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Chapter 1

Introduction

Yang-Mills theories underlie contemporary particle physics and in
particular they are significant for the description of fundamental
forces of nature, excluding gravitation. The key idea behind them
is that each interaction force can be interpreted as the curvature
of a connection form over some principal bundle. The choice of the
structure group for the bundle is dictated by the internal symmetries
of the specific fundamental interaction we are considering, while the
base manifold usually coincides with the Minkowsky space of special
relativity. In the standard model of particle physics the gauge group
is U(1) x SU(2) x SU(3), where U(1) x SU(2) expresses the electro-
weak interaction, while SU(3) models the strong force. Chapter 2
will be devoted to the study of the geometrical framework of these
physical theories.

In the first section we define the concept of Lie group G and the
associated Lie Algebra g. In particular, we also analyse the action
of Lie groups on manifolds which underlies the theory of connec-
tions. In the second section instead we develop the theory of bun-
dles, focusing on vector bundles and principal fibre bundles over
some manifold M. We characterize principal bundles proving that
given a Lie group G, a covering U = {U,};cr of the base manifold
M, and a family of maps g;; € C*°(U; N Uj;, G) satisfying the cocy-
cle conditions, then there exists a unique G-principal bundle (up to
isomorphism) 7 : P — M, whose transition functions are exactly
the family {g;;}. This characterization for bundles will be useful in
the attempt of defining Sobolev bundles.

We define connections both on vector bundles and principal fibre
bundles. The first one are not essential to this work, but they are
studied here because in Chapter 5 the Levi-Civita connection, which



is a special connection on Riemannian manifolds (completely deter-
mined by the metric itself), will emerge naturally in the study of the
Euler-Lagrange equations of weakly harmonic maps. For the same
reason, we will also recall the concept of Shape operator.

Given a principal fibre bundle 7 : P — M with structure group
(G, we present two equivalent definitions of connection. Indeed, one
may see a connection as a right equivariant horizontal distribution
I'. To such a distribution I' we can uniquely associate a g-valued
differential 1-form w on P, called connection form, that is a pseu-
dotensorial form of type Ad, and whose values on a fundamental
vector field A% associated to an A € g are identically A. We show
that also the inverse is true, namely that given a g-valued differen-
tial 1-form w on P satisfying the two aforementioned properties, we
can build a unique equivariant horizontal distribution I' associated
to w. Therefore, the two definitions are actually equivalent.

The physical fields Yang-Mills theories deal with, that in physics lit-
erature are called gauge potentials, are representations on the base
manifold of these connection forms. Namely, given a G-principal
bundle 7 : P — M and A = {(Uj, x;) }ier an atlas for it, then the
gauge potentials of a connection w are the local g-valued differential
1-forms A; := s}(w), where s; : U; — 7~ 1(U;) are the local trivial
cross sections associated to the atlas A. In Proposition 2.3.25, we
show that the family {A;};c; satisfies the fundamental relation

called compatibility condition, where G is a matrix Lie group, and
gi; are the transition functions associated to A. It is also shown that
conversely if a family {A;};c; of g-valued 1-forms on the covering U
satisfies (1.1), then there exists a unique connection w on P such
that sf(w) = A; for each i € I. We will use this characterization to
define Sobolev connections.

Once the theory of connections is established we define the most
important geometrical object, the one that from a physical point of
view should express the forces determined by the interacting par-
ticles: the curvature form ). It is defined as the differential of a
connection form w computed along the horizontal directions.

Just as a connection admits a local representation so does its cur-
vature €2 , whose pull-back s*() via some cross section s is called
local field strength, and it is denoted as F4, where A := s*w. Un-
der a local change of gauge g, as the local gauge potential trans-



forms from A to A9 via the compatibility condition (1.1), the field
strength F4 transforms to Fas, which turns out to be the adjoint
through g=! of F4. Using Cartan structure equation, one proves that
Fy =dA+ [A, A], where the g-valued two form [A, A] is defined by
A, Al(X,)Y) = A(X)A(Y) — A(Y)A(X) for each vector field X, Y.
Once we endow the Lie algebra g with an Ad-invariant scalar prod-
uct, and the base manifold M with a metric, we can norm pointwise
the local field strength in M. The square of such a norm will be our
Lagrangian, and the part of Analysis will be entirely devoted to the
study of the properties of the corresponding functional, which will
be then defined on the space of local gauge potentials.

In the first chapter devoted to the analytic part, called Hodge the-
ory, we start by defining differential forms over some domain in R".
In particular we generalize these definitions in order to get Sobolev
differential forms, and we state some technical results that will be
useful in order to develop properly the concepts of Sobolev bundles
and Sobolev connections.

Indeed, the study of the minimization problem requires more generic
structures, and we need to relax the regularity of both the bun-
dle and the connection. We consider for an open bounded smooth
domain Q@ C R" a covering U = {U;}ics, and define a WP G-
principal Sobolev bundle P, for 1 < p < oo, as a family of maps
gij € W*P(U; N U;, G) satisfying the cocycle conditions. As already
observed by T.Isobe in [19], W??(U;;, G) is a topological group, and
so the cocycle conditions on the family {g;;} still make sense. We
conclude the introduction of Sobolev bundles by generalizing the
geometrical concept of equivalent bundles, to the case of Sobolev
bundles.

Once a W*P-principal Sobolev bundle P = {(U,;, g;;)} is given, we
define a Sobolev connection on it as a family of maps

A; € (WHPNL2P)(U;, T*U;®g) such that the compatibility condition
holds in the overlaps U;;. The request for the connection to be also
in L% is fundamental for the compatibility condition to hold. How-
ever, when 2p = n, the Sobolev embedding W*?(U;, T*U; ® g) —
L*(U;, T*U; ® g) holds, and therefore it is sufficient to ask W'P-
regularity for the family {A;};c;. For this reason we call the dimen-
sion n = 2p critical dimension. In this work we focus on the case
n =4, p= 2 and we will therefore work in the critical setting.

In critical dimension, we consider a Sobolev bundle P = {(U;;, 9;5)}
in which is defined a Coulomb connection {A;};c;, namely a con-



nection satisfying d*A; = 0, for each i € I. These bundles are of
particular interest because the Coulomb condition on the connec-
tion, leads to a PDE solved by the transition functions g;;, namely

which increases the regularity of g;;. In particular we will show that
each W22-Coulomb bundle is locally a W22V-bundle (see [33]) and
by the Sobolev embedding W21 < C° in dimension four, it holds
that g;; € Cioc(Uij, G). Moreover, if we assume that the L*-norm
of the Coulomb connection is under a certain threshold, we can
even say that the bundle is W?2P locally, with 2 < p < 4. Since
such a threshold is scale invariant, from this last result we can infer
that there exists a refinement of the covering, with respect to which
the bundle is W?2P. The Holder’s regularity of Coulomb bundles in
critical dimension was proved in [40], and here it will be crucial in
Theorem 4.3.10. Finally, in the last subsection we state and prove
a remarkable result of K.Uhlenbeck [44] which tells us that if two
W2P-bundles, with 2 < p < 4, are L>®-close enough (depending on
the cardinality of the covering of ) then they are W*P-equivalent.

Once all the geometric and analytic tools are defined, we are ready
to present the Plateau Problem for the Yang-Mills functional. We
will mainly work with the trivial bundle P = B* x G, where B* is
endowed with the Euclidean metric, and consider over it the space
of connections W'?(B* T*B* @ g).

Choosing a g-valued 1-form 7 out of the space Hz (0B* T*0B*®g),
the Plateau problem consists in proving whether the infimum

inf{YM(A) = /B |Fy|dw: A€ W;@(B4,T*B4®g)} (1.3)

is attained by some Ay € W,»*(B*, T*B*®g), where W,-*(B*, T* B*®
g) is the space of connections over the trivial bundle whose tangen-
tial component is equal to 7. Since the pointwise norm of the field
strength is Ad-invariant, the Lagrangians of two gauge equivalent
potentials always coincide, and this realizes a huge invariance group
for the Yang-Mills functional. Classical variational methods here
fail, since such invariance group makes the functional non coercive,
and therefore minimizing sequences are not necessarily weakly com-
pact. We will study the problem both in the Abelian and in the non
Abelian cases.

In the first case the non linear term [A, A] inside the field strength



vanishes identically, and thus we bound the Yang-Mills functional
from above by the more regular Dirichlet energy functional E, which
agrees with the first if and only if the connection is Coulomb.

This bears similarities with the approach to the classical Plateau
problem, where instead of studying the surface area functional A(u)
one works with the Dirichlet integral D(u), which agrees with the
first one when w is weakly conformal. In particular, we see that
Coulomb connections in the Yang-Mills Plateau problem are the
equivalent of weakly conformal maps in the classical Plateau prob-
lem. This parallelism is explored in Subsection 4.2.1.

The functional E turns out to be coercive in W,*(B*, T*B*®g) and
together with its convexity this leads to the existence of a unique
minimizer for F. In particular the Euler-Lagrange equations point
out that it has harmonic components, and is a Coulomb connection.
From this, thanks to the existence of a Coulomb gauge for each
connection proved in Proposition 4.2.1, and the invariance of the
Lagrangian of the Yang-Mills functional with respect to a change of
gauge, one proves that the minimum for F is a minimum also for
the Yang-Mills functional, and the Plateau problem when G' = U(1)
is solved.

When G is a compact and connected non Abelian matrix Lie group,
the above technique does not work anymore due to the presence
of the nonlinear term [A, A] in the field strength, and therefore we
need to proceed differently. In order to find a bounded minimizing
sequence we present a result by K.Uhlenbeck [44], which assures that
if the value of the Yang-Mills functional is under a certain threshold
then one can find a change of gauge with respect to which the W12
norm of the gauge equivalent connection is bounded from above by
Y M. This result is actually valid for each domain diffeomorphic to
B*, and the threshold, which depends on G and on the domain, is
scale invariant. By exhibiting a bound from above of the Yang-Mills
functional in terms of the Hz-norm of the fixed boundary potential
1, we identify a subdivision in the study of the minimization prob-
lem.

Indeed, when the norm of the prescribed boundary connection is
small enough, by virtue of K.Uhlenbeck Small Energy Theorem,
each element of a minimizing sequence in W,* admits a gauge
change such that the resulting new sequence is bounded, and there-
fore weakly converging. The tangential component of the minimum
turns out to be gauge equivalent to the fixed boundary potential n
for a gauge on the boundary g € Hg(aB“, (). Here the Yang-Mills



Plateau problem meets the extension problem for Sobolev maps be-
tween manifolds. Indeed, if a WW??-extension of g exists then this
provides us the existence of a solution to the minimization problem.
Unluckily this is not always possible, and in Chapter 5 we will give
some counterexamples. However, a good bound on the H 2-norm of
dg allows us to extend g to the whole B*, as it will be proved in
Chapter 5. In this case, the condition on the Hz-norm of 7 trans-
lates in a condition on the H2-norm of dg, and therefore assuming
nl,,4 small enough we can extend g to the whole B4,

The problem becomes more subtle when we relax the hypothesis on
the norm ||n|| 3 , since in this case we cannot apply K.Uhlenbeck

Theorem globally on Bi However, we prove that up to a finite set of
points { Py, ..., Py} C B, called singularities, one can locally apply
the Small Energy Theorem to a minimizing sequence of connections
{Ax}r € W, producing therefore a sequence of Coulomb Sobolev
bundles Py := {(g;,U;;)} with base manifold Cs C B*, that are
W?2P_equivalent to the trivial bundle, for a fixed 2 < p < 4. The
submanifold Cs of B* is given by the complement in B* of neigh-
bourhoods of radii ¢ of the singularities, and U = {U; };c; is a finite
covering for Cy, that in the proof of the theorem will be made of
balls. The diameter of each element of the covering depends on 4.
These results are obtained in Theorem 4.3.10, and here the afore-
mentioned observation on the scale invariance of the threshold both
of the Small Energy Theorem and of Lemma 3.2.15 on Holder’s reg-
ularity of Coulomb bundles, is crucial.

The sequence {Py};, converges weakly in WP to a limit bundle Py,
in which is defined the limit connection A,,. We can apply Lemma
3.2.18 on the W?P-equivalence of L>-near Sobolev bundles getting
therefore that also the limit bundle P, is trivial.

We repeat the above argument taking always smaller neighbour-
hoods of the singularities points P, ..., Py, letting therefore § — 0,
in order to obtain a minimizer in W,22(B*\ {P, ..., Py}). At this
point we apply an improved version of the celebrated result by
K.Uhlenbeck on the removability of singularities, see [45], that in-
deed guarantees the existence of a local gauge change that trans-
forms the minimizer in a connection with finite W?(B*)-norm.
While the Removable singularities Theorem due to K.Uhlenbeck is
proved only for Yang-Mills fields, namely solutions to the Euler-
Lagrange of Y M, the one we prove works for every W12 connection
with singularities, under the only condition of finite Yang-Mills en-
ergy. It was first observed by T.Riviére and M.Petrache in 33|, and



the local W22V regularity of W22-Coulomb bundles underlie its
proof.

Once we have removed the singularities of the minimizer, we show
that its tangential component is gauge equivalent to the prescribed
boundary connection for a gauge g € H%(8B4, G). In contrast with
the previous case, now that we have dropped the condition on the
H3-norm of n, we are no longer able to bound properly the Hs-
norm of dg and therefore, we cannot assure the existence of a W?2?2
extension of it. The most we can say therefore, is that there exists
a minimizer of the Yang-Mills functional in the space of connections
with tangential component gauge equivalent to ), for some gauge of
the boundary.

In the last chapter of this thesis we study the extension problem. In
particular, relating it to the problem of weakly harmonic maps, we
exhibit some counterexample of functions, with values in some man-
ifold, that do not admits extensions with the required regularity. In
the last subsection, instead, we give a proof of the extendibility of a
g € H2(0B* @) which has Hz-norm of the differential dg under a
certain threshold, depending on the target group GG, and the domain.
The proof is obtained following a reasoning of F.Bethuel in [5], which
allows to extend the map to some U € W2?(B*\ B,(0),G), with
0 < p < 1. One can prove that U is continuous in 0B,(0), and using
the condition on the H2-norm of dg, we extend U to the whole B*
thanks to the exponential map.
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Chapter 2

Differential geometry

2.1 Lie groups

Definition 2.1.1. A lie group is a group G endowed with a dif-
ferentiable structure relative to which the product G x G — G
((91,92) ¥ g1 - g2), and the inverse G — G (g — g~') are differen-
tiable maps. We will denote the identity with e € G.

If G is a Lie group and h € G, we define the left and right
multiplication for A as follows:

L,:G— G R, :G—G
g—h-g g—g-h

and these maps are clearly diffeomorphisms.

Example 2.1.2. The following are some examples of Lie Groups
1) (R\ {0}, ) is a Lie group.

2) If we call M,,(R) the set of real n x n matrices, we can identify
it with R"”. Then we have that GL(n,R) = {A € M,(R) :
det(A) # 0} is a open subset of R", and thus it is a differ-
entiable manifold. Moreover, the composition of matrices is
smooth with respect to this differentiable structure, and there-
fore GL(n,R) is a Lie Group.

Definition 2.1.3. Let G be a Lie group and H a subgroup of G.
We say that H is a regular Lie subroup of G if it is a submanifold
of G.

If H is an immersed submanifold and at the same time a Lie group
with respect to this differential structure, we call H a Lie subgroup

of GG.
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Clearly a regular Lie subgroup is a Lie group. Indeed - : H x H —
H can be decomposed as 7 : H x H — G x G — G where the last
row is the product. By definition of submanifold we have that the
embedding of H into G is differentiable, and so is also the compo-
sition of the embedding of H x H into G x G with the algebraic
product.

Ezample 2.1.4. The subgroup O(n) := {A € GL(n,R) : AA" =1,}
of GL(n,R) is a regular Lie subgroup. To see this observe that the
map S : GL(n,R) — M,(R) defined as S(A) = AAT, is differen-
tiable and has no critical points'. Thus, the preimage of the identity
I, which clearly coincides with O(n), is a submanifold of GL(n,R).
Moreover, SO(n) is the connected component of O(n) containing
the identity, and thus it is also a regular Lie subgroup.

Ezxample 2.1.5. With a similar argument one can prove that also
GL(n,C) is a Lie group, and that both

Un) = {U € GL(n,C): vo :]In} and SU(n) are regular Lie
subgroups.

2.1.1 Lie Algebra

Definition 2.1.6. Consider on a vector space V' a bilinear map
[-,-] : V x V — V such that :

1) [v,w] = —[w,v] for every v,w € V

2) [v, [w,u]] + [w, [u, v]] + [u, [v,w]] = 0 for every v,w,u € V
Then we call V' a Lie algebra.
Ezample 2.1.7. The following are examples of Lie Algebras

1) Let M be a manifold, and 7(M) the space of vector fields over
M, then 7(M) with the usual bracket Lie operation is a Lie
Algebra.

2) (R3, x), where X is the classical external product, is a Lie Al-
gebra.

Definition 2.1.8. If V is a Lie algebra, and W is a subspace of V'
such that [v,w] € W Yw,v € W, then we say that W is a subalge-
bra.

Furthermore, if V; and V5 are Lie algebras, we say that a linear map

LIf M, N are manifolds and ¢ : M — N is differentiable, then p € M is a critical point if
dop : TpM — Ty(p) N is not surjective

12



f: Vi = V4 is a lie algebra morphism if f([v,w]) = [f(v), f(w)],
for each v, w € V.

Example 2.1.9. A remarkable example of Lie Algebra morphism is
the following. Let M, N be two n-dimensional manifolds and ¢ :
M — N a diffeomorphism. Furthermore, let ¢, : 7(M) — 7(N),
the map that to each X € 7(M) associates the vector field over
N, ¢.(X), = (d¢)s-1(y(X) for each y € N. Then we have that
[04(X), 0.(Y)] = 0.([X,Y]) for each X, Y € 7(M).

Definition 2.1.10. Let G be a Lie group. We define the following
subalgebra of 7(G). If X € 7(G) we say that X is left invariant if
for every h € G, (dLp)4(X,) = Xy

The following proposition establishes that the set of left invari-
ant vector fields is actually a vector space, and furthermore it is a
sublagebra of 7(G).

Proposition 2.1.11. The set g of all left invariant vector fields is
a subalgebra of T(G). Moreover, there is an isomorphism between g

and T.G

Proof. It XY € g, h € G and a,b € R then (dLy)4(aX +0Y), =
a(dLp)y(X,)+b(dLy)g(Yy) = (aX 4bY )p,. Besides, (dLy),[X,Y], =
[dLp(X),dLy(Y)]ng since Ly, is a diffeomorphism, and the last term
is equal to [X, Y], because X and Y are both left invariant.
Finally observe that we can define the following map

f:1T.G—g
v X, X,:=(dLy)v

which is clearly linear and injective. f is also onto, indeed if X € g,
then f(X.) is exactly X. Observe that this in particular means that
the values of a left invariant vector field are completely determined
by its value at the identity. ]

Definition 2.1.12. We call the Lie Algebra of GG the subalegbra
of 7(G) made of left invariant vector fields. If v,w € T,G we define
[v,w] := [f(v), f(w)]e, and T.G with this operation is a Lie Algebra
too. Thanks to the proposition above we see that f is a Lie algebra
isomorphism. From now on we will identify 7.G with g.

