of knowledge capital reflecting obsolescence and loss of knowledge over time. The

cost parameter 3 > 0 of R&D investment represents diminishing returns to investment. &y > 0
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shows the sensitivity of large firms’ output to knowledge stock K and & is a parameter related
to the baseline output of large firms.

These parameters collectively capture the dynamics between R&D investment, knowledge
accumulation, and competition.

The derivatives of A,(m) and B, (m) with respect to m are as follows:

dA, 4&2
= - 0 2 (6.42)
mz\/<r+23)2—g%’”
2 8&m
om — B(r+8)5—2mE \dm>  am
283¢ <r2+2r5+262 - # - r\/(r+ 26)* - 8€gm>
n (6.43)

[ﬁ(r-i‘ 6)6 —2m§(ﬂ2 \/(r_|_26)2 . 8§§m

The sign of these derivatives is generally ambiguous and depends on the parameter values.

Proposition 3. Increased competition among large firms has a positive effect on each large
firm’s investment level for a given stock of knowledge K in the OLNE if v — 0 or ¥ — 1. For
proof, see [40].

Case 1: ¥ — 0 (Products are Highly Differentiated) When y — 0, products are independent,
and competition is weak. Each firm behaves as a monopolist regarding its product. In this
setting, an increase in m implies that more firms are contributing to the public good (knowledge
stock). Each firm anticipates a higher future knowledge stock due to the collective R&D efforts,
increasing the marginal benefit of investing in R&D. This scale effect outweighs the free-rider

problem in this case, leading to higher investment.

Case 2: ¥ — 1 (Products are Homogeneous) When y — 1, products are perfect substitutes,
and price competition is fierce. Each firm is under pressure to reduce costs to maintain its market
share. An increase in m intensifies competition but also raises the overall knowledge stock due
to the increased number of contributors. Firms invest more to reduce costs and survive in this

highly competitive environment.

Remark 9. When y € (0,1), the effect of m on investment is ambiguous due to the following

competing forces:
1. Free-Riding Effect:

* As more firms invest in R&D, the incentive for each individual firm to invest dimin-

ishes because all firms benefit from the increased knowledge stock.
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» Each firm attempts to rely on others’ investment, leading to underinvestment in equi-

librium.
2. Knowledge Accumulation Effect:

* An increase in the number of investing firms leads to a higher stock of knowledge

capital, reducing production costs for all.

» This can encourage individual firms to invest more to capture a share of the future

cost reductions.

The net effect of these opposing forces is parameter-dependent, making the sign of dA,/dm
and dB,/dm indeterminate in the general case.

The results of this section are highly relevant to the debate on the relationship between
competition and innovation. This analysis aligns with the empirical findings of Aghion et al.
(2005)[1], which suggest an inverted-U relationship between competition and innovation. When
competition is initially low, increasing m can enhance innovation by reducing free-riding and
spreading R&D costs across more firms. However, beyond a certain point, further competition

reduces individual profit margins, discouraging R&D investment.

6.3.2 Effect on the Steady-State Stock of Knowledge Capital

This section examines the long-run impact of a change in the number of large firms m on the
steady-state stock of knowledge capital K*. The stock of knowledge capital is a critical deter-
minant of production costs and overall market competitiveness in the long run.

The steady-state stock of knowledge capital in the open-loop Nash equilibrium (OLNE) is

expressed as:

* Zméog
k= B(r+0)6 —2m§g7

where &) represents the sensitivity of the large firm’s output to the stock of knowledge capital.

(6.44)

& is a constant capturing the baseline output level. 3 is the cost parameter associated with R&D
investment. r is the common discount rate, and d is the depreciation rate of knowledge capital.

The numerator reflects the positive contribution of each large firm’s marginal return from
knowledge capital to the steady-state level. The denominator captures the cost of maintaining
and expanding the knowledge stock, which includes both depreciation and the curvature of the
R&D investment cost function.

The derivative with respect to m is central to the analysis:

IK* _ 28 EP(r+8)8 —4més
om  [B(r+8)8—2mE3]*

(6.45)

The sign of this expression depends on the relative strength of two opposing forces:

1. The positive effect from having more contributors to knowledge stock.
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2. The negative effect of increased free-riding as the number of firms rises.

Proposition 5 establishes that this relationship is non-monotonic. Defining 7 as the thresh-
old beyond which additional large firms reduce the steady-state stock of knowledge capital:

2-y21-y)+yn)

) 6.46
2y(1—7) (0.40)

m=

we see that:
» Form < m, dK*/dm > 0.
» Form > m, dK*/dm < 0.

When the number of large firms is small, each firm perceives its investment as pivotal. As
m increases, the scale of collective investment rises, increasing the stock of knowledge. When
m becomes large, free-riding behavior dominates, reducing individual incentives to invest.

This non-monotonic effect aligns with the inverted-U-shaped relationship between compe-
tition and innovation, as identified by Aghion et al. (2005). The paper enriches this literature
by embedding the relationship within a dynamic setting featuring strategic interactions.

If m is treated as endogenous, determined by firms’ entry based on expected profitability, the
long-run equilibrium number of large firms could correspond to the level where dK*/dm = 0.

This self-regulating market structure would balance competition and innovation incentives.

6.3.3 Effects on the Steady-State Outputs

This section explores how changes in m influence the long-run equilibrium outputs of large
and small firms. Since the stock of knowledge capital is endogenous, the output effects must

account for changes in K*(m):

dx*(K*)  dx*(K) N dx*(K) dK*
dm — Jdm 0K om’

(6.47)

dy*(K*) _ dy*(K) dy"(K)IK*
dm om oK odm’
where x*(K) and y*(K) denote the equilibrium outputs of large and small firms, respectively.

(6.48)

In the short run, an increase in m reduces outputs of both large and small firms due to
intensified competition. However, in the long run, the effect is ambiguous because dK*/dm
can be positive or negative.

If 0K* /dm > 0 (i.e., m < m), the knowledge accumulation effect may offset the competition
effect, leading to increased output for large firms. Small firms could also benefit if spillovers
reduce their costs sufficiently.

If 0K* /dm < 0 (i.e., m > m), both large and small firms’ outputs are likely to decline further

due to reduced knowledge accumulation.
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The effect on large firms’ market share can be expressed as:

I(x*/0") i[&x* x*aQ*]_

om  QF

om0 am (6.49)

Even if absolute output rises with m, market share may decline unless large firms benefit
disproportionately from knowledge spillovers.

When dK*/dm > 0, industry output Q* may increase. However, each large firm’s market
share will decline unless spillovers favor large firms more than small firms.

Competition and innovation depend on the knowledge spillover structure. When large firms
dominate R&D, increasing m initially promotes knowledge accumulation. Beyond a threshold,
free-riding erodes incentives, causing industry capacity stagnation. Small firms’ free-riding am-
plifies this effect, explaining the inverted-U relationship between competition and innovation.

The non-monotonic effect of competition on knowledge capital suggests that policy inter-
ventions should carefully balance market openness and innovation incentives. Future research
should consider endogenous entry and asymmetric spillovers for further refinement.

The Nash equilibrium conditions for the differential game involves large firms (oligopolists)
that invest in research and development (R&D) to accumulate knowledge capital, which reduces
production costs for all market participants, including a mass of small firms that do not invest
in R&D but benefit from the public good aspect of knowledge capital.

Each large firm selects its R&D investment strategy to maximize the present value of its
profit stream. The value function for firm i is represented as V;(K), where K is the stock of
knowledge capital. The HIB equation for firm i is expressed as:

K +V/(K)

rVi(K) = max [x*(K)]? — b (6.50)

i 5 ki—{_jz#ikj(K)_éK

where r > 0 is the discount rate, k; is the R&D investment of firm i. x*(K) is the equilibrium

output as a function of K, f > 0 is a cost parameter for R&D, § > 0 is the depreciation rate of
knowledge capital. V/(K) is the marginal value of an increase in K to firm i.