It is well known that a vector field over a manifold produces
locally a flow. What is new now, is that if G is a Lie group, and
the vector field is in the Lie algebra of G, then the flow is a local
group homomorphism between a neighbourhood of zero in R and G
itself. More precisely we have the below relevant proposition. Before
stating it, we will need the following definition.

13



Definition 2.1.13. Let G be a connected Lie group. A (global)
1-parameter subgroup of GG is a C*° map o : R — G which is
also a group homomorphism.

Proposition 2.1.14. Let G be a Lie Group and X € g. Then the
followings hold:

1) The integral curve of X starting at e is a 1-parameter subgroup

of G.

2) If o : R — G is a l-parameter subgroup of G, and o(0) = X,
then o 1s the integral line of X at e.

Proof. 1)Let o : (—¢,e) — G be the maximal integral curve of X
starting from e. Then if we call v : (—¢,2) — G, the map defined
as y(t) = o(tg)o(t), where tq € (—¢,¢), we see that

d ,
27(0) = dLo(y) (0(t) ) = dLo(wo)(Xow) = Xo)ow) = X

This equation implies that v(¢) is the integral curve of X starting
from ¢, but for uniqueness we get that

v(t) = o(to)o(t) = o(te + 1)

Moreover, we clearly see that the maximal interval of integration is
actually (—oo, 00).

2)Since o is a l-parameter subgroup, we have that o(ty + t) =
Loyo(t), and from this we deduce

rd
o(to) = (o(to +1))l=o = dLo) (Xe) = Xotwo)

and therefore we have proved also the second statement. O

Thus, for each left invariant vector field X on G, there exists a
unique l-parameter subgroup o of G, such that ¢(0) = X,, and
it coincides with the integral curve of X at e. This motivates the
following definition.

Definition 2.1.15. Let X € g and ox(¢) be the 1-parameter sub-
group associated to it. We define the exponential map as exp :
g — G where exp(X) := ox(1).

Ezample 2.1.16. Let X be a left invariant vector field of GL(n,R),
and o(t) the 1-parameter subgroup of GL(n,R) such that ¢(0) =
X,. Since it coincides with the integral curve associated to X, then
0(s) = Xo(s) = dLg(5)(Xe). We are dealing with product of matrices
and then for each g € GL(n,R) and A € 7(G), dL,(A) = g-A, which
implies that o(s)" = o(s) - X.. The solution to this ODE is trivial

and we get exp(X) = ZZO:O ()ie!)k'

14



A significant feature of the exponential map is that in a suitable
neighbourhood of 0 € g it is a diffeomorphism with image in a
neighbourhood of e € G. In the following Theorem we gather some
of the main properties of the exponential map.

Theorem 2.1.17. Let G be a Lie group with Lie algebra g. The
followings hold:

1) exp:g— G is C™(g,G)

2) (dexp)y : 9 — T.G is the identity, i.e. (dexp)o(X) = X..
Furthermore there exists a neighbourhood Vi of 0 € g such that
exp |v, : Vo — exp(Vh) is a diffeomorphism and exp(Vy) =V, is
an open neighbourhood of e € G.

Proof. 1)Let X € g and Ox the flow associated to X. Now in the
manifold G x g we build the following vector field

}fgz = (XQ,O) € Tg(G) X ng = ng(G X g)

If oy is the flow of Y then: oy (1, (g, 7)) = (O©x(1,9),Z) = (exp(X), Z).
But then if you call m; : G x g — G the canonical projection on the
first component, we get exp(X) = m ooy (1, (g, Z)) and so the map

is a composition of C'*° function.

2)Now fix X in the lie algebra of G, and consider the map (—¢,¢) >

t — exp(tX). We know that it is differentiable, and

X = L exp(tX) o = (dexp)oX.

Now since the differential at the point 0 € g is an isomorphism,
then by the Inverse mapping Theorem we conclude the proof of the
second point. O

Remark 2.1.18. By the second point of the above theorem we deduce
in particular that every g € G admits a neighbourhood V; diffeo-
morphic to Vj. Indeed, we just have to compose the left action L,
with the exponential map:

exp |y, : Vo = exp(Vo) C G — Lyexp(Vp) ==V}

h +— exp(h) — gexp(h) (2.1)

If w is a differential 1-form over a Lie group G, we say that it
is left invariant if (L,)*w = w?, namely wyp((dLy)nXn) = wi(Xp),
for each h,g € G and X € 7(G). It is easy to see that the subspace
of A'(G) made of left invariant 1-forms on G is the dual of g, and
thus it has the same dimension.

2If M, N are manifolds, and ¢ € C°°(M, N) then we will denote with ¢* the pull-back.
See [1] for further details.
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Definition 2.1.19. We define the canonical g-valued 1-form ©
on GG by
0, T,G-T.G=g
V= O4(v) := (dLy-1)gv
which is clearly a left invariant differential form. Equivalently we can

define it as the left invariant g-valued 1-form such that ©(A) = A
for each A € g.

2.1.2 Action of Lie groups
Le M be a manifold and G a Lie group.

Definition 2.1.20. We say that G acts differentially on M on the
left if

1) G x M — M such that (g, m) — ¢ - m is differentiable.

2) The map m — g -m for a fixed g € G is an automorphism of
M.

3) (gh)-m =g-(h-m) for each g,h € G and m € M.

We will also say that G acts freely (resp. effectively) if g-m =m
for some m € M implies g = e (resp. for all m € M implies g = e).

From 3) and 2) we deduce that the map m — e-m is the identity
of M.
If A € g we can associate to it a vectorfield A* € 7(M). It is given
by the action of the one parameter subgroup exp(tA) of G, in the
following way

d
(A%),, = E(exp(tA) em)|i=o Ym e M (2.2)
If we define L,, : G — M by L,,(g) = g-m then (A%),, = (dL,).A.
for each m € M. This construction will turn out to be useful later,
for connections on principal bundles. We have the following propo-
sition (see [22], Proposition 4.1).

Proposition 2.1.21. Let G and M as above. The mapping o :
g — 7(M) such that o(A) = A* is a Lie algebra homomorphism. If
G acts effectively then o is an isomorphism of g into o(g), and if
furthermore G acts freely then (for A # 0) A* never vanishes.
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Definition 2.1.22. We define the conjugation action / : GXG —
G, by I,(x) = I(g,x) := grg~'. Taking its push forward we get an
action on g, Ad : G x g — g, such that Ad,(X) := dl,(X), or more
explicitly Ady(X), = (dlg) -1, (X -1,)) for every € G, which is
called the adjoint action.

If we apply Proposition 2.1.21 to the adjoint action then we get
the Lie Algebra morphism o : g — I'(g), and to denote this particu-
lar morphism, instead of o, we will use ad : g — I'(g) and for every
X € g we write the image as adx, which is a vector field over g.
It is easy to verify that adx|y = [X,Y] for every Y € g. Observe
that another way to see ad is as a map that to each element in g
associates a linear map on g as follows:

ad:g— L(g,9)
X—ady:g—g
Y = [X,Y]
where £(g, g) is the monoid of endomorphisms of g.

Definition 2.1.23. Let G be a Lie group with Lie algebra g. We
construct a symmetric bilinear form called the Killing form

K:gxg—R
(A,B) — K(A,B) := —Tr(adx ocady) (2.3)
where Tr is the trace of an endomorphism.

Proposition 2.1.24. Let G be a Lie group, with Lie Algebra g.
Then the Killing form K is Ad invariant, namely

K(Ady(X),Ad,(Y)) = K(X,Y) VgeG, VX,Y €g

Proof. Since Ad, : g — g is an automorphism of g then, for every
X, Yeg

adAdg(X)|Y = [Adg(X), Y] = Ang[X, Ad971Y] = AdgoadXoAdgfl(Y)
therefore adaq,x) = Ady o adx o Adg-1. So we get
K(Ady(X), Ady(Y)) = = Tr(adaa,(x) © adag,(v)) =

= — Tr(AdgoadxoAd,-10AdgoadyoAd,1) = —Tr(adxoady) = K(X,Y)

]
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Remark 2.1.25. In particular we can prove that if the Lie Algebra
is semisimple® then the bilinear form is non degenerate, and if G is
compact and connected it is also positive definite (see [18]). Since
we are interested only in such groups then (2.3) induces a scalar
product on g, and then also a norm on it.

Actually we can do even more, by using (2.3) to define a metric g
on the whole G, such to promote G to Riemannian manifold (G, g)
This can be done as follows. For every a € G and every v, w € T,(G)
we set

g,(v,w) == K(dLy-1(v),dLs-1(w)) = K(Oy(v), Ou(w)) (2.4)

Proposition 2.1.26. The metric g is bi-invariant in G. This means
that for each v,w € T,G and for each g € G the following equations
hold

g(dR;(v), dRg(w)) = g(v, w)
g(dLg(v),dLy(w)) = g(v, w) (2.5)
Proof. The second equation is clearly true by definition. Indeed,
g(dLy(v), dLg(w)) = K (dLy-15-1(dLy(v)), dLy 15+ (dLy(w))) =
= K(dLy1(v),dLg-1(w)) = g(v,w)

We also see that the property of K of being Ad-invariant is auto-
matically transferred to the metric g. Indeed, we see that

g(Ad;(v), Adg(w)) = g(dLgdRg-1(v), dLgd Rz (w)) =
= g(ng—1(U>, ng—l(w)) = K(dLgdLg—lng—l(U>, dLgdLg—1dR§—1 (w)) =
= K(AdgdLy~1(v), AdgdL,~1 (w)) = K(dLy-1(v),dLy-1(w)) = g(v, w)

which also proves that g is right invariant. O

2.2 Bundles

This section is devoted to the development of the theory of bundles,
which are key geometrical structures in the study of gauge theories.
If M and S are two manifolds, then a bundle over M with fibre .S
is, roughly speaking, a manifold that locally in U C M looks like
U x S. In what follows we are only concerned with vector bundles
and principal fibre bundles. For the first subsection we will refer
mainly to [1], while the second subsection is based both on [1| and
[22].

3A Lie Algebra is semisimple if it is a direct sum of simple subalgebras, i.e. non abelian
algebras with trivial ideals.
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2.2.1 Vector Bundles
Let M be a manifold.

Definition 2.2.1. A manifold FE is called a vector bundle of rank
r over M if the followings are true.

1) There exists a surjective differential map = : E — M, called
the projection, such that 7—!(z) = E, is a real vectorspace of
dimension r for each x € M

2) For each x € M, there exists a neighbourhood U C M of
r and a diffeomorphism x : ¢~ (U) — U x R" called local
trivialization, such that m; o y = m, namely the following
diagram commutes

N U) X U xR"

l’“ / (2.6)

U

where 7 : U x R” — U is the projection on the first compo-
nent. We also require that y restricted to F, is an isomorphism
between E, and {x} x R" for each z € M.

By point 2) of Definition 2.2.1 we see that if 7 : £ — M is a
vector bundle then there exists a covering {U,}ie; of M and local
trivializations {x;}ies defined on the covering. We call the family
A = {(U;, xi) }ier an atlas of the vector bundle E. Note that in
U; N U; # 0 we have that

Xioxj_l:(UiﬂUj)er%(UiﬂUJ‘)er

(,0) — (2, dij(2) (v)) (2.7)

where the family of maps ¢;; : U; N U; — GL(r,R) satisfies the
following conditions

bijj = ¢da i U;NU;NU #0
¢ij¢ji =e in UiﬂUj %@
¢i=e in U (2.8)

which are called the cocycle conditions.
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Definition 2.2.2. Let 7 : E — M be a vector bundle endowed
with an atlas A = {(U;, x1) }ies. The family of smooth maps ¢;; :
U;NU; — GL(r,R) defined by equation (2.7) are called transition
functions of F with respect to the atlas A.

We now give some well known examples of vector bundles. After
that we will define morphisms between vector bundles, and spot a
characterization for bundles that are isomorphic. In particular this
last characterization is significant, and it is strictly related to the
idea of Cech Cohomology, see Appendix B.

Example 2.2.3. The manifold given by M x R", and endowed with
the projection on the first component 7 : M xR" — M is an example
of vector bundle of rank r over M, and it is called trivial bundle.

Ezample 2.2.4. The most important example of vector bundle over
a manifold M is the tangent bundle 7 : TM — M, where TM =
U,ers ToM. An atlas A = {(U;, ;) }ier for M induces the local
trivializations

Xi - 7T_1(UZ') — Uz x R"™

(0,0,51) > ()

where v = (vy,...,v,) and ¢; = (z},...,27). An easy computation
also shows that the transition functions are ¢;; = gi%, where % is
J J

the Jacobian matrix of the change of coordinates gpingj_l. Therefore,

we have obtained from A, an atlas A := {(U;, xi) }ier for TM.
Similarly one sees that also T7*M = |J,.,, T» M, called cotangent
bundle, is a vector bundle over M.

Definition 2.2.5. Let m : £y — M; and m : E5s — My be two
vector bundles. Then a morphism between them is a couple of
differentiable maps f : £y — FEs and F' : M; — Ms, such that

1) my o f = F o my, namely the following diagram commutes

ElL}EQ

l’” l’” (2.9)

M1 L> M2
2) fley. : (E1)s = (E2)F@) is linear for each x € M;.
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If both f and F' are diffeomorphism, then the morphism is called
isomorphism. If M; = M, and F' = id, and f is an isomorphism,
then we will say that m; : £y — M and 7y : 5 — M are equiva-
lent.

Remark 2.2.6 (Characterization for equivalent vector bun-
dles). Let m : By — M and 7 : Ey — M be two equivalent
vector bundles of rank r over M. Let A = {(U;, xi)}iesr and
Ay = {(Ui, Xi) }ier be two atlases respectively for E; and FEs, and
denote with ¢;; and gzNSij the corresponding families of transition func-
tions. Note that it is not restrictive to assume the trivializations of
FE, and FE5 over the same covering of M. This is because one can
always find a common refinement of two different coverings.

Let f: E1 — FE5 be the equivalence, then we have

_ f _
T I(Ui) — Ty I(Ui)

lx"’ A lx (2.10)

g

U xR — U, xR"

where 6; := Y;0 fox; ', and since fl(&y). is an isomorphism for each
x € M, we get that

62-:UZ»><RT%UZ-><RT
(z,0) ¥ (2, 0i(2)(v))
where o; € C*(U;, GL(r,R)). In particular we have that

)N(i_loa-iOXz‘:)Zj_IOé-jOXj n Wl_l(UiﬂUj)

4
XioX;'=6&oxiox;'o7t in (U;nUj) xR"
4
by =oidyoy’ i U;nU; (2.11)

Conversely, let 7 : £y — M and 7 : Ey — M be two vector
bundles over M of rank r, with atlases A; and A, as above, and
transition functions ¢;; and ¢;;. If there exists a family of smooth
maps o; € C°(U;, GL(r,R)) satisfying

bij = ai¢ija;1
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then the two bundles are equivalent, namely there exists a diffeo-
morphism f : £y — Ej such that m 0 f = 71 and f|g,), is a vector
space isomorphism for each x € M. Indeed, following the reasoning
above, if we call &;, the maps

a’iZUiXRT%UiXRT
(,v) — (2, 04(z)(v))
then defining f; := \; ' 06;0 s, we have that f; = f; in 7= (U;NUj),
and therefore we have a well defined map f : E; — FEs. It is

immediate to see that f satisfies all the requirements in order to be
an equivalence.

We have seen that a vector bundle endowed with an atlas leads
to the existence of a family of transition functions which satisfy the
cocycle conditions. A remarkable property is that also the inverse
is true.

Proposition 2.2.7. Let M be a manifold endowed with an atlas
A = {(Ui, ¢i) }yier. We are also given a family of maps ¢i; : U; N
U; = GL(r,R) satisfying the cocycle conditions. Then there ezists a
unique vector bundle E (up to isomorphism) over M with transition
functions ¢;;.

Proof. Consider E' = (J,.;(U; x R"). We denote with £ = E/ ~

the quotient of F with respect to the equivalence relation ~ de-
fined as follows. Take (z,v) € U; x R" and (y,w) € U; x R", then
(z,v) ~ (y,w) if and only if x = y and ¢;;(z)(w) = v. The cocycle
conditions guarantee that ~ is actually an equivalence relation.

It is clear that the projection on the first component 7w : £ — M
is surjective and that 7=1(U;) = (U; x R")/ ~. Since we have that
different elements in U; x R" are not equivalent, then we can define
a bijection x; : 7 1(U;) = U; x R™. If z € U; N U; and v € R”, then
the unique element in U; x R” that is equivalent to (z,v) € U; x R”
is (z,¢;:()(v)), which implies that x; o x; ' (z,v) = (, ¢;i(z)(v)).
In particular it holds that for each i € I, m o x; = 7|z-1(;). This
last two results are enough to say that E is a vector bundle with
transition functions ¢;; with respect to the atlas {(U;, xi) }ier. In-
deed, if € U;, then x;|g, is a bijection by construction. Therefore
we can endow FE, with a structure of vector space as follows. For
each uy, us € E, we define their sum as

Uy + ug = Xi_l(xavl + v9)

where u; = x; (2, v)) for [ = 1,2, and if A € R, the product Au is
defined as
My = x; H(w, Avy)

22



Now we need to show that these two operations do not depend on the
choice of the local trivialization. Then let j € I such that U;NU; # 0,
and x;(w) = (z,w;). We have that (x,v) = x; o Xjfl(x,wl) =
(x, ¢ij(x)(w;)), and thus

Xi (@, 01+ v2) = X; (@, g (2)wr + ¢ (x)ws)) =

Xi (2, dij (01 +02)) = xi o (xa o x; (&, w1+ wy)) = X5 (2, Wy + wy)
which proves that the sum does not depend on the choice of the local
trivialization. Similarly one proves the same for the scalar product.
Consider U; := 7 '(U;), and the maps on them @; := (¢;,id) o x;.
Then we have that

P © @;1 = (pio @;1, dij)

are C*°-maps, and therefore we can endow F with a manifold struc-
ture, with atlas A := {(U;, ¢;)}. It is easy to check that 7 : B — M
satisfies all the properties in order to be a vector bundle of rank r.
It is only left to prove that the bundle is unique up to an isomor-
phism. Let 7 : E — M be a vector bundle over M, with transition
functions ¢;;, and trivializations X, : 7~ 1(U;) — U; x R". We define
fi iYW U) — 77 YU;) as f; :== X; " oxi. We see that if U;NU; # 0,
then in 7= H(U;) N7~ 1(U;) it holds that f; = f;, indeed this is true
if and only if

XioXi=X; oX; e XioX; =XioX;

and this last relation is true since the two vector bundles have the
same transition functions. By the fact that for each ¢ € I, the
maps f; are diffeomorphisms which are linear on the fibres and that
7o f; = m, we conclude that f : E — E is an isomorphism (actually
an equivalence) of vector bundles. This concludes the proof. O

Definition 2.2.8. Let 7 : E — M be a vector bundle over M, and
let U C M be open. Then a differentiable map s : U — E is called
a local section if 7o s =idy. A global section is a differentiable
map s : M — E such that m o s = id,;. We denote the vector space
of global sections as E(M).

Each vector bundle admits always global sections, as one can
easily prove, see for instance [1|. However, it is not always true
that it is possible to build a global section that never vanishes.
We highlight some important sections using the above examples of
vector bundles.
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Example 2.2.9. If M is a manifold, then the vector space of vector
fields 7(M), is the space of sections of the tangent bundle 7 : TM —
M. Similarly the space of differential 1-forms over M, denoted
with A'(M), coincides with the sections of the cotangent bundle
m:T*"M — M.

Before concluding we define a richer structure of vector bundle,
which will arise in the study of principal bundles. In what follows
let M be the base manifold, and G a Lie group.

Definition 2.2.10. Let 7 : E — M be a vector bundle of rank 7.
Then we say that it is a G-vector bundle if there exists

1) an action 6 : G x R" — R" of G on R"
2) an atlas A = {(U;, xi) }ier and a family of maps g;; : U;NU; —
G such that if v;; are the transition functions of A4, then
Vij(x,v) = 0(gij(x), v) (2.12)
for each x € U; NU; and v € R".

Example 2.2.11. We observe that every vector bundle 7 : £ — M
of rank 7 is a GL(r,R)-vector bundle with fibre R". Other exam-
ples of G-vector bundles will be shown in the subsection devoted to
Principal Fibre bundles.

2.2.2 Principal Fibre Bundles

Definition 2.2.12. Let M be a manifold and G a Lie group. We
call principal fibre bundle over M with structure group G, a
manifold P with a right action of G, such that

1) G acts freely on the right (p,g) € Px G = o4(p) =p-g€ P
2) M is the quotient space of the equivalence relation* induced

by G, and the canonical projection 7 : P — M = P/G is
differentiable.

3) For each x € M there exists a neighbourhood U of z in M
and a diffeomorphism y : 77 1(U) — U x G such that x(p) =
(m(p), #(p)), namely the following diagram commutes

(U) 2> UxG

(
l’r/ (2.13)

U

4Two point p1,p2 of P are equivalent if there exists g € G such that og4(p1) = pa.

24



and ¢ : 71 (U) — G satisfies ¢(p - g) = ¢(p)g for each g € G.
The map m; is the projection on the first component.

We call P the total space, M the base space, and G the struc-
ture group. Since the canonical projection is a submersion, 7—!(z)
is a closed submanifold of P for each x € M, and it is diffeomorphic
to G. We call 7~!(x) the fibre in z, and by definition if u € 7=!(z)
then 77(z) ={u-g: g€ G}.

If P is a fibre bundle, then by 3) there exists a covering {U;},., of
M and a local trivialization {x;},., associated to it. We call the
family A = {(U;, xi) },c; an atlas of the bundle.

One may observe that for z € U; N U; with i # j and p € 7 *(z)

the product ¢;(p-g)(¢;(p-9))~" = ¢i(p)p;(p)~* for each g € G does
not depend on p € m~!(x) but just on z. Therefore, we can define

for U; N U; # 0 the maps
9ij UiﬂUj — G

r > gij(x) := di(u)g(u) ™ (2.14)
where u € 77 1(z). If (z,9) € (U;NU;) x G then we see that

Xio X ' (z,9) = (,9;(2)g)
and this family of maps g;; satisfy the relations
gagiy = g5 in U;nU;NU #0)
gijgsi=e¢ in U;NU; £ 0
gi =e in U; (2.15)
which are called the cocycle conditions. We clearly see the anal-

ogy with the vector bundle transition functions, and also in this case
we have the following definition.

Definition 2.2.13. Let 7 : P — M be a principal fibre bundle, with
structure group G over M, endowed with an atlas A = {(U;, x1) }ier-
The family of smooth maps g;; : U; N U; — G defined by equation
(2.14) are called transition functions of P with respect to the
atlas A.

Example 2.2.14. If M is a manifold and G a Lie group, then the
product manifold P = M x G, endowed with the projection on the
first component w : P — M, is a principal fibre bundle over M.
Here the action of G on P is o, (z,9) = (2,9 - 1) for each x € M
and g,q9; € G.
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Ezample 2.2.15 (The Frame Bundle). Starting from a vector bun-
dle 7 : E — M of rank r we can build a principal bundle as follows.
For each fibre E, we can consider the set F'(E), of all basis of E,.
We denote with F'(E) = J,cp F(E), and with 7 : F(E) — M
the canonical projection on M. Local trivializations of 7 : E — M
induce local trivializations of F/(F). Indeed, if {0y, ...,0,} is a local
frame for F in U C M, then we can build

X: 7 HU) = U x GL(r,R)

that associates to each basis {ei,....e,.} in F(FE), = 7 (z) the
couple (z,A), where A = (a) € GL(r,R) is the unique matrix
such that

en =Y aion(x)
k=1
for x € U. Moreover, GL(r,R) acts on each fibre. Therefore, F/(F)
is a principal fibre bundle with structure group G = GL(r, R).

Definition 2.2.16. Let m; : P, — M; and my : P, — M, be two
principal fibre bundles, both with structure group G. A principal
bundle map from P, to P; is defined as a differentiable map f :
P, — P, such that

flp-9)=fp)-g Ve P, VgeC (2.16)

Notice that this means that f maps the fibre of p to the fibre of
f(p). Condition (2.16) tells us more, each fibre in P; is carried
diffeomorphically onto a fibre of P,. Therefore, we can define a map
f+ My — Ms such that myo f = fomy, namely the following diagram

commutes

Pl%PQ

l“ i l” (2.17)

M1L>M2

If P, and P, are principal bundles over the same base space M, we
say that a principal bundle map f from P; to P, is an equivalence
if the induced map f : M — M is the identity. In this case it is
easy to verify that f is a diffeomorphism and the inverse is also an
equivalence. If moreover P, = P, and f is an equivalence, the we
call it an automorphism.
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As we already did for equivalent vector bundles, we now introduce
a characterization for equivalent principal fibre bundles. We will see
that it is really similar to the characterization for vector bundles,
and it is strictly related to the concept of Cech cohomology, which
is defined in Appendix B. In particular we will show that there is a
one to one correspondence between the set of all G-principal fibre
bundles (up to equivalence) over a manifold M and the classes of the
Cech cohomology with coefficients in the sheaf of smooth G-valued
functions on M.

Remark 2.2.17 (Characterization for equivalent principal bun-
dles). Let 7 : P — M and 7@ : P — M be two principal fibre bun-
dles with structure group G, and base manifold M. If f: P - P
is an isomorphism of principal bundles, and A = {(U;, x;)}ier,
A = {(U;, Xi) }ier are two atlases for P and P respectively, then
we can define the maps hi = Yio fox; ', and the following diagram

commutes

W U) —L #1U)

2 e (2.18)

UZXGL)UZXG

It is easy to verify that there exists a family of maps h; € C*°(U;, G)
such that

~

hi(z,g) = (x,hi(x)g) Y(z,g9) € U; x G

Since f is well defined, we have the relation

Vilohioy = f(]_l o ilj ox; in 7 HU;NU)

(]

which easily implies that
Gij = higijhj_l in U;NU; #0 (2.19)

where {g;;} and {g;;} are the transition functions of A and A.
Conversely if A and A are as above, and their transition func-
tions {g;;} and {g;;} satisfy the equation (2.19) for a family h; €
C>=(U;, G), then with a construction similar to the one of Remark
2.2.6 we can build an equivalence between P and P.

We have seen how a principal fibre bundle leads to a family
of transition functions satisfying the cocycle conditions. The fol-
lowing proposition, which is the equivalent of Proposition 2.2.7 for
principal bundles, guarantees that given a manifold M, a covering
U = {U;}ier and a family of maps g;; € C(U; N U;, G) satistying
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the cocycle conditions, we can build a principal fibre bundle over M
with structure group G.

Proposition 2.2.18. Let M be a manifold and {U;},.; a covering
for M. If g;; - UiNU; — G is a family of differentiable functions
satisfying the cocycle conditions, then there exists a principal fibre
bundle P with structure group G and base manifold M with transi-
tion functions g;;.

The proof is essentially the same of Proposition 2.2.7. For further
details see [22], Proposition 5.2.

Definition 2.2.19. Let 7 : P — M be a principal bundle with
structure group G. A local cross section s : V C M — 7 1(V)
is a smooth map from an open subset V of M into P such that
mTos=1idy.

Definition 2.2.20. Let 7 : P — M be a principal fibre bundle
over M, with structure group G. If s : V. — 7 1(V) is a local
cross section, and g € C°(V,G), then we define the local gauge
transformation s/(z) := s(z)-g(z) for each x € V, which is clearly
again a local cross section.

The following Proposition highlights that there always exists a
gauge transformation between two different local cross sections de-
fined in the same open subset of the base manifold.

Proposition 2.2.21. Let 7 : P — M be a principal fibre bundle
over M, and structure group G. Let V. C M be open, then:

1) If hys : V — 7w Y(V) are two local cross sections, then they are
gauge equivalent.

2) Every change of cross section in 'V, induces a local automor-
phism f: 7Y (V) — 7= Y(V), and also the inverse is true.

Proof. 1) If h,s : V. — 7 1(V) are both cross sections then there
exists a gauge g : V — G such that s = h, and this is due to
the fact that for every x € V the elements h(x) and s(z) are in
the same fibre, and so there exists a unique g(x) € G such that

s(z) - g(x) = h(x).

2) Indeed, if s : V — 77 1(V) is a local cross section, then each
fibre in 771(V) can be written as 7~ !(x) = {s(z)h| h € G} for
x € V. Then, if g € C>(V,G) is a local gauge transformation, we
can define the automorphism

7N (V) 3 s(x)h s s/ (x)h € 7 (V)
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Conversely if f : 7= 1(V) — 7 1(V) is a local automorphism and
s:V — 77 1(V) is a cross section, then V' 3 x — f~1(s(x)) €
7~ 1(V) is clearly a cross section, and by 1) we obtain a local gauge
transformation. O

In Example 2.2.15 we saw that starting from a vector bundle we
can build a principal fibre bundle, called the frame bundle. The
following Theorem tells us that also the inverse is true. Namely, if
m: P — M is a principal fibre bundle, with structure group G, and
such that GG acts on the left on some vector space V, then there is
a rule that let us build a vector bundle with fibre V and structure
group G, associated to P in some sense. Actually the below result
is more general, and it holds for principal bundles with structure
group acting on the left on manifolds (and not only vector spaces).
For further details see for instance [1].

Theorem 2.2.22. Let w: P — M be a principal fibre bundle with

structure group G, V a vector space and p : G — GL(V) a group

representation®. Then it holds

1) The map

R:(PxV)xG—PxV
((p.v).g) = (- g.p(97")(v)) (2.20)
is a free right action of G on P x V.

2) The quotient space P xgV = (P xV)/G has a unique structure
of manifold, with respect to which the quotient map 1 : PxV —
P xqgV s a submersion.

3) If m : P xV — P is the projection on the first component,
then the following diagram

PXVLPXGV

lm lﬁ (2.21)

P———— M

defines a map 7™ : P XqgV — M with respect to which P xgV
is a G-vector bundle with fibre V, with left action given by the
group representation p.

5A group homomorphism p : G — GL(V), where GL(V) denote the group of automor-
phisms of a vector space V, is called group representation
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Proof. 1) This first step is an easy exercise.

2) First of all we need to show that the map 7 is well defined. This
request is equivalent to prove that m o m; is constant on the orbits
of R, which is true. Indeed, if ¢ € G and (p,v) € P x V, then
mom(p,s) =m(p) =7(p-g) =mom(p-g,p(g~")(v)).

Let A = {(U;, xi) }ier be an atlas for 7 : P — M, with transition
functions g¢;; : U;NU; — G. We define the following family of maps

Ei : Ul XV — fﬁl(Uz)

(z,0) — ¥(x; (2, ¢),v) (2.22)
We show that for each z € U; the map &;(z,-) : V — 7 '(z) is bijec-
tive. This is true if and only if for each 1)(p,v’) € T1(z) there exists
and is unique v € V such that ¥ (p,v') = ¥(x; ' (z,€),v). This last
request is satisfied if and only if there exists and is unique g € G
such that (p-g,p(¢71) (") = (x;*(x,e),v). The solution g € G
exists and is unique, and one fixes v = p(g~1)(v').
Therefore, all the &, are bijective, and we denote ; := E;l 7Y U) —
U, x V. We have that

Y]-_I(ZL‘,’U) = Tﬁ(X;l(%e)aU) = w(Xi_l(xvgije)vv)

= v(x; (2, 0), pg35) (V) = Xi ' (2, plgi) (v))
In particular A := {(U;,X;)}ies is an atlas for P x¢ V, and it in-
duces a differentiable structure on it. Moreover, since ¢, are all
differentiable, we get that also ¢ is differentiable, and it is actually
a submersion. It is easy to prove that also 7 is differentiable and

surjective, a precise proof of this last fact can be found in Exercise
2.83 of [1]. O

Remark 2.2.23. It 7 : P — M 1is a principal fibre bundle with
structure group G, we know that Ad : G x g — g is a left action
on the Lie Algebra g. Therefore thanks to Theorem 2.2.22, we can
build a G-vector bundle @ : P xg g — M over M, with fibre g.
This is called the Adjoint bundle associated to the principal fibre
bundle 7 : P — M.

2.3 Connections

Connections on vector bundles are geometrical tools, born in order
to define the concept of derivation of a section along a curve on
the base manifold. The classical idea used in T'(R") = R™ x R"
of defining the derivative as limit of the difference quotient, do not
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work for general vector bundles, since a section usually gives us vec-
tors in different vector spaces (although with the same dimension)
for different points on the base manifold. For this first subsection
we refer to |1, while for the third subsection, where we will define
connections also for principal fibre bundles, we will mainly use as
reference [22].

In the second subsection, instead, we will define the Second funda-
mental form, and the Shape operator, for a Riemannian manifold.
These last interesting geometrical constructions, are presented here
just for an Analytic purpose, since the Shape operator naturally
arises in the Euler-Lagrange equations of weakly harmonic maps,
that will be studied in Chapter 5. The relation between the Ana-
lytic problem of weakly Harmonic maps and the Shape operator is
explored for instance in [42].

2.3.1 Connections on a Vector Bundle

Let M be a manifold, and 7 : E — M a vector bundle on it.

Definition 2.3.1. A connection over the vector bundle F is a
function

Vi 7(M) x E(M) — E(M)
(X,s) — Vxs (2.23)
such that the following are satisfied
1) VX, Y € 7(M) and Vfy, fo € C*(M,R)
Vixtpys = fiVxs+ foaVys (2.24)
for each s € E(M).
2) VX € 7(M) and Vsy, s, € E(M) it holds
Vxaisy + asss = a1Vxsy + aaVyss (2.25)
for each aq,as € R.
3) VX € 7(M) and Vs € E(M) it holds
Vx(fs)=X(f)s+ fVxs (Liebniz’s rule)  (2.26)
for each f € C*(M,R).

The section Vxs € E(M) is called the covariant derivative of
s € E(M) along X € 7(M). It E = TM then we will call V a
linear connection, and later we will see a fundamental example of
it.
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If V is a connection over the vector bundle 7 : £ — M, then
the value of (Vxs)(x) depends just on the value of X, and on the
behaviour of s in a neighbourhood of x € M. The following Lemma
makes precise this assertion

Lemma 2.3.2. Let V be a connection over the vector bundle m :
E — M. Then

1) If X, X € 7(M) and 5,5 € E(M) are such that X, =
and s = § in a neighbourhood of x € M, then (Vxs)(x)
(V3)(@).

In particular we can improve this first point as follows

2)If X € 7(M) and s,5 € E(M), and there exists a curve vy :
(—e,e) = M such that v(0) = z and 7/(0) = X, and moreover
soy=35or, then (Vxs)(x) = (Vx3)(x).

A proof for this technical result can be found in [1]. In particular

using Lemma 2.3.2, one can prove the following result, which we

will just state for the sake of completeness and whose proof can be
found for instance in [1].

Xa

Theorem 2.3.3. Each vector bundle m : E — M admils a connec-
tion.

One may want to express a connection locally. Let then (U, ¢) be
a local chart for M that also trivializes locally the vector bundle 7 :
E — M of rank r, namely such that there exists a local trivialization
for £

x:m HU) = UxR"
Then the canonical basis ey, ..., e, of R" determines a local frame for
71 (U), i.e. €y,...6, € E(U) as follows
e :U—7'(U)
z— x ' (z,¢5)

While the chart ¢ : U — ¢(U) C R" determines a local frame
{0y, ..., Oz, } for the tangent bundle 7M. Then we obtain the exis-

tence of F;‘h € C(U,R), called coefficients of the connection®,
such that

Vo, o= The (2.27)
k=1

where j = 1,...,n and k,h =1,..,r. If X € 7(U) and s € E(U),
using equation (2.27) and properties 1),2) and 3) of Definition 2.3.1
we get

Vs = (X(s") 4+ T5Xs,)e (2.28)

6If E = TM, then the coefficients of the connection are called Christoffel symbols
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Connection as a differential form Let 7w : F — M be a vector bundle
over the manifold M. We know that k-differential forms over M are
sections of the bundle A¥T*M. Similarly k-differential forms with
values in E are sections of the bundle A*T*M ® E, and we will
denote them with A*(E). We now give an alternative definition of
connection over FE.

Definition 2.3.4. A connection over the vector bundle 7 : B — M
is a R-linear operator

V:E(M)— AYE) (2.29)

such that V(fs) = fVs +df ® s, for each s € E(M) and f €
C>(M,R).

The relation with Definition 2.3.1 is the following. If V is a
connection over 7 : ' — M, then for each X € 7(M), we have

Vxs=(Vs, X) (2.30)

where in this context (-,-) is defined as follows. If w € A'(E) it
can be expressed as w = ), w; ® s; where s; are sections of F, and
w; € AY(M). Then we have (w, X) := Y, wi(X)s;.

Remark 2.3.5. Let m : E — M be a vector bundle over M, and V a
connection over it. Moreover assume that (U, ¢) is a local chart for
M, such that there exists a local trivialization

x:m N U)—UxR"

Then if {€;, ...,€,} is the associated frame for £ in U, we have that
Ve =Y whee (2.31)

The local chart ¢ let us express the one forms wf locally as follows

w = dex
Z

for proper Fk € C(U,R). The smooth functions Ffj are exactly
the Coefﬁments of the connection, indeed

Vo, € = (Vej, 0, g w O, ek—E Fljek

Definition 2.3.6. The matrix w whose entries are the differential 1-
forms w¥ of equation (2.31) is called the 1-form of the connection,
with respect to the fixed frame.
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Changing the local frame we get of course a different 1-form of
the connection, which is related to the first one by a significant equa-
tion. We develop the calculations here because the aforementioned
equation is relevant to us, as it will be extensively explained in Ex-
ample 2.3.30.