The first-order condition for k; is:

—Bki+V/(K)<0, (=0ifk>0). (6.51)

Assuming symmetric behavior among large firms, we set k; = k(K) for all i. The HIB

equation becomes:

rV(K) = [x"(K)]*> = Zk(K)* +V'(K)(mk(K) — 8K). (6.52)

V/(K) = Bk(K), (6.53)



61

V"(K) = BK (K). (6.54)
Substituting these expressions into the derivative of the HIB equation yields the differential

equation for k(K):

(r+0)Bk(K) —2x*(K)x'(K)
Bl(2m—1)k(K) — K]

The above differential equation captures the dynamic feedback relationship between R&D

K (K) = (6.55)

investment and the stock of knowledge capital. The numerator reflects the marginal benefit of
increasing K, which includes both the future reduction in production costs and the dynamic ad-
justment in outputs due to the cost reductions. The denominator reflects the interaction between
the firm’s individual contribution and the contributions of other large firms.

Lemma 2: If x*'(K) < 0 for all K, the equilibrium investment strategy is k;(K) = 0 for all
firms [40].

* If output is non-increasing in K, the marginal benefit of increasing K is non-positive.

* This implies that the shadow value of K, V'(K), is non-positive or zero, violating the

transversality condition if V/(K) > 0.

* Hence, the only consistent solution is k; = 0.

When x'(K) > 0, R&D investment is optimal. This is because the convexity of profit with
respect to knowledge capital implies increasing marginal returns from R&D.

The structure reflects a dynamic free-rider problem. Each firm benefits from the investments
of others but internalizes only part of the gain from its own investment, leading to potential
underinvestment in the knowledge capital compared to the social optimum.

X'(K) > 0, firms’ investments exhibit strategic complementarity; when others invest more,

each firm has a stronger incentive to invest.

Proposition 4. If x*'(K) > 0, the equilibrium investment k(K) is increasing in K [40].

Proof: From the first-order condition, V/(K) = Bk(K) is increasing in K if the marginal benefit
from K is increasing. Since x*'(K) > 0, profit is convex in K, implying an increasing marginal
benefit. Combining these observations, k(K) is increasing in K.

The model suggests that policies incentivizing R&D cooperation or reducing the marginal
cost of investment (e.g., tax credits or R&D subsidies) could mitigate the underinvestment prob-
lem caused by free-riding and strategic uncertainty.

While [40] considers linear feedback strategies, exploring non-linear strategies could re-
veal richer equilibrium dynamics. For instance, if k(K) is sigmoid-shaped', it could capture

threshold effects where firms only invest beyond a critical knowledge level.

The sigmoid-shaped investment function is often used to represent non-linear relationships in R&D and firm
performance. Yang, Chiao, and Kuo proposed a three-stage S-curve model, showing that the relationship between
R&D intensity and profitability is negative at low levels, positive at medium levels, and negative again at high
levels. See[41].
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Figure 6.3: MPNE and steady states, figure from [40]

6.4 Markov-Perfect Nash Equilibrium

We analyze the Linear Markov-Perfect Nash Equilibrium (MPNE) within the differential game
framework governing R&D investments in a mixed market structure. This approach is crucial
for understanding the strategic behavior of large firms (oligopolists) that dynamically invest in
cost-reducing knowledge capital while interacting with a mass of small firms that are free-riders.

We seek a linear feedback strategy of the form k(K) = AK + B2, where K denotes the stock
of knowledge capital, and A and B are coefficients to be determined . Then (6.55) can be

represented as:
(r+06)B(AK + B) — 2x*(K)X'(K)

A= Bl2am—1)(AK - B) — 6K]

(6.56)

where A and B must satisfy the equation (6.56) for any K being in the interval [0, g] Then
two pair candidates AT, B™ and A~, B~ must satisfy the equation (6.56), which are

r+26i\/(r+25)2—8(2m—1)§02/3 260&
L + __
at= 2o 1) B Brre-en—na 7

where & is the sensitivity of output to knowledge capital, and E 1s a constant term capturing
baseline output.
These solutions imply the possibility of multiple equilibria when the square root term is real

and positive, requiring:

The assumption of linearity is analytically tractable and captures the intuition that the optimal investment
response is proportional to the current knowledge stock. See [40]
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Figure 6.4: Unique vs Multiple Equilibria conditions, figure from [40]
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B

The existence of two distinct equilibria stems from the non-concavity of the firm’s payoff

(r428)* > (6.58)

function in knowledge stock, reflecting increasing marginal returns to R&D in certain parameter
ranges. The high-feedback equilibrium (A™) corresponds to aggressive investment, leading to a
high steady-state knowledge stock. The low-feedback equilibrium (A ™) involves more cautious

investment, resulting in a lower steady-state knowledge stock.