Let {éi,...6,} be another frame for £ in U. Then it exists and is
unique A € C>*°(U,GL(r,R)) such that

,

~ k—

€ = E apey
k=1

where A = (af)px=1.. . If © = (@) is the 1-form of the connection
with respect to the frame é4, ..., €., then we have

Vé =l @ é, = o) ® dley, = ajo! @ ey,
but also, thanks to Definition 2.3.4, we get

Vé; = V(aFe,) = a¥Ve, + daf @ &, = afw, @ & + daF @ 7,
= (a{wf + daf) ®

where w = (wF) is the 1-form of the connection with respect to the
frame ey, ...,€,, and in the last identity we have just renamed the

indexes. These last two equations lead to

k

ayoh

i

_ . J, .k k
= q;w; + da;
which in matrix representation reads as

Ab=wA+dA=0=A"1dA+ A 'wA (2.32)

Levi-Civita Connection

In this subsection we introduce a fundamental connection, called
Levi-Civita connection, on the tangent bundle T'M of a Rieman-
nian manifold (M, g). It has a deep geometrical meaning, and as we
will see it is completely determined by the metric we are considering
on M.

Definition 2.3.7. Let (M,g) be a Riemannian manifold, and V
a connection on the tangent bundle TM. Then we say that V is
compatible with the metric g if for each XY, Z € 7(M), it holds

Z(g(X,Y)) =g(VzX,Y)+g(X,V5Y) (2.33)
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There are several equivalent definitions of connection compatible
with the metric of a Riemannian manifold, many of them regarding
the parallel transport, see [1|. However, since this tool is not fun-
damental for this work, we will just state one characterization for
compatible connections, which is actually the compatibility condi-
tion expressed in a generic local chart for M.

Proposition 2.3.8. Let (M,g) be a Riemannian manifold and V
a connection on the tangent bundle. The followings are equivalent

1) V is compatible with the metric g
2) In each coordinate system (U, ) for M it holds

02,815 = glj]'—‘ici + gz‘zﬂcj (2.34)
where Ffj are the Christoffel symbols.

Proof. 1)= 2) Let (U, ) be a local chart for M, and 0,,,0y,, 0, €
7(U), then we have

axkgij = axkg(am” axj) = g(vamk Oz axj> + g(axm Vamk am]-)

where the second identity is of course due to 1). Now we have that
Vazk O, = Fﬁci&pl, and therefore

855kgij = g(réﬁiaﬂfw axj) + 8Os, kajaxz) = gzjrgm‘ + gilrgcj

2)=-1) Since the compatibility condition holds for every local chart,
then of course it holds for every vector field over M. O]

Example 2.3.9. If M = R"™ and we endow it with the Euclidean
metric, then it is clear that for each XY, Z € 7(R"™), we have

Z2(X-Y)=2(X)-Y +X-Z(Y)

Therefore the flat connection is compatible with the Euclidean met-
ric.

Proposition 2.3.10. Let V be a connection on the tangent bundle
TM of a manifold M. Then we have that the operator

K:T(M)x1(M)— 7(M)
(X,Y)— VxY - VyX — [X,Y] (2.35)

is C*°(M,R)-linear, and antisymmetric.
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Proof. The antisymmetry is obvious. Take f € C*(M,R) and
X,Y € 7(M), then

K([XY) = VixY =Vy(fX)-[fX,Y] = fVxY - fVy XY (f) X+
— X Y]+ Y ()X = fr(X,Y)
and this proves the assertion. O]

Definition 2.3.11. Let M be a manifold, and V a connection on
the tangent bundle TM. Then we say that V is symmetric if for
each X,Y € 7(M) the following holds

K(X,Y) =0 (2.36)

Remark 2.3.12. Note that this definition is the generalization to an
arbitrary manifold, of the obvious property of the flat connection on
R?’L

XY)-Y(X)-[X,Y]=0
where X, Y € R".

Also in this case we have equivalent definitions of symmmetric
connection over the tangent bundle T'M of some manifold M.

Proposition 2.3.13. Let V be a connection on the tangent bundle
TM of a manifold M. Then the followings are equivalent

1) V is symmetric

2) In each coordinate system one has that the Christoffel symbols
are symmetric, namely

F;n' - th (2.37)

Proof. We prove 1)=- 2), which is actually just a computation.
Indeed, if (U,p) is a local chart for M, then we have that for
Ou;, 0, € T(U)

Iﬁ;(aggi, 8%) = Va

T

aﬂﬁj - Vazj 81% - [aﬂﬁmaﬂ?g] = ( Z - F_];l)axk =0
=0

and this leads us to the wanted symmetry identity.

2)= 1) is obtained by expressing locally two generic vector fields

X,Y € 7(M), and then using the symmetry of the Christoffel sym-

bols. O]
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One can prove that there are infinite connections over the tan-
gent bundle TM of a Riemannian manifold (M, g) that are com-
patible with the metric. However, the following Theorem shows us
that there exists and is unique a connection on 7'M which is both
compatible with the metric and symmetric. This connection is the
candidate to be the Levi-Civita connection.

Theorem 2.3.14 (Levi-Civita). Let (M, g) be a Riemannian man-
ifold. Then there exists and is unique a connection V on the bundle
T M which is both symmetric and compatible with the metric g. Fur-
thermore it holds

e(VyY. 7) = %(Xg(Y, 2)+ Ya(Z, X) — Zg(X,Y)+

g(1X, Y], 2) — (V. 2. X) + (17, X Y)) (2.38)

which expressed in local coordinates gives us the following equation
for the Christoffel symbols”

1 8gl, ag, 8g.,
Fk — _ okl J il v 9.

A proof for this important result can be found in [1].

Ezxample 2.3.15 (The Levi-Civita connection of a Lie Group
endowed with a bi-invariant metric). Let G be a compact and
connected Lie Group endowed with a bi-invariant metric g, and V
the Levi-Civita connection on it. Then if XY are left-invariant

vector fields it holds )
VY = Q[X’ Y] (2.40)

To prove this, first we observe that if X, Y, Z are left-invariant vector
fields, then
Indeed, we already observe that if g € G then [X, Y], = %Adv(t)(Y)h:O,

where v is the integral curve of X such that v(0) = g, and since g
is Ad-invariant we get

d
0 (Y, Z)’t:o = —g(Ad,y(t)Y, Ad“{(t)Z)‘tZO =

~at® dt
= g({X7 Y],Z) + g(Y7 [Xv Z])

7If (U, $) is a local chart for M, then if € U we denote with (g(x)*!)s,; the inverse matrix
of (g(x)i;j)i; in the chosen local system of coordinates
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Since g is bi-invariant, it is left invariant, which means that X (g(Y, Z)) =
Y(g(Z, X)) =2Z(g(X,Y)) =0, for each XY, Z left-invariant vector
fields. Therefore under these assumptions equation (2.38) becomes

B(VxY,2) = 3 (8(1X.Y]. 2) ~ g(X.[¥, 2]) + (12 X]. V)

which thanks to equation (2.41) can be rewritten as
1

and proves the wanted equation (2.40).
We now exhibit a last example before moving on.

Erample 2.3.16. Let (M, g) be a Riemannian manifold, and let M be
a submanifold of M. We endow M with the Levi-Civita connection
V, and in M we consider the induced metric®. In this example we
show that the Levi-Civita connection V for (M,i*g) is given by

VxY =T(VxY) VX,Y € 7(M) (2.42)

where T : TM — TM is the orthogonal projection. First we
show that it is compatible with the induced metric :*g. Indeed,
we consider T,M as a subspace of T, M for each x € M, and if
X,Y,.Z € 7(M), then we have

Zi'g(X,Y) = Zg(X,Y) = g(VzX,Y) + &(X,V5Y) = (x)

and since it is clear that g(V,X,W) = g(T(VzX), W) for each
W € 7(M), then we have that

(%) = 8(T(V2X),Y) +g(X, T(VzY))

which proves that V is compatible with the induced metric. Finally
we see that

VxY —VyX = T(VxY — VyX) = T([X,Y)])
but of course [X,Y] € 7(M), and therefore T([X,Y]) = [X, Y], and
we conclude.
2.3.2 Second Fundamental Form & The Shape Operator

In this subsection we define a tool which is useful in order to study
the relations between the geometry of a Riemannian manifold, and a

8If i : M < M is a submanifold of the Riemannian manifold (M, §), then the induced
metric on M is given by the pull-back i*g
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submanifold endowed with the induced metric, see [1]. However, we
introduce it just for an Analytic purpose regarding weakly harmonic
maps, see Chapter 5. ~

Let M be a submanifold of a Riemannian manifold (M, g), and we
endow M with the induced metric.

Definition 2.3.17. We denote with T : TM — TM and with
L : TM — (TM)* the orthogonal projections. We call 7(M, M)
the space of sections over M of T'M|,;, and with N'(M) the subspace
of sections of T'M |, orthogonal to T'M.

Definition 2.3.18. Let M be a submanifold of a Riemannian man-
ifold (M,g). The second fundamental form is the linear form

IT : N(M) x 7(M) x 7(M) = C*(M,R) (2.43)
given by II(N,X,Y), = g.(VxN,Y) where V is the Levi-Civita
connection of M, and x € M.

Proposition 2.3.19. Let M, M and I1 be as in Definition 2.3.18.
Then for each N € N(M) and X,Y € 7(M) it holds

II(N,X,Y)=—g(N,VxY) Weingarten’s Formula (2.44)
Moreover I1 is C*(M,R)-linear, and symmetric with respect to the
last two entries.

Proof. The C*(M, R)-linearity with respect to the last entry is ob-
vious. As far as the second is concerned, let f € C*°(M,R), then
we have that

II(N,fX,Y) = g(VixN,Y) = g(fVxN,Y) = f§(VxN,Y) =
= fII(N,X,Y)
While for the first component we observe that
II(fN,X,Y) = &(Vx[N,Y) = &(fVxN + X(f)N,Y) =
= &(fVxN,Y) = f&(VxN.Y) = fII(N,X,Y)
where the third identity is due to the fact that X (f)N € N (M), and

therefore g(X (f)N,Y) = 0. In particular since V is the Levi-Civita
connection, then we have

II(N,X,Y) = §(VxN,Y) = X(§(N,Y))~g(N, VxY) = ~g(N, VxY)

which proves the Weingarten’s Formula. Finally, using always the
properties of the Levi-Civita connection, we obtain

II(N,X,Y)—II(N,Y,X) = g(N,-VxY+VyX) =g(N,[YV,X]) =0
which gives us the symmetry with respect to the last two components

of the second fundamental form. O
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We define now another fundamental operator, strictly related to
the second fundamental form, which will be used in Chapter 5 when
we will introduce weakly harmonic maps.

Definition 2.3.20. Let M be a submanifold of a Riemannian man-

ifold (M, g). The shape operator of M, is the operator
S:T(M)x7(M)— N(M)
(X,Y) — —L(VxY) (2.45)

Remark 2.3.21. The second fundamental form and the shape oper-
ator are related by the following formula. As always let N € N'(M)
and X,Y € 7(M), then

[I(N,X,Y) = g(N, S(X,Y)) (2.46)

This identity is obtained thanks to the Weingarten’s formula. As
a consequence we get that the Shape operator is C*° (M, R)-linear
and symmetric. This means that for each x € M the shape operator
defines a symmetric bilinear operator

Syt TeM x T,M — (T, M)*+

Moreover, from Example 2.3.16, we deduce the following equation
which relates the Shape operator with the Levi-Civita connection in
M, and the induced Levi-Civita connection on M

VxY =VyxY - S(X,Y) (2.47)
for each XY € 7(M).

2.3.3 Connections on Principal Fibre Bundles

Let m: P — M be a principal fibre bundle over M and with struc-
ture group G. For each p € P we call G, the subspace of T, P made
of vectors tangent to the fibre {p-¢g | g € G} in p.

Definition 2.3.22. A connection ' in 7 : P — M is a differen-
tiable distribution H, over P such that

1) T,P = H,® G, for each pe P

2) The distribution is right invariant under the action of the
structure Lie group G, i.e. Hp., = (do,),H, for each p € P and
g€ Gq.
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We call GG, the vertical subspace and H, the horizontal sub-
space of T),P.

By 1) we deduce that every vector X € T,P can be uniquely
decompose in the sum of its horizontal component X* and vertical
component XV, i.e X = X# + XV where XV € G, and X € H,.
We can associate to each connection I' in P a g-valued 1-form w on
P. The construction for w is the following.

The action of G on P induces, as stated in Proposition 2.1.21, a Lie
algebra morphism o : g — 7(P), where 0(A) = A%, and since the
action is free then o is an isomorphism into its image. It is called
the fundamental vectorfield corresponding to A.

Moreover, A* was defined as A := 4 (p-exp(tA))|o for each p € P
therefore Afj € G, Vp € P. But then this means that for every
p€ Pthemapg> A — Ag € () is an isomorphim, and therefore for
every X € T,P there exists a unique A € g such that X = X —|—A§).
We define w,(X) := A.

Obviously w(X) = 0 if and ounly if X is horizontal.

Definition 2.3.23. Let 7 : P — M be a principal fibre bundle with
structure group G. Then if I" is a connection on P, we call the g-
valued 1-form w associated to I', defined in the above construction,
connection form.

The following proposition is the characterization of connection
forms on P. Namely we pinpoint the necessary and sufficient con-
ditions for a g-valued 1-form on P in order to be a connection form.

Proposition 2.3.24. Let 7 : P — M be a principal fibre bundle
with structure group G. A connection form w on P satisfies the
following conditions:

a) w(A¥) = A for every A€ g

b) (04)"w = Ad,-10w, that is to say wy.g((doy),X,) = Adg—1 (w,(X,
for every vector field X on P and g € G.

Conversely given a g-valued 1-form w on P satisfying condition a)
and b) there is a unique connection in P whose connection form is
w.

Proof. Let w be a connection form over the principal fibre bundle
m : P — M. Point a) is a straightforward consequence of the
definition. For point b) assume that p € P and X € T,P. Then
we can decompose X = X7 4 XV = X 4+ A? where A € g is the
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unique element of the Lie Algebra g, such that AE, = XV. Then we
have that

(T5)p(X) = wa, () (dog (X)) = wa, () (dog (X ) + dog(A})) =

= Woy(p) (dUg(Aﬁ))

where the last identity is due to the fact that doy(X*™) € H, () by
definition of horizontal subspace. Now, as already observed in the
first section of this chapter, if we call L, : G — P the map defined
by L,(h) := on(p), then

Ag =dL,(A,)

where A, € T.G = g. Therefore, we get

oy (A7) = (dorgod L) (Ac) = (g0 L) (A = 5 (0 exp(tAc)g) oo =

d

d

73(p) 97" exp(tAe)g) im0 = T (04(p) - exp(Ady-1(t40)) o =

—: (Ad,1(A))*

og(p)

which means that (o;w),(X) = Ady-1(A) = Ady-1(w,(X)), proving
the first part of the proposition.

Conversely let w be g-valued 1-form on P that satisfies both a) and
b). For each p € P we define the following linear subspace of T, P,

H, ={X e€eT,P: wy(X)=0} (2.48)

If X € T,P is tangent to the fibre, then X = Af, and thanks to point
a) wp(Af) = A € g. This proves that for each p € P the subspace
H, has always the same dimension, and moreover T,P = G, ® H,.
Furthermore, p — H, is differentiable, since w is a differentiable
form, thus H, is a smooth distribution. Using point b) we easily
obtain also that if X € H,, for p € P, then do,(X) € H,, ) for
each g € GG. This concludes the proof. O]

Suppose now that A = {(U;, X;)},c; is an atlas for the principal
fibre bundle 7 : P — M, and w is a connection form in P. As always
we will denote the family of transition functions with {g;;}. If we
consider the family of trivial local cross sections

S; - Ul — 7T_1(UZ')

x— si(z) = x; (2, €) (2.49)
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then we can build locally a g-valued one form on U; using the pull-
back

Pp— * 3
A;=siw in U;

A; is called local gauge potential on U; in the cross section s;.
Suppose now that U; N U; # 0 for some i,5 € I. Then in this
intersection A; and A; satisfy the below compatibility condition.

Proposition 2.3.25. Let © be the left invariant g-valued canonical
1-form. For each non empty U; N Uj let ©;; 1= g;;©. Then in the
above hypothesis

Aj = Adg_—_l @) Az + @ij m Uz N Uj # @ (250)

Conversely if a family {A;},.; of g-valued 1 forms, defined on the
covering U = {U;}ier, satisfies condition (2.50), there is a unique
connection form w on P such that A; = sjw.

Proof. We first prove that if w is a connection form and A; := sjw
is the above family of g-valued one forms, then they satisfy the
compatibility condition. It is easy to verify that s;(z) = s;(z)-gi;(2)
for every x € U; N U;. This relation show that s; in U; N U; can be
seen as the following composition of maps

UuinU; — PxG — P
z = (8i(2), 9i5()) = 5i(x) - gij(z) (2.51)

and so by the Leibniz’s rule (see [22|, Proposition 1.4) we have that
forz e U;NU; and v € T, M

(ds;)2v = (dog,;(0))si(x) (dSi)xv + (AL (@) ) g3 () (AGif )2V

where by an abuse of notation we have called Ly,,) : G — P the
map defined as L, ;)9 = s,() - g for every g € G. Now observe that
(dgij)av = Ag,;(a) for some A € g. This means that:

(9;;©)v = O(dgi;(v)) = O(Ay,; ) = A

and since (dLSi(ﬂf))gij(I)(dgij)rv = (dLSi(w))gij(l’)(Agij(m)> = Aii(m)gij(gj)
then we can write

(dsj)zv = (dog,;())si(x) (dsi)av + [(g:j@)(v)]ij(:p)

If we compute wg, () both on the right and left of the preceding
equation we find

(Aj)2v = We;(2) ((d57)2V) = W () (0, () ) ss(2) (A1) 20) + (97;,0)v
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and the first term on the right hand side, thanks to Proposition
2.3.24, is equal to Adg;jl(x)(AZ‘)xU. Therefore we get the wanted
compatibility condition.

We have to prove now that given a family of g-valued 1-forms {A; }ies
such that (2.50) holds, we can get a unique connection form w on
P such that s}(w) = A; for every i € I, where s; : U; — 7 }(U;) are
the trivial cross sections, defined in (2.49).