Proposition 5. When [ is sufficiently small, and m is large, both A and A~ exist as valid
MPNE solutions. If B is large or m is small, only A~ is viable.

Figure (6.4) graphically represents the parameter configurations for the possible linear MPNE(s).
It can be seen that the conditions under which a unique low-feedback equilibrium exists, and
when multiple equilibria arise. The curves in the figure separate regions corresponding to dif-
ferent equilibrium outcomes in the (m, 3) space, where m is the number of large firms, and f3 is
the cost parameter associated with R&D investment. The area above the upper curve represents
parameter values where only the low-feedback equilibrium (A ™) exists, while the area between
the two curves represents values where both the low-feedback and high-feedback equilibria
(A~ and A™) coexist. The area below the lower curve signifies that no linear MPNE exists. The
figure emphasizes that for small values of m and large 3, the unique equilibrium is the low-
feedback one. As m increases or § decreases, multiple equilibria become possible as stated in
proposition (5). This visual representation reinforces the theoretical result that the number of
firms and investment costs jointly determine the stability and multiplicity of R&D investment
equilibria.

The model extends traditional R&D competition by introducing increasing marginal returns
to knowledge capital, aligning with empirical findings on R&D spillovers and industry learning
curves. The positive relationship between investment and knowledge stock reflects strategic
complementarity—higher aggregate knowledge raises the marginal benefit of individual invest-
ments, fostering further R&D.

Multiple equilibria highlight the potential for history-dependent outcomes. Industries with
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early aggressive R&D may converge to a high-innovation steady state, while conservative in-
dustries risk stagnation. The number of large firms, m, influences equilibrium selection. When
m is small, the free-rider problem is mitigated, favoring the high-feedback equilibrium. As m

increases, free-riding intensifies, reducing the likelihood of aggressive R&D.

Remark 10. For sufficiently high depreciation 6 or discount rate r, the feedback effect weakens,
favoring the low-investment equilibrium. If knowledge spillovers predominantly benefit small
Sfirms (high Ty relative to oy), the free-rider problem intensifies, shifting the industry toward the

low-feedback equilibrium.

The steady-state knowledge stock under A™ is strictly greater than under A~ due to the

positive sign of:

V(282 —82m—1)&3/B
2m—1
In markets prone to the low-feedback equilibrium, targeted subsidies can shift firms toward

KT—K =

(m—1)8 > 0[40). (6.59)

the high-feedback, high-knowledge steady state. Encouraging joint R&D ventures can mitigate
free-riding and coordinate firms toward the Pareto-superior equilibrium. Limiting the number

of large firms may strengthen R&D incentives by reducing free-riding concerns.

6.4.1 Effects of change in m on Equilibrium Investment

This chapter examines the impact of an increase in the number of large firms, denoted as m,
on each firm’s R&D investment level under feedback strategies in a mixed oligopolistic market.
We focus on the linear Markov-perfect Nash Equilibria (MPNE) characterized in the previous
chapter, where each large firm’s R&D investment depends on the current stock of knowledge

capital K. The investment strategies are represented as follows:

k(K)=AK +B, (6.60)

where A represents the responsiveness of investment to the stock of knowledge capital, and
B is a baseline investment level. Both coefficients A and B are functions of the number of large
firms, m, and other model parameters.

The model admits two distinct feedback equilibria depending on the sensitivity of invest-

ment to K:

1. High-feedback equilibrium (A", B™): Large firms exhibit a strong response to changes

in knowledge capital. Investment is highly elastic with respect to K.

2. Low-feedback equilibrium (A~ ,B7): Large firms exhibit a weak response to changes

in knowledge capital. Investment is relatively inelastic with respect to K.

The existence of multiple equilibria arises from the dynamic public good nature of knowl-

edge capital, coupled with free-riding incentives among oligopolistic firms.
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Proposition 6. Suppose that the degree of product differentiation, represented by 7, is close to

O (products are independent) or close to 1 (products are perfect substitutes). Then:

o In the high-feedback equilibrium (A™,B"), an increase in m has a negative effect on

both the slope A and the intercept B..

* In the low-feedback equilibrium (A~ ,B™), an increase in m has a positive effect on both

the slope A~ and the intercept B_.

These results demonstrate that the relationship between competition (measured by m) and
R&D investment depends crucially on the equilibrium strategy adopted by firms.
The partial derivative of A with respect to m is given by:

oat  4m—1)& |&— (@m— 1)?9—53} — B(r+29) [r+25+ \/(r+23)2—8(2m— 1)53/;3]

d
m (2m—1)2B,/(r+28)2 —8(2m— 1)&3/B
(6.61)
Under the condition that ¥ — 0 or ¥ — 1, this derivative is negative:
0A™
— < 0. (6.62)
adm
The intercept term B is defined as:
2808bar
Bt = 6.63
Blr+6—(2m—1)At]’ (6.63)
with its derivative:
dB"
= <0. (6.64)
adm

Similarly, the slope term in the low-feedback equilibrium is:

A= Br+28)[r+25—/(r+257 —8(2m—1)&3/B| —4(2m—1)& |&— 2m—1)52 ]

om (2m— 128,/ (r+28)2 — 8(2m— 1)&3/B
(6.65)
Under y -+ 0ory—1:
A
8_ > 0. (6.66)
am
The intercept term B_ is defined as:
B — 280 8par 6.67)

Blr+6—(2m—1)A_]

with its derivative:
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o
om

The intuition behind these results lies in the interplay between two effects:

> 0. (6.68)

* Free-riding Effect: As m increases, each firm’s marginal benefit from R&D investment
declines because more firms share the resulting cost-reduction benefits. This discourages

individual investment and is especially pronounced in the high-feedback equilibrium.

* Scale Effect: With more firms contributing to the public good (knowledge capital), the
overall accumulation of knowledge accelerates. In the low-feedback equilibrium, this

creates a positive reinforcement loop, encouraging higher individual investment.

If firms operate in the high-feedback regime (A™), increasing competition may diminish
R&D incentives, warranting support through subsidies or collaborative R&D initiatives. If
firms operate in the low-feedback regime (A™), increasing competition can stimulate R&D,

suggesting that pro-competition policies might be beneficial.

6.4.2 Effect of a change in m on Knowledge Capital Stock

Yanase and Van Long (2023)[40] examined the effects of a change in the number of large firms,
denoted as m, on the investment behavior and the steady-state stock of knowledge capital in a
linear Markov-perfect Nash equilibrium (MPNE). This section provides a rigorous analysis of
how increased competition among large firms affects both short-run and long-run equilibrium
outcomes within a mixed market structure characterized by oligopolistic firms and a fringe of
small firms.

This review aims to restate the authors’ results with clarity, incorporate additional insights
from economic theory, and provide a comprehensive interpretation of the mathematical findings.

The authors investigate how m affects the investment level of large firms for a given stock

of knowledge capital, K. The feedback investment rule in the linear MPNE is expressed as:
k(K)=AK + B,

where A and B are equilibrium coefficients that depend on model parameters including m.
Differentiating A and B with respect to m, the authors find that the signs of these derivatives

are generally ambiguous. However, they obtain more conclusive results when the degree of

product substitutability, represented by 7, is close to 0 (independent products) or 1 (perfect

substitutes).
Proposition 7. [40]

o If the equilibrium is characterized by the lower feedback effect solution k(K) = A~ K +

B, an increase in m increases the investment level for a given K.
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o If the equilibrium is characterized by the higher feedback effect solution k(K) = ATK +

B, an increase in m reduces the investment level for a given K.

This result reflects the dual nature of competition effects on R&D: When feedback is weak
(low A7), each firm’s investment is more independent. As the number of competitors increases,
the knowledge capital rises more rapidly, reducing costs and encouraging further investment.
When feedback is strong (high A™), firms anticipate greater knowledge spillovers from rivals.