We start by building a connection form on 7~(U;) for every i € I.
Ifp= Xi_l(x, g) then for every w € T, P exists and is unique a couple
(v1,v2) € Tiag) (Ui x G) such that w = (dx; ") () (v1,v2). Since the
s; are local trivial sections, then x; ' (z,g) = s;(v)g. Differentiating
we obtain

(dx; ) () (01,02) = (d0g)s;(2) (A1) (v1) + (AL, (2)) g (v2)

where we have used the Leibniz’s rule. Now, vy = (dL,)(A.) for some
A € g, and therefore the last addendum in the previous equation is
(dLs,(2))g((dLg)(Ac)) = dLy(Ac) = AL So we get

(dX; ) (wrg) (V15 02) = (dog)s,@)(dsi)a(v1) + AL

If p = s;(x) then for every w € T,,P we define
wi(w) = (wi)p((ds)z(v1) + Ab) := (Ai)o(v1) + A (2.52)

since we have just proved that w = (ds;).(v) + A% for v € T, M and
Aeg.

If instead p = s;(x)g, where e # g € G, then for w € T,P we
generalize the above equation

(wi)p(w) := Ady1 0 (Wi)s,(@) ((dog-1)p(w)) (2.53)

We have to prove now that this g-valued 1-form w; in 7~ 1(T;) is
a connection form. Thanks to Proposition 2.3.24 it is sufficient to
check that:

1) wi(A*) = A for every A € g
2) ojw; = Adg-1 ow for every g € G.

We start with the first point.

1)Let A € g and p = s;(z) for some x € U;. By equation (2.52) we
trivially obtain the wanted relation. Suppose now that p = s;(z)g
for g € G and x € U;. Equation (2.53) tells us that

(wi)p(AL) = Ady-1 0 (W) s,(2) (dog-1)s,(@)g AF) =
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— Ady 1 0 (w)s((Ady 0 A)E, ) = A
2)As far as the second point is concerned let w € T,(P) where
p = s;(x)h with h € G, then
(0;%’)10(“)) = (wi)pg((dog)p(w)) = (Wi)Si(x)hg((dag)sz'(x)h(w)) =
= Adg—lh—l O (wi)si(x)((dag—lh—l)Si(gg)hg(da'g)si(x)hw) =
= Adg-1 0 Adp—1 0 (Wi) () ((dOh—1) sy (mppw) = Adg=1 0 (wi)p(w)
where the thirds equivalence is given by (2.53).

Finally we have only to prove that in 7' (U; N U;) the connections
w; and w; coincide. We will focus only on the subset s;(U; NU;) C
7 HU; N Uj), the generalization is easy. Let p = s;(z) with z €
U; NU;. We pick w € Ty, () P and we know that w = (ds;).(v) + A?
for some v € T, M and A € g. Then

(wi)p(AR) = A = (wi)p(A])
While
(wi)p((dsj)ev) = (A;)sv = Adys 0 (A)zv + (g;;0)v

where the last equivalence is by hypothesis. We have already proved
that for every v € T, M, (ds;).(v) = (dagﬂ)Sj(x)(dsj)xv+[g;i@(v)]ﬁi(x),
and then we can rewrite the last equation as:

Adgz.;l © (wi)sz'(:r)((dagi‘jl)s]'(z)(dSJ')xv) - (926)(7}) + (Q:j@)v =

= (Wi)s; () ((ds5)2(v))
where an easy calculation shows that Ad -1((g};,0)v) = —(g;;0)v.

3

This concludes the proof of the theorem. O

Remark 2.3.26. Let M be a manifold, and G a Lie group. As a con-
sequence of the previous Proposition every g-valued 1-form defined
globally on M is the pull-back via some global section of a connec-
tion form defined on the trivial bundle P := M x G. To clearly see
it, just take the trivial atlas A = {(M, x)} for P where

X MxG—MxG

(2, 9) — (2, 9(x)g)

for some ¢ € C*°(M, G), and the compatibility condition is trivially
verified.
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Remark 2.3.27. Suppose that in Proposition 2.3.25 GG is a matrix Lie
group, with composition of matrices as group operation. If w € T, M
and () is its integral curve with starting point x, then

@ij(w) = ®gij(m)((dgij>ww) = (dLgij(w)‘l)gi,7($)<<dgij>rw) =

= %(Qij(x)_lgij(ﬁ(t)))‘to = gij(a;)—I%(gij(ﬁ(t)))|t0 _

= gij(x) " dgij(z)w
This means that if G is a matrix Lie group then, in the hypothesis
of Proposition 2.3.25, we can rewrite (2.50) as

Aj = gigldgij + g;lAlg” (254)

Remark 2.3.28. In the previous proposition we have assumed that
the sections are canonical. We want to see how compatibility con-
dition changes if we consider a generic cross section.

Let w be a connection form and A = {(U;, x;)},c; an atlas for the
principal fibre bundle 7 : P — M, with transition functions {g;;}.
Let §; : U; — 7 1(U;) and §; : U; — 7 *(U;) be two generic cross
sections, and U; N U; # 0. Then as we have already argued there
exist smooth h; € C*(U;, G) and h; € C°(U;, G) such that

Xi (@, hi(z)) = 5i(x) and ;' (x, hy(2) = 55(2)

Then we create a new atlas A := {(U;, Xi)}..;, such that

Xi(p) == (w(p), hy '(w(p)-¢s(p))  X;(p) == (w(p), hj ' (m(p))-¢;(p))

and in this way 3;(z) = X; '(z,e) and the same holds for j, which
means that s; are now trivial cross sections with respect to the
new atlas A. So if we call A" := 5f(w) and A; = 55(w), then by
Proposition 2.3.25 we get the identity

Aj = g5 dgi; + G5 Aigi
where §;;(x) := h; '(x)gij(x)h;(z) are the new transition functions.

Definition 2.3.29. Let w; and ws be two connection forms over
the principal fibre bundle 7 : P — M. We say that they are gauge
equivalent if there exists an automorphism of the bundle f : P —
P such that

f*wl = W2
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Example 2.3.30. In Example 2.2.15 we showed how from a vector
bundle 7 : £ — M of rank r, we can build a principal fibre bundle
7 F(E) — M with structure group G(r,R) over M, called the
frame bundle of F.

In this example we show that given a connection V on the vector
bundle 7 : E — M, we can endow also F(E) with a connection,
completely determined by V. If A = {(x;,U;)}ies is an atlas for
m : E — M, then we already saw how to obtain an atlas A =
{()N(Z, UZ)}LGI for 7 : F(E) — M.

Once we are given the atlas A, we can associate to the connection
V the family of matrices of the connection {w;};c;, where each w; is
considered with respect to the frame {e;,...,€.} in U; associated to

Xi, namely for = 1,...;r we have
Ej U, — 7T_1<Ui)
v gj(x) = x; (7, ¢5)

where {eq,...,e,} is the canonical basis of R". These matrices of
differential forms are related by the equation

wj = gigldgij + giglwigij (255)

where g;; € C>*(U; NU;, GL(r,R)) are such that
X; (@, en) = x; (@, gijen) = gix; ' (z,en). Tt is immediate to see
that g;; are also the transition functions of F'(E), namely

)Zi o) )Zj_l(x,A) = (.Z‘?gl]A) V($7A) c (Ul N U]) X GL(T, R)

Therefore, thanks Proposition 2.3.25 we conclude. Indeed, observe
that each w; € M, (R) = g, where g is the Lie Algebra of the struc-
ture group G = GL(r,R).

One sees that once a connection is defined over a principal fibre
bundle then for every p € P the differential of the canonical projec-
tion dm, : T,P — Tr,) M maps isomorphically H), into T5,) M.

Definition 2.3.31. Let X € 7(M), we define its horizontal lift
X*, as the unique horizontal vector field in P such that for every
p € P, dm(X*) = Xrp).

Proposition 2.3.32. Given a connection over P and X € (M),
there exists and is unique the horizontal lift X*, and furthermore it
is right invariant. Conversely if Y € 7(P) and it is horizontal and
right invariant, then there exists a unique vector field over M whose
horizontal lift coincides with Y .
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Remark 2.3.33. Let m : P — M a principal fibre bundle with a
connection, and (U,¢ = (z1,...,2,)) a local chart for M. Let 0}
be the horizontal lift in 7' (U) of the local vector field 9,,. Then

I, ..., 0 is a local frame for the horizontal distribution p — H, in
7 1(U).

Before concluding we make the following observation. Later it
will be useful in order to achieve a deeper geometric interpretation
on the Yang-Mills functional. If w is some connection over a princi-
pal bundle 7 : P — M and s : U — 7~ }(U) a cross section, then by
definition 7 o s = idy. Differentiating we get that dm o ds(X) = X
for every X € 7(U). In particular X = dr(ds(X)¥ + ds(X)V) =
dr(ds(X)") and therefore ds(X)? = X*.

2.4 Curvature form

Let m : P — M be a principal fibre bundle. We define an important
class of tensors over P. Let V be a vector space and p: G — GL(V)
be a group representation.

Definition 2.4.1. We say that a V-valued k-form o over P is a
pseudotensorial of type p, if oo = p(g~1) o a for every g € G,
where o0, : P — P is the right action of the group G on P, i.e.
o4(p) =p-g.

A pseudotensorial of type p which vanishes on vertical tangent vec-
tors, namely Vp € P if at least one of the tangent vectors vy, ..., v, €
T,P is vertical then ay,(vy,...,v) = 0, is called tensorial of type

p-

We already encountered a pseudotensorial. Indeed if we consider
as p the Adjoint representation Ad : G — GL(g), then every con-
nection form w over P is actually a 1-pseudotensorial of type Ad .
It is easy to verify that if ¢ is some pseudotensorial form then, also
d¢ is pseudotensorial, but if ¢ is tensorial then its differential is not
necessarily tensorial too. With the following definition we introduce
the covariant exterior derivative, and from each pseudotensorial form
we will be able to get a tensorial form.

Definition 2.4.2. Let w be a connection form over a principal fibre
bundle 7 : P — M. If ¢ is any V-valued pseudotensorial form of
type p where p : G — GL(V) is a group representation, then we
define the exterior covariant derivative d“¢ as

(d“0)p(v1, ooy V1) = dp(vi’, ooy VI L) V1, ey Vg1 € TP (2.56)
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Proposition 2.4.3. In the same hypothesis of the above definition,
we have that d°¢ is a (k + 1)-tensorial form of type p.

Proof. The (k+ 1)-form is clearly vanishing on vertical vectors. We
just have to prove that it is pseudotensorial. Let vy, ..., 0541 € T, P
and o, : P — P defined as always. Then

o (d°®) (V1 s Vkt1) = APy (py (dOgu1, ...y dogUp 1) =

= d¢ag(p)((ngU1)H, ooy (dogup) ) =

but since (do,(v;))" = do,(vf?), then the last equation is equal to
= d¢0g(p)<dag<vf{)v ---adog(vlgrl)) = (U;dﬁb)(va --->35kH+1> =

= (doy¢)(vi', -y xhy) = (d(p(g™") 0 9)) (o' oo vhy)
and since p(g!) is linear we finally find:
plg™") o d®d(vr, ..., vps)
]

We introduce now a fundamental example of a g-valued tenso-
rial 2-form of type Ad, and we get it trough the covariant exterior
derivative of a connection form.

Definition 2.4.4. Let 7 : P — M be a principal fibre bundle and
w a connection form on P. We define the curvature form 2 of w,
as the exterior covariant derivative of w:

Q= d“w (2.57)

Since it is not always convenient to compute the horizontal com-
ponent of a vector field over the bundle, we state the following impor-
tant formula for the curvature form, called the Cartan structure
equation.

Theorem 2.4.5. Let m: P — M be a principal fibre bundle and w
a connection on it. Then we can rewrite its curvature form as

Q= dw+ [w,w] (2.58)

where we define the g-valued 2-form [w,w](v,w) = [w(v),w(w)] for
each v,w € T,P and p € P. Furthermore, if X,Y € 7(P) then

QX,Y) = —w([X?, YH)) (2.59)
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Proof. Fix v,w € T,P, we want to prove that
Q,(v,w) = dw,(v,w) + [w(v),w(w)] (2.60)
Since both sides are bilinear, then it is sufficient to check the equa-
tion for the following three cases:
1) v,w are both vertical
2) v, w are both horizontal
3) v is horizontal and w is vertical.

We start with 1). Since v, w are vertical then the left hand side of
(2.60) is vanishing, and furthermore there exist A, B € g such that
Afj = v and B}; = w. This means that thanks to the Cartan formula
for the exterior derivative:

dwy(v,w) = (dw(A%, BY)), = B¥(w(AF)),—A¥(w(B%)),~w (A%, BY)), =
= _w([Aa B]ﬁ) = _[A7 B]

where the equivalence in the last equation is due to the fact that
the map g > A — A* € 7(P) is a Lie Algebra morphism. Since
[w(A*),w(B*)] = [A, B], then the first point is proved.

2) We suppose now that v, w are both horizontal. Then

Q, (v, w) = dw, (v, w") = dw, (v, w)

and [w(v),w(w)] = [0,0] = 0 and so also this case is proved.

3)We extend v to a horizontal vectorfield V in P, and there exists
B € g such that B! = w. Then Q(v,w) = 0, while the right hand
side of (2.60) is

dw(V, B*),+(0, B] = B (w(V)), =V (w(B")y~w([V, B]), = —w([V, BY)),

So we have to prove that w([V, B*]) = 0, namely [V, Bf] is horizontal.
Indeed, observe that the flow of B* around p € P is o), where b(t)
is the integral curve of B in GG. Then

v, B4 = — i 20V =V

t—0 t

and since the horizontal distribution is right invariant then [V, B]
is horizontal.

Now let X, Y be two vector fields over P, then by definition one
easily obtain that for every p € P

Q,(X,Y) = QP<XH7YH> = (dW(XH>YH))p

50



and by the Cartan formula for the exterior differential
dw(XT, YY) = Y (w(X ")) = X (w(¥Y™)) — w([X 7, Y])
Since w is vanishing on horizontal vector fields, then
QX Y) = —w( X", Y1),
O

As we already did for the connection form, we can build a lo-
cal representation of the curvature form by considering some local
section over the principal bundle 7 : P — M.

Definition 2.4.6. Let w be a connection form over a principal fibre
bundle 7 : P — M, and let € be its curvature form. If s : V —
7~1(V) is some local cross section, where V' is an open set in M, we
define the local field strength in gauge s as:

F:=sQ (2.61)
which is a g-valued 2-form over V' C M.

Observe that if in V we have A = s*w, then we can write F' in
terms of the local gauge potential A. Indeed,

F=50Q=s"dw+ s"([w,w]) = d(s'w) + [s"w, s"w] = dA + [A, A]

For this reason every time we fix a connection form w and a section
s such that s*w = A we will write F4 instead of F' to specify the
local gauge potential, and therefore the local cross section.

Theorem 2.4.7. Let m: P — M be a principal fibre bundle and w
be a connection form over it. Let Vi and V5 be two open sets in M
such that ViNVy #£ 0, and sy : Vi — 71 (V}) and so : Vo — 771(V3)
be two local cross sections. Then if ) is the curvature form:

$580 = Ad -1 05700 in ViNV,
where so = $1 - g12 and g1o - V1 N Vy = G.
Proof. Let o € V1 NV, and v, w € T, M, then

(8592) (v, W) = Qy () (d52(v), dsa(w)) = Dy (ag) (d(51912) (v), d(51912) (w))

and thanks to the Leibniz’s rule, as we already saw, it holds that

d(s1912)(v) = dog,,(ds1(v)) + dLs, (dgi2(v))
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where the map L;, : G — P is defined as L, (g9) = s1 - g. Now if
we call A the element of the Lie algebra of G such that Ay, =
dgi2(v) in gi2(zo), then dL,, (dgia(v)) = A7, which means that
it is vertical, and its image through € is therefore zero. So we have

proved:
(S;Q) (Uv w) = QSz(ﬂCo)(do-gm (d81<v))7 d0'912 (dsl (w)) =
= 04,,51820 (v, w) = Ad -1 0 (s12) (v, w)

gi2

where the last equivalence is given by Proposition 2.4.3. This con-
cludes the proof of the theorem. n

In particular if w is some connection form over the principal fibre
bundle 7 : P — M and s;,s9 are defined as in the theorem, then
if we call A} = sjw and Ay = siw the equation in Theorem 2.4.7
becomes

FA2 = Adgfgl o FA1

Unlike the classical exterior derivative, usually d“od® # 0. How-
ever if we consider as pseudotensorial form of type Ad the connec-
tion form inducing the exterior covariant derivative itself then the
vanishing relation holds.

Theorem 2.4.8. Let m : P — M be a principal bundle and w a
connection form. Then

d“(d*w) =d*Q =0 (Bianchi Identity) (2.62)

Proof. Let v,w,z € T,P. If any one of them is vertical then
d“Q,(v,w, z) = 0. So we restrict to the case where v, w, z are hori-
zontal. We extend them to horizontal vector fields V, W, Z and we
find thanks to the Cartan structure equation:

0 (0,1, 2) = (dUAV, W, 7)), = (ddeg(V, W, Z))d( (0, ]) (V. W, Z),

The last summand in the above equation is equal to
V(lw,w](W, 2))p = W([w,w](V, 2))p + Z([w,w](V, W),
—([w, W]([V. W], Z))p = ([w, w](V, [W, Z]))p = 0

since V, W, Z are horizontal vector fields, and w is vanishing on hor-
izontal vectors. [l
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Chapter 3

Hodge Theory

3.1 Differential Forms & Hodge operator

In this section we define R™-valued differential forms, extending
them from smooth objects to less regular one, a necessary require-
ment when studying variational problems that a priori cannot be
solved working with smooth differential forms.

If M is a manifold we know that a k-form is defined as a section of
the vector bundle A¥M'. When M is a open domain in some R",
then any k-form admits a global representation, using the Euclidean
coordinates of R"™.

Definition 3.1.1. Let €2 C R" be open. We define a smooth R™-
valued differential k-form as a section of the bundle A¥Q @ R™. In
coordinates any k-form can be written as

w(r) = Z wih,,,,ik(x)dx"l A Adxe

11 <...<i

where w;, ;€ C®(Q,R™). We denote as C>®(Q, A*T*Q @ R™) the
space of R™-valued k-forms over 2.

When working with R™-valued differential k-forms, one can ex-
tend the idea of exterior product as in the following definition.
From now on we assume that R™ is endowed with a scalar prod-
uct - : R™ x R™ — R.

Definition 3.1.2. We define the following operator
A C®(QAFT*Q @ R™) x C®(Q, AN'T*Q @ R™) — ATF(Q)
(a,B) — a A (3.1)

AFM is the vector bundle defined as the disjointed union of /\k(T;M) over p € M. For
further details see for instance [1]
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and a A B is the (I + k)-differential form defined as?

04/\5(?117 ---Uk+l) = Z SgH(U)Oé(Uo(l), ---,’Ua(k))ﬂ(%(kﬂ), --'7vo(k+l))
oeS(kk+1)

where vy, ..., v;4, are arbitrary vectorfields in €.

As one expects we can also define the standard exterior derivative
d of a smooth R™-valued k-form.