An increase in m exacerbates the free-rider problem, reducing each firm’s incentive to invest.

Corollary 1. When 7y is close to 0 or 1, and the equilibrium follows the lower feedback solution
(A™,B7), increased m reduces large firms’ short-run profits. This result is intuitive because

increased competition drives down prices and outputs, as shown earlier in the paper.

The intuition aligns with the classic Cournot competition model, where increasing the num-
ber of competitors reduces individual firm output and profit. Here, this short-run reduction is
compounded by the knowledge spillover effect, which can either amplify or mitigate the incen-
tive to invest in R&D.

The authors next examine how m affects the steady-state stock of knowledge capital. Using

the steady-state condition:

mB™T mB~

Kt=_——"" K ="
S —mAT’ S —mA~’

they differentiate these expressions with respect to m. Let us consider the full differentiation:
For K, :

OK* BT (8 —mAT)—mB+(-AT) m%E mB+ %A
— —|— — ,
am (6 —mAt)? 6 —mAt (6§ —mAt)?

which simplifies to:

JB*t +0At
8K+ _ B+5 +mB+A+ i mW B mB o
dm (6 —mA™*)?2 6 —mAt (6§ —mAt)%

For K—:

K~ B (8—mA~)—mB_(-A") m%  mB %

om (6 —mA—)? R —e (6 —mA—)?’

which simplifies to:

OK~ B 8+mB A~ m%  mB %o

om  (6—mA~)? R —e (6 —mA—)?

The signs of these derivatives depend on the feedback effect:

. 8815: < 0 when the feedback effect is strong (high A™).[40]
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. afn; > 0 when the feedback effect is weak (low A™).[40]

The results imply that the impact of increased competition on the steady-state knowledge
stock is highly dependent on the nature of feedback effects in the R&D process. When feed-
back is weak (low A7), increased competition encourages firms to invest more aggressively in
R&D, leading to a higher steady-state knowledge stock. This outcome aligns with the view that
competition can spur innovation when firms are not overly concerned about free-riding.

Conversely, when feedback is strong (high A™), increased competition exacerbates the free-
rider problem, as firms rely more on rivals’ investments. This discourages individual R&D
efforts and leads to a lower steady-state knowledge stock. In this case, competition dampens
innovation.

Yanase and Van long (2023)[40] have investigated the implications of introducing free entry
of small firms into the dynamic model of a mixed market structure with R&D investments by
large firms. Their study fundamentally alters the assumption of a fixed mass of small firms
and instead allows the number of small firms to adjust endogenously according to a free-entry
condition. This modification provides an important extension to the model as it introduces an

additional equilibrium condition driven by the zero-profit condition for small firms.

6.5 The Free-Entry Condition and its Implications

Suppose each small firm incurs a fixed cost of entry, denoted as f > 0, and subsequently pro-
duces its differentiated product in every period. Under this condition, the number of small
firms, 1, becomes endogenous and is determined by the requirement that each small firm’s

profit equals zero in equilibrium. Formally, the free-entry condition is expressed as:

(1= *(K))* =1, (6.69)

where y*(K) represents the output of a representative small firm in temporary equilibrium,
as a function of the stock of knowledge capital K, and y € (0, 1) denotes the degree of substi-
tutability among differentiated goods. The interpretation is that a positive profit induces addi-
tional small firms to enter the market, increasing competition and reducing individual outputs
until profits are driven to zero.

Substituting the free-entry condition into the small firms’ output function, the number of
small firms becomes a function of K, denoted as 1 (K). Substituting 11(K) into the large firms’
output function yields the equilibrium output of a large firm as:

¥ (K) =24 (12__72f + G(KZ) :;(K), (6.70)

where 6(K) and 7(K) are the unit cost functions for large and small firms, respectively, as

defined earlier in the paper.
This result is significant because the output x(K ) is now independent of the number of large

firms, m. This contrasts with the earlier analysis under a fixed mass of small firms, where *K )
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was a decreasing function of m. Here, the equilibrium output depends solely on the fixed cost
of entry f, the degree of substitutability ¥, and the cost-reducing effects of knowledge capital
accumulation.

The independence from m arises because the number of small firms adjusts to accommo-
date the R&D investment behavior of the large firms. The free-entry condition neutralizes the
effect of large firms’ competition on the small firms’ profits, creating a market environment
where large firms’ output decisions are less sensitive to their own competitive landscape. This
highlights an important buffer role played by free entry: it absorbs shocks to the large firms’
strategic behavior and stabilizes the output choices of large firms.

Free entry typically enhances allocative efficiency by ensuring that the number of firms ad-
justs to equate the marginal firm’s profit with its fixed cost. However, the presence of knowledge
spillovers complicates this outcome. Large firms bear the cost of R&D investments that benefit
all firms, including new entrants. Free entry exacerbates the free-rider problem: as more small
firms enter, the returns on R&D investment become more diffuse. This could disincentivize
large firms from investing in knowledge capital, reducing the long-run steady-state level of K.

Assuming the linear cost-reducing R&D effects described in the paper, let 6(K) = 6 — 6pK
and 7(K) = 7 — 1K, the large firms’ output becomes:

(1—Y)f+(0—f)+(fo—Go)K
2—v 2—v '

(K)=2 (6.71)

Differentiating with respect to K:

dx*(K) . To — O
dK — 2—y°

If oy > 79, an increase in knowledge capital decreases the output of large firms; if 79 > 0y, it

(6.72)

increases their output. This reinforces the paper’s earlier results about the relationship between

cost-reduction rates and output responses.

Proposition 8. In a mixed market with free entry of small firms and R&D investments by large
firms, the equilibrium output of large firms is independent of the number of large firms. Instead,
it depends on the fixed entry cost f, the degree of product substitutability vy, and the relative
R&D efficiencies of large and small firms.

The proof follows directly from the substitution of the free-entry condition into the large
firms’ output equation.

The elasticity of the number of small firms with respect to knowledge capital K is given by:

d_T]K_ T()—G()K

=t = 6.73
En K dKkn 1t—15K (6.73)
Differentiating 1) (K ) derived from the free-entry condition:
2—y)ox+ymo(K)— (ym+2—7y)t(K
n(k) = G Vet ymoK) —(y Y)e(K) 6.74)

Y2—7)y*(K)
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Differentiating with respect to K and using the linear cost-reduction forms gives the elastic-
ity expression.
The free-entry assumption suggests that reducing entry barriers for small firms could stabi-

lize large firms’ output levels but may weaken R&D incentives due to intensified free-riding.

6.6 R&D investment by Small firms

We study now the scenario in which small firms are allowed to engage in R&D investment,
contrasting with the baseline assumption that only large firms invest in knowledge capital. This
extension is critical to assessing the robustness of the core model and to understanding the
behavior of small firms under different strategic settings.

The authors[40] initially assume that small firms do not invest in R&D due to their negligible
market influence and limited financial resources. This assumption is relaxed to examine whether
small firms would have any incentive to invest in knowledge capital if given the opportunity.
Economically, this investigation is important because real-world markets often feature small
firms that engage in innovative activities, albeit on a smaller scale compared to large firms.

Let a representative small firm invest kg > 0 in R&D at time ¢. The stock of knowledge

capital K(t) evolves according to:

=Y ki(r)+nks(t) — 6K (1), (6.75)
i=1

where m denotes the number of large firms, 1 is the measure of small firms, and 6 > 0
represents the depreciation rate of knowledge capital.
Each small firm perceives its influence on K(¢) as negligible due to the continuum of small

firms. The profit function of a representative small firm is:

s(y,ks, K) = (ps — ©(K))y — cs(ks), (6.76)

where pyg is the price determined by demand, 7(K) is the unit production cost, and cg(ks) is
the cost of RD investment.
Since a single small firm’s contribution to K(r) is negligible, it treats K(z) as exogenous.

The first-order condition for profit maximization with respect to kg is:

o
dks

Given that investing incurs a positive marginal cost, and the firm’s investment has no percep-

tible effect on its marginal cost reduction (because K is treated as fixed), the optimal choice is
k¢ = 0. This result holds irrespective of the functional form of cs(ks) as long as it is increasing

in ks.