Definition 3.1.3. Let Q C R", and a € C®(Q, A¥T*Q®@R™). Then
we set

do = | Z ( ‘ &yg—x’;’zkdxj> Adz™ A ... A d' (3.2)
11<...<1k J

Now we define a fundamental operator in Hodge theory. We will
define it for any open domain €2 C R™ with a generic Riemannian
metric g on it. As we will see, this new operator let us construct
a formal definition of pointwise norm of differential forms. The
following definitions can easily be generalized to any Riemannian
manifold.

Definition 3.1.4. Let (2 C R” open, and let g be a Riemannian
metric on it.

1) Let Xi,..., X,, be a g-orthonormal frame in €. This defines a
pointwise product in C>(Q, A*T*Q ® R™), given by

(-, g : C(Q AFT*QRR™)x C™(Q, A*T*Q@R™) — C™ (2, R)

(@.8)— Y alXiy, . X)) B(X, - X,
11 <...<ig
(3.3)
We denote with |a|? := (a, @) the pointwise square norm of «.

2) The Hodge operator
xg 1 CC(QNAFT*Q @ R™) — C®(Q, A" *T*Q @ R™) is deter-
mined by

BAxga = (B,a)gn VB ECT(ULANT*QRR™)  (3.4)

where 7 is the volume form on €2 induced by the Riemannian
metric g. In coordinates we have n := /| det(g)|dz' A...Adz™.3
It is clear that x4 depends explicitly on the chosen metric.

2We denote with S(k,n) for k& < n, the set of all permutations of {1,...,n}, such that
o(l)<..<ok)and o(k+1)<..<o(k+1)

3 A volume form over an n-dimensional manifold M is any differential n-form, and we have
that it is nowhere vanishing if and only if the manifold is orientable. Each open subset of R™,
is of course orientable, and therefore it admits a volume form.
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Note that Definition 3.1.4 does not depend on the particular

choice of the g-orthonormal frame.

Remark 3.1.5. We will denote the Hodge star operator associated
to the Euclidean metric with %, without any subscript.

With this metric we have that {8%1’ s %} is an orthonormal frame,
and therefore for any «, 3 € C*(Q, AFT*Q @ R™) we can rewrite
equation (3.3) as

(0, B) (@) = Y iy (1) B (@) (3.5)

11 <...<ip

with x € €). The volume form associated to the Euclidean metric
is dx' A ... A dz", and if in the above definition we choose 3 :=
ejdx'n=k+1 A Adx'™, where {€;};—1, m i the canonical basis of R™,
then

Oy irin = (B = (BAR)10 = sgu(o)(xa)), _; _, (2)

where o({1,....,n}) = {in—t+1, -, in} U{i1, ..., in_g}, for some per-
mutation o.

Remark 3.1.6. In Definition 3.1.4 we have defined the pointwise
scalar product between two R™-valued k-forms o and . If now
we assume that « is still R™-valued but £ has values in R, then with
abuse of notation we define (o, 8)(z) := Zi1<...<ik iy i () By (),
which is not a scalar product anymore.

The following proposition establishes the most important prop-
erties of the Hodge star operator.

Proposition 3.1.7. Let 2 C R" be open and endowed with a Rie-
mannian metric g.

1) *g : C®(QAFT*Q@R™) — C°(Q, A" FT*Q@R™), is a linear
operator. Furthermore it holds oo N\ xg8 = B N xgav.

2) *g(n) =1 and xgl =1, where n is the volume form associated
to g.

3) If B is a R™-valued k-form, then xg(xgfB) = (—1)¥n=*3
4) If ¢ - Q1 — Q is a diffeomorphism, then
¢* [¢) *g = *(b*(g) o) gb* (36)
where ¢* is the pull-back of ¢.*

AIf ¢ : Q1 — Q is a diffeomorphism and € is endowed with a Riemannian metric g, then
we can "transport" this metric on 21 through the pull-back as follows. For each x € {21 and
v, w € TyQ1, we have ¢~ (g)z(vv w) = 9¢(x) (d¢(v)7 d‘b(w))
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Proof. Points 1),2) and 3) are simply direct consequences of the
definition, and therefore a proof is not necessary. For details see
[39].

4)Fix a € C%°(Q, A\*T*Q @ R™), and for every smooth R™-valued
k-form in €y, we have by definition of Hodge star operator that

B A Hgrg)@" (@) = (8,97 ())g=(g)

where 7 is the volume form associated to ¢*(g). We fix a ¢*(g)-
orthonormal frame in Q, {X1,..., X,}. If we compute the right
hand side of the above equation in y € €2y, we obtain

Z ﬁy(Xin ceey sz) : @¢(y)(d¢(Xi1)7 ceey d¢(Xlk))77y = (*)
11<...<lp
and since ¢ : 1 — Q is a diffeomorphism, then if x = ¢(y)
Z ﬂ¢—1($)(d¢_l(}/,’1), 23 d¢_1()/7/k)) ’ aiﬂ(yiw ey Yik)%*l(x)
i1 <...<ip

where do(X;) =Y for each i = 1,...,n. In particular by definition
of ¢*(g), we have that {Y7,...,Y,} is a g-orthonormal frame in €,
and also that (¢*)~'(n) = w is the volume form associated to g in
Q. Therefore we get for each y € {;

(x) = " ({(6")71(B), a)gw)y
So finally we have that

B N o9 (@) = (B,¢™()) g+ @ = &"({(#") 7 (8), a)gw) =
= ¢"((¢") 71 (B) Axgar) = BN 6" (xg0x)

and this concludes the proof.
O

From now on we will work exclusively with the Euclidean metric
and the Hodge star operator associated to it, if not differently spec-
ified.

Now that we have introduced the concept of pointwise scalar prod-
uct for differential forms, we are ready to define the Sobolev spaces
of differential forms.

Definition 3.1.8. For 1 < p < oo we consider the subspace of
C>=(Q, A*T*Q @ R™) made of R™-valued k-forms « such that

Jallor = ( [ |a|pdx)’l’ < oo (3.7)
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Smooth R™-valued k-forms are a subspace of measurable R”-valued
k-forms, and therefore we define

LP(QU AT @ R™) = C=(Q, /\’fT*Q®Rm)IH‘LP. This space co-
incides with the space of R™-valued k-forms «, whose components
@, 4, are chosen in LP(€2,R™), and the following is clearly an equiv-
alent norm:

oo == D N, illr@zm) (3.8)

11 <...<ig

Definition 3.1.9. For r € N and 1 < p < oo we also define the
space of Sobolev R™-valued k-forms

WP (Q, ANFT*Q @ R™) =
={we LP(LNTQRR™) : w;, i € WP(QR™)}
with the norm

[wllwro@) == Z |wiy....ix [lwrp (2, mm) (3.10)

11 <...<i

and in this fashion we can define the usual function spaces but for
R™-valued k-differential forms, just working componentwise. Ob-
serve that if m = 1 we have the usual k-forms.

We introduce now the notion of inner product, that soon will
let us define the concept of tangential and normal component of a
differential form.

Definition 3.1.10. Let 0 < £,1 < n and a a R™-valued k-differential
form, and [ a [-form. We define the inner product of o with g as:

Boo = (=1)"* V% (B A (xa)) (3.11)
If k =1 one see that S.a = (a, B), while if [ > k then fLa = 0.

Remark 3.1.11. The results of Proposition 3.1.7 can be easily gen-
eralized to the Sobolev space W™P(Q, A¥T*Q) @ R™) using density of
smooth R"-valued k-differential forms in this space.

3.1.1 Tangential and Normal component

In what follows we consider {2 an open bounded an sufficiently
smooth subset of R”, and if x € 9Q we call v(x) the outer unit
normal at x.

The unit normal is a vectorfield restricted to 02, in the sense that
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v € 7(Qsa), but anyway we will often identify it with a 1-form, as
follows. If v(z) = (v (z),...,vy(x)) then we associate to it the 1-
form v(z) = v (x)dz' + ... + v, (x)dx™. Observe that we can always
identify a vectorfield with a 1-form if we define on €2 a Riemannian
metric, which in this case is the norm induced by the standard scalar
product on R".

We give two definitions of tangential component, and normal com-
ponent. The Proposition below would underline in what sense they
are equivalent.

Definition 3.1.12. Let a« € W'P(Q, AFT*QQ @ R™). We define the
restriction of a to 9N as

11 <...<i
where thanks to the Trace Theorem for Sobolev spaces one has

,,,,,

this means that «|sq € Wl_%’p(aQ, AFT*Qoq @ R™).

Definition 3.1.13. The tangential component of « on 0f2 is the

(k + 1)form v A a € W'™5P(9Q, AFF1T*Q| 5o, ® R™). The normal
component of o on 02 is the (k — 1)-form

Voo € WrP (00, NF1TQ g0 @ R™).

Let o be as above. We introduce the other two equivalent defi-
nitions for tangential and normal component.

Definition 3.1.14. Let { X}, ..., X,,} be a basis of R"” at x € 02 with
{X1, ..., Xs—1} spanning T,(092) and X,, orthogonal to T, (0€2), then
1
we call tangential component ar € W' (90, AFT*Q| 50 @ R™)
the k-form defined as:
OéT<l‘)(XZ’1, 7Xlk) = Oé(.Z')(X“, ’Xlk) 1 S 7;1 <. < Zk <n
and
OZT(lL')(XZ‘I,...,XZ‘k) =0 1< <...<iy,=n

While the normal component is simply ayx(z) := a(z) — ar(z)
for each = € 9Q. Obviously ay is in W' ?(8Q, A" T*Q) 90 @ R™)
too.

Remark 3.1.15. In Definition 3.1.14 we have defined a7t as a differen-
tial form which is identically zero outside the tangent bundle of 0f2.

Thus we can identify ar as an object of Wl_%’p(ﬁQ, N T*90oR™)
without losing any information.
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In the following proposition we higlight the relation between the
two different definitions of tangential and normal component. For a
proof in the case m =1 see [11].

Proposition 3.1.16. Let o« € W'P(Q, A" T*Q @ R™), then
ar=vi(vAa) and ay=vA (ria) (3.12)
Corollary 3.1.17. The map
T W(Q, AFT*Q @ R™) — W2 (9Q, AFT*0Q @ R™)
a— ar

18 linear and continuous.

Proof. The linearity is clear by Definition 3.1.14. Using the previous
proposition and the standard Trace Theorem for Sobolev spaces

ozl s = s A@)] oy, < Clall aos, < Cllaflws
and this inequality establishes continuity. O

We conclude this subsection with a result on the properties of
the Hodge star operator.

Proposition 3.1.18. Let a € W'P(Q, AFT*Q @ R™), then we have
the following equivalences

(xa)r = *(an) and (xa)y = *(a)r

Proof. Let z € 02 and { X, ..., X,,} a basis for T,Q2 with X, ..., X,,_;
spanning 7,0 and X,, orthogonal to 7,0¢). Then using the defini-
tion of o, and fixing a permutation o(1,...,n) = (i1, ..., i)

(k)7 (Xipyy - X)) = *a( Xy, X)) i X €{X

k+1°°" n k+1°°" n k410 "

(*a)T<Xik+1-'-Xin> =0 if Xn < {Xl ,in}
X)) = sgn(o)a(X;,...X;, ) then the last two equa-

A Xin}

k10"
Since *a (X
tions imply

JREE

(*Q)T(Xik+1'-'Xi ) = Sgn(a)oz(Xil...Xik) if Xn € {Xi17 7Xk}
(*a)T(Xik+1~-'Xi7L) =0 if Xn g {Xi1> ,Xk}
and this means that (xa)r = *(ay). The other equations can be
proved similarly. O
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3.1.2 Gaffney’s Inequality

We say that o has vanishing tangential component if ar = 0,
and thanks to the Proposition above this condition is equivalent to
v A a=0on 0.

Similarly we say that o has vanishing normal component if ay =
0, or vua = 0 on 0f2. We call

WP (Q, NP T*Q @ R™) := {a € W™ : ar = 0}

W]QP(Q’ /\kT*Q ® Rm) = {CY € WP . anN = 0}

The theorem below is the integration by parts formula for differ-
ential forms, and it will give us a characterization for differential
forms with vanishing tangential (or normal) component. First we
need to define the following operator, called the codifferential. We
also define the Laplacian for differential forms. This last definition is
fundamental and heavily used throughout this thesis, since it allows
us to describe the Laplacian of a differential form as the composition
of the differential and codifferential, as follows.

Definition 3.1.19. If « is a k-form in W"P(Q, AFT*Q @ R™) (for
some p > 1 and r > 1) then we define the codifferential of « as

d*o = (—=1)"* = & (d(*a))

Definition 3.1.20. Let a € W"P(Q, AFT*Q) @ R™), then we define
the Laplacian of «, as

Aa = (dd* + d*d)« (3.13)

Theorem 3.1.21 ([11], Theorem 3.28). Let §2 be an open bounded
smooth domain, then Yoo € WP(Q AFT*Q @ R™) and
B e WH'(Q, AFHIT* @ R™) we have the following identity:

/ﬂ(da,5>+/ﬂ<a,d*5>:/m WA, B) :/BQ (0, vB) (3.14)

1, 1
where = + = = 1.
> —|—p/

So we can also define WP (Q, A"T*Q®R™) as the set of o € WP
such that

/(da,ﬁ)Jr/ (o, d*B) =0 VB e C®Q,N"TT*QeR™) (3.15)
Q Q
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Now we state a first version of the Gaffney’s inequality, that later
will be generalized. A proof of the following theorem can be found
in [11].

Theorem 3.1.22. Let 2 C R™ be a smooth bounded domain, and
w € W2, AFT*Q @ R™) U Wa2(Q, AFT*Q @ R™). Then the fol-
lowing inequality holds

|wl[wrz@) < C(l|dwl|r2) + [|d*w|L2) + (Wl z20)) (3.16)

We see that the above Theorem allows us to bound from above
the W'2-norm of a differential form w € W,*(Q, AFT*Q @ R™) U
W2 (Q, A*T*Q ® R™) by means of the L*norm of dw and d*w and
the L?-norm of the differential form itself. This is not a trivial result,
indeed on the right hand side of (3.16) we are not considering the
L? norm of all the partial derivatives of w, unlike in the classical
definition of W12-norm of w.

Now we introduce the space of harmonic fields, which will be used
in the generalization of the Gaffney’s inequality.

Definition 3.1.23. The set of R™-valued harmonic fields is de-
fined as

H(QNT*QeR™) = {w e W (QANT*Q@R™) : dw =0, d*'w =0}
(3.17)
Furthermore we define

Hp(Q, APFT*Q@R™) := H(Q, A*T*Q @ R™) NW,%(Q, AFT*Q @ R™)
Hy(Q,AFT*Q@R™) := H(Q, A" T* Q@ R™) N (Q, A" T*Q @ R™)
(3.18)

We list now some properties of harmonic fields, that will be useful
in stating the main result of this section, the generalized Gaffney’s
inequality.

Theorem 3.1.24. Let Q2 be an open bounded smooth domain in R,
then the followings hold

1) HQ,N'T*Q @ R™) € C=(Q, NP T*Q @ R™)

2) Hr(Q,AFT*Q @ R™) and Hy(Q, AFT*Q @ R™) are both finite
dimensional

If Q is also contractible® then

5We say that a set Q is contractible if there exists zo € Q and F' € C([0, 1] x ©,) such
that F(0,2) = xg and F(1,2) =  for each € Q.
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8) For 0 < k <n—1 the space Hp(Q, \*T*Q @ R™) = {0}, and
for 1 <k <n the space Hy(Q, NFT*Q @ R™) = {0}

Proof. 1) The first property is an easy consequence of the Weyl’s
Lemma (see [47]). Indeed, if w € H(Q, A*T*Q ® R™) then for every
¢ € C(Q, AFT*Q@R™) thanks to the integration by parts formula
in Theorem 3.1.21 for differential forms

/(w, A¢)dr = /(w, d*d¢ + dd* ¢)dx =
Q

Q

o~ —

= /(dw,d¢)dm+/(d*w,d*¢)dm =0
Q

Q
and therefore each component of w is smooth.

2) We will prove this point using Riesz Theorem (see for instance

[8]). Consider a W'2-bounded sequence {w,}, C Hr(Q,AFT*Q @

R™), then by reflexivity it admits a subsequence weakly converging

to some @ in W12, Corollary 3.1.17 tells us that the map

T WH2(Q, AFT*Q @ R™) — W22(9Q, AFT*00Q @ R™)

is linear and continuous for the strong topology of W12, and there-
fore also for the weak one, which implies that & € W,;*(Q, T*Q ®
R™). The lower semicontinuity of the norm with respect to the
weak convergence implies that dw = 0 and d*@w = 0. Then w €
Hr(Q, A\*T*Q @ R™). Finally by Rellich-Kondrakov we have that
WE2(Q, AFT*Q @ R™) — L2(Q, A*T*Q @ R™) compactly, and thus
there is a strongly L? converging subsequence {w,, }+ of {w, },. This
last observation and Theorem 3.1.22 imply that

laon, =llwr20) < C(H d(wn, = @) 2@+ & (wWn, = @) I+
=0 =0

+||Wnk - (DHLZ(Q))

and therefore w,, converges strongly to @ € Hp(Q, A\*T*Q @ R™)
in Wh2. By Riesz theorem this implies that Hp(Q, A*T*Q @ R™) is
finite dimensional.

3)Let Q be contractible, and 1 < k < n. If w € Hy(Q, AFT*Q@R™)
then dw = 0 and by Poincaré Lemma there exists

B e Wh2(Q,A*IT*Q @ R™) such that d = w. We apply the
integration by parts formula (3.14) and get

s = [ oo = [ (d8.w)da =
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= —/(ﬁ,d*w>dx+/ (B,vaw)do =0
Q o9

Similarly we obtain the same result for Hp(Q, A*Q @ R™) for 0 <
k<n-—1
OJ

The following theorem from [6], is a generalization of Gaffney’s
inequality and it will be really useful since it allows us to endow the
WrP(Q, AFT*Q @ R™) spaces with an equivalent but more versatile
norm.

Theorem 3.1.25. Letn > 2, r > 1 and 1 < p < oo. Let Q be
a bounded open and smooth domain in R"™, with exterior normal

v. Then there exists a constant C; > 0 such that for every w €
WrP(QAFT*Q @ R™) with 1 <k <n—1

Hw”wr,p(g) S Cl (HdCL)HWr—l,p(Q) + Hd*U.)HWr—l,p(Q)) +

/BQ (W, v A z;) ) (3.19)

where {zi},_y g s a basis of Hy(Q, A*'T*Q @ R™)S. It holds
also the following inequality, where instead we consider the normal
component,

Bn—k

Y (ZEEES >

||W||WW(Q) < CQ(HdWHWT*LP(Q) + ||d*w||WT*1’P(Q))+

By,
+Cy (||VM||WT;,,,(BQ) + ; /8 w ) > (3.20)

where {y;}i=1...5, 18 a basis of Hp(Q°, AF+1)

Remark 3.1.26. Observe that if €2 is a contractible domain and 1 <
k < mn —1, then we have Hyp(Q, AFT*Q @ R™) = Hyn(Q, AFT*Q ®
R™) = {0}, and since the following equations hold

dim(Hp(Q, AFT*Q @ R™)) = dim(Hy (Q°, A" 1T*Q @ R™))
dim(Hy (Q, AFT*Q @ R™)) = dim(H7p(Q°, AFF'T*Q @ R™)) (3.21)
as proved in 23], we can rewrite (3.19) and (3.20) as

Jellwesiey < Cu (ldwlhwe-voay + 1@ wlssoiey + v Al g )

(3.22)

6The space Hy (Q°, AF=1T*Q ® R™)) is defined analogously to Hy (Q, AF~1T*Q @ R™))
with the further requirement that if |z| — oo then w(x) — 0 uniformly. We call B,,_; =
dim(Hpy (Q°, AF=1T*Q®R™)) Betti’s number. Similarly one define also H (Q°, A*H1T*Q®
R™), and dim(Hp(Q°, AFTIT*Q @ R™) = By,
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leolhwraey < Co (Ndwllwr-soey + I wllwe-soie) + 10l 3 0)

(3.23)
If furthermore we assume also that
w € W;’p(Q, T*Q®@R™) U W;\",’p(Q, T*Q ® R™) then
||w||Wr,p(Q) S Cl (“dWHerl,p(Q) + ||d*W||W7‘71,p(Q)) (324)

3.2 Sobolev Bundles & Sobolev Connections

In section 2.2 we have given a definition of principal fibre bundle
through a family of transition functions satisfying the cocycle con-
ditions, as follows.

Let M be a m-dimensional manifold and G a matrix Lie Group,
that for our purposes will be compact and connected, and naturally
embedded in some R”2, for n > 1. Then a principal bundle with
base manifold M and structure Lie group G is the data of an open
covering {U, }ier of M and a family of smooth maps ¢;; : U;NU; — G
satisfying the cocycle conditions.

In the Analytic part of this thesis we mainly deal with bundles that
have as base manifolds smooth bounded and connected open subsets
Q of R™. So from now on we will always identify M = ).

When dealing with a variational problem, one need to consider less
restrictive structures, since the search for a minimum often requires
variational methods based on reflexivity of function spaces. For this
reason we introduce the concept of Sobolev bundles.

To achieve our purpose we let the transition maps to be in a proper
Sobolev space. Let £ > 1 and 1 < p < oo, then for every open
U C Q we define the following space

Wk(U,G) = {g e WEP(U,R™)|g(z) € G forae. z € U}

Definition 3.2.1. We define a Sobolev principal bundle of class
WP with base manifold Q and structure group G as the data of an
open covering {U, }ie; of Q, and a family of functions

gi; € WEP(U;NU;, G), for U;NU; # (), such that the cocycle condi-
tions hold

95951 = ga in UynU;NU #0
9i;95i =e in UiNU; #0
where in the above two equations we have considered the pointwise

product. We will denote such a bundle with P = {(g;;, Ui;)}, where
for convenience we called U;; = U; N U;.
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Anyway, it is not clear if this pointwise operation is defined in
WP since usually the product of two Sobolev functions loses reg-
ularity. The following theorem guarantees us that it is well defined,
making W*?(U, G) a topological group” for every open subset U C Q
smooth enough.

Theorem 3.2.2. The space WHP(U,G) defined as in Definition
3.2.1 1s a topological group with respect to pointwise multiplication
WHEP(U,GYx WFP(U,G) > (f,g9) = f-g € WFP(U,G) and pointwise
inversion WPP(U,G) 2 f— f~ e WhP(U,G).

Proof. Before checking the continuity of the operations one should
clearly prove that the product and inversion are actually defined
in WhP(U, ). Since the approach is similar to the one we will
perform in order to get continuity, we skip this first part of the
proof, assuming that the operations are well defined.

The Sobolev norm is defined as always [ullr, = >0 <x DUl 20,
where we adopt the classical multi index notation. Let {f,}, and
{gn}n be two sequences in W*P(U, G) converging in this space to f
and g respectively.

1 fugn = fallep = 1 fugn = Falle+ D 1D (fagn) = D*(f9)ll1r <

0<|a|<k
<\ fagn—=Fallo+Cla, 8) > Y |D* P D9 — D* P D |1
0<|a|<k B<a (7)

Clearly || fngn — fgl|z» is converging, indeed

[ fngn = Folle < [1falgn — Dl + [|(fn = fgllLe

< | fullzoellgn = glle + 1 fn = flleollgll o
and the convergence then follows by the fact that [f,| < M a.e.,
and the same obviously holds also for g, since they all have image in
the compact G, which implies that W*?(U,G) ¢ L>(U,R™). (I) is
bounded from above by

(1) < (D7 fu = D> [) D7 gull e + | D*P (D g0 — Dg)|1s

We focus on the convergence of the first term on the right hand
side (the second can be studied similarly) when 5 # 0, a. Applying
Holder’s inequality we get

(D2 fu = D ) D gull s < | D f, = D)

pPKr DB n P
2 |D”g HLﬁ
(3.25)

7A topological group is a group equipped with a Hausdorff topology with respect to which
the group operations are continuous
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Since W*P(U,G) C L*(U,R"), Gagliardo Nirenberg inequality (see
[29]) implies that

121 181
mas |07 < Crlgnll i max D%l + Colgnlos

where ¢ = %, and therefore the last term in (3.16) is bounded. Now
we apply the same inequality to D #f, — DA f:

A A (1—7.[” u k oy 252 '
s [0 u=DA e < Crllfa=fI T max | D4 ,— DA A+

+Cs|| fr — fllzw

where s = |ak'_pﬁl. The right hand side of the above inequality goes to

zero by hypothesis, and so does also the left hand side. Notice that
in general f, - f with respect the L*>°-norm, the term || f,, — f||Loo

is sunply bounded. Since U C  which is bounded, then LT C

Lla—ﬂl, and therefore the first term on the right hand side of (3.25)
is converging. If 5 = 0, or § = « then one can get the convergence
with a reasoning similar to the one we have exhibited for the L”
convergence. Finally the continuity of the pointwise inversion can
be proved with similar arguments. O

The above theorem holds also when M is any compact Rieman-
nian m-dimensional manifold. The generalization, though not dif-
ficult, requires some geometrical tools that go beyond the purpose
of this work. A more complete proof can be found in [19]. If in
the above theorem we assume kp > m, then the Sobolev embedding
WkP(U,G) — C°(U, G) implies also that the bundle is actually con-
tinuous.

In the section devoted to the development of the theory of bun-
dles, we have also seen a characterization for isorgorphic principal
fibre bundles. Namely, if 7 : P — M and 7 : P — M are two
principal fibre bundles and A := {(U;, xi) }ier A = {(Us, Xi) pier are
their atlases, then they are equivalent (or 1somorph1c) if and only
if there exists a family of maps h; € C*(U;, G) such that

gij = hzgwh]_l in UvZ N Uj ?é @

where {g;;} and {g;;} are the transition functions corresponding

respectively to the atlases A and A, see Remark 2.2.17.
We want to do the same thing for principal Sobolev bundles, and this
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motivates the following definition, which, as always in the analytic
part of this work, is stated for M = .

Definition 3.2.3. Let @ C R™ be a bounded and smooth do-
main, and U = {Ui}ier a covering of Q. If P = {(Uy, g;)} and
P = {(Uij, 3i;)} are two W¥P-Sobolev bundles, then we say they

are WhP-equivalent, if there exists a refinement® V = {V;};c; of
U = {U;}ier and a family of maps h; € W*P(V;, G) satisfying

oot = Pidowenh; - n VinV; =V (3.26)

where ¢ is the refinement map. We will say that a W*? bundle over
Q is trivial if it is W*P-equivalent to the trivial bundle M x G.

Remark 3.2.4. Definition 3.2.3 has been stated assuming that P
and P are defined over the same covering U = {U,}ic;. This is not
restrictive, since one can always choose a common refinement of two
different coverings of the same manifold M.

Now that we have defined a Sobolev principal bundle, we would
like to define also the concept of Sobolev connection. In section
2.3 we have seen how to define a connection on a bundle, once it
was given an open covering for the base manifold, and the family
of transition functions, via what we have called the compatibility
condition. We restrict ourselves to the aforementioned case when
M = Q, and consider an open covering U = {U;};e; for it. We
recall that if {g;;} is a family of smooth transition functions, then
we can define a connection on the bundle as a family {A;}c; of g-
valued 1-forms on U such that in the overlapping U; N U; # () the
compatibility condition holds:

Let P = {(Uy;, gi;)} be a W*P-Sobolev principal bundle over Q C
R™ bounded and smooth, where U = {U, };c; is the chosen covering
for 2, and £ > 1 and 1 < p < oo. We consider only the case of
k =1, k = 2 since they will be the most used throughout this work.

Definition 3.2.5. Let P = {(Uy;, g;;)} be the W#?-Sobolev bundle
on €2 defined above. Then we have that

e [f £ =1, then a Sobolev connection on P is given by a fam-
ily {A;}ier in LP(U;, T*U; ® g) such that the condition (3.27) is
satisfied a.e. Vi, j such that U; N U; # 0.

8If U = {U;}ies is a covering of a manifold M, then we say that V = {V;},cs is a
refinement, if it is still a covering of M, and there exists ¢ : J — I such that V; CC Uy, for
each j € J. We call ¢ refinement map.
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e If £ =2, then a Sobolev connection on P is given by a family
{A;}ier in LPP*NW2(U;, T*U;®g) such that the condition (3.27)
is satisfied a.e. Vi, j such that U; N U; # 0.

Remark 3.2.6. If k = 2 we have asked the family {A;};,c; to be
in (W' N L?)(U;, T*U; ® g), and not just in W'?. This is be-
cause if U; NU; # 0 and g;; € W?P(U; N U;, G) then the condition
A= g;ldgij + gi}lAigij is required, but though

9:;'dgi; € W (U; N U;, T*(U; N U;) © g) thanks to Theorem 3.2.2,
the same generally does not hold for the term giglAigij unless we
ask A; to be also in L?(U;, T*U; ® g). Indeed, if we assume A; €
(L*NWLP)(U;, T*U; @ g) for each i € I, then we get that g;' A;ig;; €
L*(U;NU;, T*(U; N U;) ® g) since g;; € G a.e. and G is compact.
While we see that for each £ = 1, ..., m we have that 0,, (gi;lAigij) =
&L,kgi;lAigij + giglﬁxkAigij + gzglAi@zkgij, and the second term is
clearly in LP. For the first term instead we can perform the bound

102,95 Asisll v wiruy) < CllOs, 95" Aill o inu;) <

< N8, 955 2o wiro | Asll L2e wino)
where in the last inequality we have used Holder’s inequality, and
Oy glgl € L*(U; N U;) thanks to Gagliardo-Nirenberg inequalilty.

If A e WhP(Q,T*Q ® g) then it is a Sobolev connection in the
trivial bundle P := Q x G by Definition 3.2.5, and if g € W?P(Q, G)
then the g-valued 1-form A9 := g~ 'dg + g~ Ag is still a connection
on P. Note that the definition we have given for Sobolev connec-
tions tells us that the family {A, A9} is a connection in the bundle
given by the trivial covering {Q2} with transition function g in €.

If m = 4 and p = 2, then we see that if A € W'(Q,7T*Q ® g)
is a connection on the trivial bundle Q x G, then it is automati-
cally in the space L*(2,T*Q2 ® g), thanks to the Sobolev embed-
ding W'(Q,7*Q ® g) — L*(Q,7*Q ® g). This embedding, if
p = 2, does not hold in higher dimensions than four, which means
that if m > 4, then we will have to reintroduce the request A €
(W2 N LY (Q,T*Q ® g). For this reason we will refer to the di-
mension 4 as critical dimension. We have the following technical
results, in critical setting, that will be used several times throughout
this thesis.

Proposition 3.2.7. Let Q C R* be an open bounded smooth domain
and A, € WH(Q, T*Q ® g) such that A, — A in WH(Q,T*Q ®
g), and the sequence of gauges g, € W*?(Q,G) converging to g €
W22(Q,G). Then A9 — A9 in W2(Q, T*Q ® g).
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Proof. We have the following estimates
JAS = A%|lwre < N9, dgn — g7 dgllwrz + |97 Angn — g7 Aglluna <

< lgn 'dgn — g7 dgllwre + (9" — 97 Angnllnrz+
+g7 (An = Agnllwrz + 197" Algn — 9)|lnr2

The first term in the second inequality goes to zero by Theorem
3.2.2. Using the fact that G is a compact group and therefore g, g €
L>*NW22(Q, G) and Hélder’s inequality we get the convergence also
of the other terms. O

Proposition 3.2.8. Let Q C R* be a bounded and smooth do-
main, and A € WH(Q,T*Q ® g) with |[Allwr2@) < € and let
g € W**(Q,G) be a gauge such that also ||g||w22@) < €. Then
there exists a constant C(G) depending on the gauge group G such
that

|A?||wre < C(G)e (3.28)

Proof. We have that ||A9||y12 < [|A9|| 2 + St [|0x, A9|| 2 The L*-
norm of A9 is bounded by

1A% 22 < llg~"dgllz= + llg™" Agllze < llg~ dgllz2 + [[ Al 2

Clldgllr> +e <e(C+1)

The L?-norm of the first derivatives of A9 has similar estimates, for
every 1 = 1,....4

10, A%l 2 < 1102,97 " dg]| 2+l d(0,9) [l 12+2C|0z, 9

|l All a4 0, All 2

< 02,9 lzalldgllzs + Clld(9z,9) [l 2 +2Ce® + € <
(2C +1)* + (C + 1)
and this concludes the proof. O]

3.2.1 Holder’s regularity of Coulomb Bundles in critical
dimension

In this subsection we study Sobolev bundles in critical dimension,
endowed with a particular type of connection, called Coulomb con-
nection. As we will soon see, these bundles are particularly interest-
ing because from the compatibility condition we can extract a PDE
satisfied by the transition functions. This PDE will lead us to an
higher regularity of the transition functions.

We start with the definition of Coulomb bundle.
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Definition 3.2.9. Let Q C R* be bounded and smooth, and P =
{(gij, Ui;)} be a W?2-Sobolev principal bundle on Q. If in P we are
given a Wh2-connection {A4;};c; such that Vi € I

we call P a Coulomb bundle, and {4;};c; a Coulomb connec-
tion.

Remark 3.2.10. Let U = {U,;};c; be a covering of  C R* bounded
and smooth, and P = {(U;;, i)} be a W??-Coulomb bundle over
Q. Then if {A;};cr is the Coulomb connection defined in P, the
compatibility condition

Aj = gi;ldgij + g;lAzgw in Uz N Uj
leads to the equation

We take the codifferential on both sides of equation (3.30), and using
the hypothesis d*A; = 0 for each i € I, then we obtain®

Agi; = d*dg;; = dg;; - Aj — A; - dg; in U;NU; (3.31)

Equation (3.31) was the PDE, solved by the transition functions
of a Coulomb bundle, we were referring to at the beginning of this
subsection. From this PDE we can deduce some regularity results
on the family {g;;}. In particular first we show that the transition
functions g;; are in CpP (U;;, G), and then we will show that one
can choose a suitable refinement {V;};c; of the covering {U;}icr
such that the transition functions in this new covering are C%“-
continuous for each 0 < o < 1.

Lemma 3.2.11 ([33]). Let P = {(gi;, Ui;)} be a W?%-Coulomb bun-

dle over Q C R* bounded and smooth. Then g;; € Wli’c(z’l)(Uij,G).
Furthermore, for each compact Kij CC Uj; there exists g;; € G, and
a constant Cy; := C(K;;,U;;, G) > 0 such that

19 — Gillweenk,) < Cij <HA1‘HW1’2(UM) + |4l wre )+

+

2
Al + 14, lwsaon) ) (3.32)

where {A; }ier is the Coulomb connection defined on P.

91f o and B are two g-valued 1-forms, then we denote o - 3 = ZL «;Bi, where «;; is the
composition of the matrix a; with the matrix 3;
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Proof. As already discussed, the compatibility condition for the Coulomb
connection {A;}ie;
Aj = gigldgij + Q;IAZQU in Uz'j = UZ N Uj
leads to equation (3.30), that gives us the bound
1dgisll Lo @,y < CUlAll Lo @, + 145l Lan w,))- (3-33)

ij) —
since g;; € G ae. in U;; and G is compact. The embedding
LeY(U;) — L*(Uy;) and Poincaré inequality imply that
19i5 — GijllLenw,) < Clldgilicaw,;) (3.34)

where g;; = ﬁ fUij g(x)dz, and the embedding L2 (U;;) — L*(Uy)
gives us the estimate

1955 — GijllLenw,) < ClldgijllLe»w,) (3.35)

By hypothesis we know that d*A; = d*A; = 0, and therefore g;;
satisfies the PDE (3.31). We want now to bound the L*!-norm of
the Laplacian of ¢;;, and applying the Lorentz embedding L*?(U;;) x
L4’2(U2‘j) — L2’1(Uij) to (331) we find:

1AGijll 221w < Clldgisllezws) (145l azwy) + [Aillaew,))
(3.36)
The Sobolev embedding W'2(U;, T*U;; @ g) — L**(Uy;, T*Uy; ®@749),
see Theorem A.3.8, implies that inside the parentheses in the right
hand side of (3.36) one can replace the L**-norm with the W2 one,
and so we get

2
1Agisl en @, < C ([ Allwiew,) + 14;llwrew,))

If we now fix a compact subset K;; CC U;;, following the arguments
of Example A.2.9, we find that

1D%giill e i,y < Cig (||9ij = GijllLevw,)t

+ldgij |l Lenw,) + HAginL@*l)(Uij)) =

2
<C (|‘Ai||W1’2(Uij) + HAJHWLQ(UU) + (’|Ai||W1‘2(Uij) + ||Aj||W1’2(Uij)) )
(3.37)

where (jij depends on the group G, on K;; and U;;. Therefore we
have obtained that

195 — Gijllw2cn @,y < Ci (||Az‘||wlv2(Uij) + [[Asllwrz )+
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2
T (I Adlwre + 14, lweaon) ) (3.38)

and clearly also here the constant é’ij depends on the group G, on
the compact K;; and on U;;. The element g;; is not necessarily in
G, but anyway we can substitute it. Indeed, G is compact and
gij(z) € G for a.e. w € Uy, therefore there exists g;; € G, such that
|3i5 — 9i;] = inf{|y — gi;| - y € Im(gs;) N G}, which implies that for
a.e. x € Uj; it holds

19:5(2) — Gl < 19i5(x) — Gij| + 1955 — Gis1 < 2g55(x) — Gis

This last inequality in addition to the embedding W22V (K;;) <
L>(K;;), see Theorem A.3.10 in appendix A, leads to

Hgij_gij|’L°°(K7;j) < CHgij_gijHW2*<271)(K¢J') < CHQM_!}M“W27<2=1>(K¢j) <

2
< Gy <||Ai||W1»2(Uij) + 1 Ajllwrzw,,) + ([Aillwrzw,) + | Billwrzws,)) )
(3.39)
]

Let P = {(Uij,9i;)} and {A;}icr be as in Remark 3.2.10. We
know that the family of transition functions {g;;} satisfies the PDE

Agij = dgl] : Aj — Az : dg” in Ul N Uj = Uij

The following two Lemmas give us some important elliptic estimates
of solutions of the above equation, under suitable conditions on the
L*-norm of {A;}ics, improving significantly the regularity of the
transition functions.