Proposition 9. Under the assumption that each small firm perceives its impact on the stock of

knowledge capital as negligible, the optimal R&D investment level for every small firm is zero
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k=0 Vr>0. (6.78)

Proof: The small firm takes K (¢) as given and incurs a positive marginal cost for any positive
investment. Since its investment does not affect K(¢), the marginal benefit is zero, implying that
the optimal investment is zero.

This result aligns with the intuition behind public goods and free-rider problems. Knowl-
edge capital is a non-excludable and non-rival input; small firms benefit from the R&D efforts
of large firms without contributing. The presence of free-riding is particularly acute when a
firm’s individual contribution to the public good (knowledge) is negligible relative to the total.

The result is robust to different forms of cost functions and demand structures as long as
the small firms remain price takers and perceive their effect on knowledge capital as negligible.
However, if small firms were able to form coalitions or coordinate investments, this result could
change. Such cooperative behavior could internalize the knowledge externality and lead to
positive R&D investments.

It is suitable to stimulate R&D among small firms that might need to offer subsidies or
collaborative platforms to overcome the free-rider problem. Examples include innovation clus-
ters, R&D grants, and public-private partnerships aimed at reducing individual firms’ costs and
enhancing perceived impact.

Consider now a cost-sharing mechanism where small firms collectively contribute to a com-
mon R&D fund, with individual contributions denoted by kg. Suppose the aggregate small firm

R&D contribution is denoted as

nks, (6.79)

and the cost function for each small firm is modified to reflect reduced per-firm costs due to

cost sharing:

es(ks) = 58— Ak, (6.80)

where Bs > 0 and A > 0 represents a cost reduction factor tied to joint R&D efforts. The
first-order condition becomes:

Bsks —An <O0. (6.81)

Solving for the optimal investment level yields:

ks = max 7;3_17 . (6.82)

This result suggests that a sufficiently large subsidy or cost reduction parameter (A1) can
incentivize small firms to invest in R&D, highlighting the potential effectiveness of government

interventions in promoting collective innovation efforts.



Chapter 7
Conclusion

This thesis explains the findings of Yanase and Van Long (2023)[40] by interpreting their dif-
ferential game approach to strategic R&D investment in mixed markets. Their study shows
that large firms play a dominant role in R&D investment, accumulating knowledge capital that
reduces costs and strengthens their market position. In contrast, small firms, constrained by
resources, benefit from knowledge spillovers without directly investing in R&D. This asymme-
try creates a free-rider problem, where small firms gain from the knowledge generated by large
firms, potentially leading to underinvestment in innovation.

Yanase and Van Long (2023)[40] also found that competition influences R&D incentives
in a non-monotonic way. When competition among large firms is moderate, R&D investment
is encouraged, as firms invest to maintain a competitive advantage. However, when competi-
tion becomes too intense, the incentive to innovate declines due to lower profit margins and the
diffusion of R&D benefits. This aligns with the inverted U-shaped relationship between com-
petition and innovation observed in the literature. Additionally, allowing free entry for small
firms stabilizes the output of large firms but worsens the free-rider problem, further reducing
incentives for innovation.

We explained these results by providing a structured economic interpretation of how firm
heterogeneity affects strategic R&D decisions. By extending the differential game framework,
we illustrate how the presence of both large and small firms influences knowledge accumulation
over time. The analysis clarifies how knowledge spillovers function as a public good—while
they improve industry-wide efficiency, they also reduce the private benefits of innovation, lead-
ing to potential underinvestment. The thesis also refines the understanding of competition’s im-
pact on R&D by demonstrating how the interaction between market entry, knowledge spillovers,
and firm-level investment decisions shapes long-term innovation outcomes.

The findings emphasize the complex and context-dependent relationship between compe-
tition, R&D investment, and knowledge spillovers. Large firms remain the primary drivers of
technological progress, but their investment decisions are influenced by the structure of the mar-
ket and the strategic presence of small firms. Going forward, future research could explore how
firm-specific characteristics, such as absorptive capacity and technological leadership, affect

innovation dynamics in mixed markets. By further developing the differential game approach,

72
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it is possible to gain deeper insights into how firms strategically navigate R&D investment in

competitive and knowledge-driven industries.
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