In what follows remember that we assumed G < R™ for some
n € N.

Lemma 3.2.12. Let Q C R* be bounded and smooth, and
Ae LM T*Q@RY). If a € WP (Q,R™) satisfies

Aa=A-da+F in Q (3.40)

with F € LP(Q,R™) with 2 < p < 4, then e, = 1(n?,p, Q) > 0
such that if ||Al|pa) < €1, then o € WZP(Q,R™) and the following
estimate is true

lallweze@) < CillF[l 1o @) (3.41)

for Cy = C1(n?,p,Q) > 1. The constant ¢, is scale invariant'®, and
wwvariant with respect to translations of the domain.

10We say that €1 is scale invariant if e1(n?,p, Q) = e1(n?,p, Q), where for » > 0 we have
called Q, = {ar: =z € Q}.
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Proof. This result is obtained through a fixed point argument. For
each v € W2P(Q, R™) let T(v) be the solution to

AT(v)=A-dv+ F in Q
T(v) =0 in 09

Now since A € L*(Q,R”’) and dv € L%(Q), by Hélder’s inequality,

we have that AT (v) € LP(§2). Therefore, from Calderén-Zygmund

inequality, see Appendix A, we obtain that D*T'(v) € LP()), which

means that T(v) € WyP(Q,R"). From classical elliptic estimates

we have that for each v, w € WZP(Q,R™) it holds

I7(0) = T(w)lly20g) < CIAT(v) = AT(w)] ooy
and therefore

I7(0) =T () o < ClAl o ldv—dul s <

)
< CllAllzs@llv = wlly2rq)
This last estimate implies that if the L*-norm of A is small enough,
then we can apply the Shrinking Lemma (Lemma 1.1 in [24]). There-
fore, there exists and is also unique a solution to equation (3.40) in
WZP(Q,R™). Since a € W2*(Q,R") is a solution to the same
equation we get the estimates
||Oé - U||W2,2(Q) S CHdOé - dU||W1,2(Q) S CHd*dOé - d*dv||L2(Q) S
< [[Allza@llde = dv[[ @) < Cl|A]| s lla — v]w22@)

where the second inequality is a consequence of Gaffney’s inequality
(3.19). Therefore, if ||A||zs is small enough, we must have o = v,
which implies finally that o € WP (€, R”). The estimate (3.41) is
obtained by observing that

lallwer@) < C (||A||L4(Q)||d0¢||Lm(Q) + ||F||LP(Q))

and therefore for ||A| ;1(q) small enough, we get that
||| w2r)y < CL|F oo

where C depends on €;. The scale invariance is easy to obtain.
Indeed, if a, A, F' satisfy (3.40) in €2, then for z € Q we define the

new functions, a(z) = a(rz), A(z) = rA(rz) and F(z) = r2F(rz) ,
and an easy computation shows that

Ad=A-da+F in Q
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and since || A1) = [|AllL4(,), we can conclude. The invariance
with respect to translations is trivial. O

Lemma 3.2.13. Let Q C R* be bounded and smooth, and A €
LYQ,T*Q @ R™). If |Al| 1) < €1, where 1 has been defined
in Lemma 3.2.12 and 2 < p < 4 is fized, then for every a €
W22(Q,R™) solution of

Aa=A-da in Q (3.42)

it holds o € Wz’p(QR”Q). Furthermore, for every K CC § there

loc

exists a constant Co = Cy(n?,p,Q, K) such that
lallwzr ) < Coflallwzzg) (3.43)

The constant €1 s still scale invariant with respect to translations
of the domain.

Proof. Let us fix K CC ; CC Q. Then we choose ¢ € C°(£),
such that ¢ = 1 in K. We have that ¢or € W2*(Qy, R™). We can
easily extend ¢a in the following way

oo in
= .44
! {o in 0\ (3.44)

and we get that v € W2?(Q,R"). Since « is a solution to (3.42) we
have that

A(pa) = A-d(pa) + a(A¢p — A-dp) +2d¢-da in Qy (3.45)
and moreover we see that
Av=A-dv in Q\ (3.46)

since v = 0 in Q \ €. Finally we set

P {a(Agb — A-d¢) +2d¢ - da in O (3.47)

0 in Q\Ql

and a simple computation shows that F € LP(Q,R”Q), for each
2 < p < 4. Therefore, we have found that
Av=A-dv+F in Q (3.48)

and if [|A||f4q) < e1(n?, p,Q), we can apply Lemma 3.2.12 to v in
(2, since equation (3.48) is in the same form of (3.40).
Therefore, we have obtained that ¢a € VVO2 P (Ql,R”Z), and since
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¢ =1in K, then o € W??(K, R"Q). It is left to prove the inequality,
which anyway follows easily from (3.41). Indeed,

lallwer k) < |ldallwer) < Clla(A¢ — A-do) + 2d¢ - da||ra,) <

S CQHO(HWQ,Q(Q)

where of course the last constant C5 > 0 depends also on K.
m

Remark 3.2.14. From the proof of Lemma 3.2.13, we deduce that if
|Alla@) < ei(p,n?, Q), then for each V' C Q and for each o €

W22(V,R") solution of
Aa=A-da inV

it holds that a € W2P(V,R™), even though we did not explicitly
require that ||Allraqy < e1(n? p, V). To clearly see it, fix K CC
O CcCcV CQ, and ¢ € CX(Q) such that ¢ = 1 in K. Then we

can build, as we did in Lemma 3.2.13, the function

(bOé in Ql
V=
0 in \ Ql

and thanks to the same reasoning we get
Av=A-dv+F in Q
where

7 a(Ap — A-dp)+2do - da in Oy
0 in Q\Q

is clearly LP. Then, all the hypothesis in order to apply Lemma

3.2.12 are satisfied, and v € W?(Q,R"), which means that o €

W22(K,R™). Moreover, the inequality

allwze ) < C(K,n2,p,V)||allwz2qvy still clearly holds.

Let again P = {(¢;;,U;;)} and {A;}icr be as in Remark 3.2.10.

We use the elliptic estimates obtained in the above two Lemmas
to prove that the transition functions g;; € W2P(Uy;,G) for any
2 < p <4, il ||A;]|Law,) is small enough for each i € I.
Lemma 3.2.15. Let P = {(gij,Ui;)} be a W*2-Coulomb bundle
over Q C R* bounded and smooth, and U = {Ui}ier the covering for
Q. There exists €5 := e9(n?,p,U) > 0 for each fized 2 < p < 4, such
that if the Coulomb connection {A;}icr defined on P satisfies

|’Ai‘|L4(Ui) <eg Viel (349)
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then g;; € W2P(Uy;, G). Moreover, for each Ky CC Ui there eists

loc
a constant M;; = M;;(Kij, Ui;,n?, p) such that

gijllw2e(risy < Mijllgijllwz2 s,y (3.50)
Proof. From the compatibility condition
Aj = gzgldglj —+ g;lAlgl] in Ul N Uj = Uij

we have already deduced the partial differential equation for the
transition functions g;; € W*?(U,;, G)

Agij = d*dgij = dgl] . Aj — Az . dgzj in Uz M Uj = Uij
in Remark 3.2.10, and it is an equation of the same form of (3.42).
This means that if

2 Uz
|Ailleaw,) <2 with ey := I{lelln (%) (3.51)

thanks to Remark 3.2.14, we can apply Lemma 3.2.13 to the family
{gi;} and thus get g; € W2P(Uy;,G) for each 2 < p < 4. The

estimate (3.50) follows trivially from (3.43). O

Remark 3.2.16 ([41],Theorem 16). Let Q@ C R* be bounded and
smooth, U = {U, },c; be a covering. Moreover, let P = {(g;,U;;)}
be a W?22-Coulomb bundle over ), where the Coulomb connection
is {Az}zel

One may observe that even though we do not have a proper bound
on the L*-norm of {4;},c;, we can take a refinement V = {V;},c,
of U = {Ui}icr such that there is an enlarged cover V' := {V/};c,
which is also a refinement of U, with the same refinement map ¢ :
J — I of V and we have

e1(n?,p,V; _
[As lzavy < I(T) vjeJ

with V; CC V/. In this way we have that P = {(Vij, gsi).6(j)) } is an
W?2P-Sobolev bundle. This is possible thanks to the fact that e, is
scale invariant.

3.2.2 W?P_equivalence of L*-near W?P?-Sobolev Bundles

This subsection is devoted to an important result, due to K.Uhlenbeck,
on equivalence of W2 bundles (with p > 2) in the critical dimen-
sion four. We will see in Lemma 3.2.18 that if P = {(g,;, U;;)} and
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P = {(hij, Ui;)} are two W?P-Sobolev bundles over Q C R*, that
are L°°-near, namely
||gij - hinLOO(Uij) <0

with § small enough, then they are W?? equivalent. The constant
0 will be shown to be dependent on the number of elements of the
covering.

In what follows we denote with V, a neighbourhood of e € GG, where
the map exp~! is well defined and differentiable.

Lemma 3.2.17 ([44], Lemma 3.1.). Let G be a compact connected
matriz Lie Group, endowed with a bi-invariant metric. There exists
a constant 69 > 0 such that if h,g,p € G, and |exp~*(hg)| < dy and
also | exp~t(p)| < o, then hpg € V, and

[exp™ (hpg)| < 2(Jexp™' (hg)| + [exp~' (p)])  (3.52)
Proof. There exists a neighbourhood V; of 0 € g, such that the map
Q:VoxVo—g

(k,u) — Q(k,u) := exp*(exp(k) exp(u)) (3.53)

is well defined and differentiable. Tt is clear that (0,0) = 0 and also
that |dQ(0,0)| = 1. We fix the neighbourhood V; D O :={zx € g:
|z] < o} of 0 € g, such that |[dQ(k,u)| < 2 for each (k,u) € O x O.
Thanks to the convexity of O and the differentiability of (), we can
apply the mean value theorem, which tells us that

1Q(k,w)| < 2(Jk| + u])  V(k,u) e Ox O

We have proved the result. Indeed, if we set k& = exp~'(hg) and
u = Ady,-1expt(p), we get

Q(k,u) = exp~ ! (hg exp(Ady-1 exp™(p))) = exp ™ (hpg)

and the following estimate holds
|Q(k,u)| < 2] exp™" (hg)| + |Ady-1(exp™" (p))]) =

= 2(|exp™! (hg)| + | exp™ pl)

where the last identity is due to the hypothesis that the metric is
bi-invariant. OJ

Lemma 3.2.18 (|44], Proposition 3.2 & Corollary 3.3). Let 2 C
R* be bounded, smooth and connected, and U = {U;}icr a finite
covering of Q. Let P = {(gi;,Ui;)} and P" := {(hij,Usj)} be two
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W2P_Sobolev bundles over Q). Then there exists a constant d; > 0,
depending on the cardinality of I and the group G, such that if for
each i,j € I satisfying U; NU; # O it holds

m = || exp~ " (hjigij) || L= (v,;) < Or (3.54)

then P is W2P-equivalent to P'. In particular for each refinement
V = {V}ier of U satisfying V; C U; and U;V; D Q, there erists a
family o; € W*P(V;, G), such that

Proof of Lemma 3.2.18. Let U = {U;};c; be as in the statement.
The result is proved by induction on the number of elements of the
cover U = {U;}ier. If |I| = 1, then g;3 = e = hy; and therefore
o1 =¢€c G.

Now suppose we have constructed for k € I, (|I| > 1) and for
1<i,j<h,

1) 0; € W2P(W, 4, G) satisfying
hij = al-gijaj’l on Wi, NWjy
where V; C Wir C U,.
Moreover we also assume that

2)g |exp™! il oo (w; ) < cxm, where ¢ > 1 is a constant depend-
ing on k.

We claim that if m is small enough, then we can continue our
construction from k to k+ 1, namely that 1), 2); imply 1)g11,2)5s1,
proving therefore the Lemma by induction. Let [ = k + 1, if we
assume m < 2_2’ then we have

_ 0
|| exp 1(hligiz)||Loo(UmUj) <m< i and also

H eprl UiHLN(Wi,k) < am < 60

and thanks to Lemma 3.2.17, we have that for : < k =1 — 1 the
map

fi:WieNU — g
x> fi(z) = exp (hu(x)oi(2)ga(x)) (3.56)

is well defined and actually W??. Furthermore, we also have that

| fill oo (W) < 2(1 + cp)m = ¢ym
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and since the families {g;;} and {h;;} satisfy the cocycle conditions,
then an easy computation shows that f; is well defined in the whole
U N (UKk I/Vm) We now choose a cutoff function ¢; € C(R?)
such that

=1 1in Uigkvi

where V; C ‘N/Z C W, is arbitrary. We also set

{QS[ =0 in Ul\ (Uzgk W%k)

Wi, =W Nint{x € R*: ¢(v) =1} Vi <k (3.57)

Then we define o; : Uy — G as follows

_Jexp(onfy) in UN (Uigk Wik)
[ {o'l _ 1 in Ul \ (Uzgk Wz,k) (358)

It is clear that ||exp™ oyl peowy) < ll@ufill ey < 2(1+cx)m = ¢m.
Finally we choose W;; any open subset, satisfying V, C W, C U
The map o; € W?P(Wy, G) by construction, and properties 1)1
and 2);41 are true for the new family of sets W;; and maps o;.

O
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Chapter 4

The Plateau Problem for the
YM functional

4.1 YM functional and its properties

We will consider connections over the trivial fibre bundle P = B* x
G. If A € C°(B*, T*B* ® g) then its field strength is defined by
Fy :=dA +[A, A]. Let us endow the Lie Algebra g with the norm
induced by the Killing form. Then the Yang-Mills energy of A is
the L?-norm square of 4

YM(A) = /B |Fy2dx = Z/B |FY |2dx (4.1)

1<j

The functional admits a geometrical interpretation that concerns the
integrability of the horizontal distribution associated to A. Indeed
we remember that from A we can build a unique connection form
w on the bundle B* x G, such that if s : B* — P is the trivial
section, then s*w = A. The distribution on P given by P > p —
H, = ker(w,) C T, P is horizontal and right equivariant. From the
vector fields 0y, , ..., 0,, we can find a global frame for the distribution
H, using their horizontal lifts J; ,...,0;,. By Frobenius theorem
(see for instance [1]) the distribution H on P is integrable if and
only if it is involutive, namely [0;,0; ], € H, for every p € P
and 7,7 = 1,...,4. This is true if and only if [0;,8;}‘/ = 0, or
equivalently w([0},,9; ]) = 0 for any i, j. Theorem 2.4.5 tells us that
Q(0;,,9;,) = —w([0;,,9; ]) and therefore the horizontal distribution
is integrable if and only if Q(9; ,0% ) = 0 for every i,j. Now since

T;) TXy

Fy = Fdz' A da?, we have that

Fif = Fa(0,,,0.,) = (5°)(0s,,0;,) = Qds(3,,),ds(0,)) =
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= —w((ds(D:)", ds(0,,)"]) = ~w (0%, %)

J
Therefore, one can interpret the Yang-Mills energy of A as the L2
measure of lack of integrability of the horizontal distribution asso-
ciated to A.

We now consider a more generic framework, passing from smooth
connections to Sobolev one. In particular we can extend the field
strength to connections A € W12?(B* T*B*®g), and the Yang-Mills
energy of A will be still well defined, as the following proposition
shows.

Proposition 4.1.1. For each A € W1?(B* T*B*®yg), the g-valued
2-form Fs € L*(B*, N°T*B* ® g).

Proof. By hypothesis dA € L?*(B* A*T*B* ® g). The 2-form [A, A]
defined as [A, A|(0x,, 0x;) = [A(Os,), A(Os,)] = [Ai, A;j], where A =

. J
A;dz* and the Lie bracket [-,-] is the commutator of matrices, is in
L? too. Indeed

A Az =Y 11AA; = AjAille <2 Al Ayl s
i<j i<j
where we have used Holder’s inequality. The last term is finite

thanks to the Sobolev embedding
Wh2(BY, T*B* @ g) — L*(B*,T*B* ® g) and so we conclude.  [J

We define the Yang-Mills functional:
YM:WY(BYT*B*®g) - R

Avs YM(A) ;:/ A + [A, A|2dz,
B4

which is continuous, as the following proposition shows.

Proposition 4.1.2. Let us consider {Ax} € W12(B*, T*B* @ g)
such that Ay — A€ WY(B* T*B*®g). Then

Fare — Fy (4.2)
strongly in L*(B*, N> T*B* @ g).
Proof. We have the following Sobolev embedding:
W2(BY T*B*® g) — L*(B*, T*B* @ g) (4.3)

and thus A, — A in W2 implies the convergence also in L*. By
Holder’s inequality we get that [Ay, Ax] — [A, A] in L2, Finally

1Fae = Fallez = [|dAx + [Ag, Ai] — dA = [A, All| 2 <
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< ||dAy — dA||z2 + ||[Ax, Ax] — [A, A]|| L2 (4.4)
therefore s, — F4 strongly in L? O

Remark 4.1.3. The above result can be extended in the following
sense. If instead of W12 connections we consider W1P(B* T*Bi®g)
as domain for Y M, one can find that F4, converges strongly in L?,
when 2 < p < 4, and A;, is a converging sequence in W1». This is
obtained thanks to the Sobolev embedding

Wie(BY T*B* @ g) < Li+ (B, T"B*® g) (4.5)
and Holder’s inequality.

The key property of the Yang-Mills functional is the gauge in-
variance, namely if A, B are two gauge potentials and there exists
g € W%2(B* @) such that A = BY, then they have the same Yang-
Mills energy.

Proposition 4.1.4. Let A € W2(B*, T* B*®g) and g € W??*(B*, G).
Then
Y M(A?) = Y M(A) (4.6)

Proof. Observe that if A is a smooth connection and ¢ is a smooth
gauge then by Theorem 2.4.7, we have that F4y = g 1F4g. Since
the norm induced by the killing form in g is Ad-invariant, then
Fi| = |Fi| in B’
which clearly implies the identity Y M(A9) = Y M(A). For Sobolev
connections we use a density argument. We consider a sequence of
smooth connections A, € C®(B* T*B* ® g) converging in W2 to
A, and a sequence of smooth gauges g, € C(B*, G) converging in
W22 to g'. As we have already argue
|Fpon| = |Fa,| Vo € B (4.7)
and by Proposition 3.2.7 A% — A9 in W2 which implies thanks
to Proposition 4.1.2 that
YM(AY) =Y M(A).
O

This huge group of invariances makes the functional non coer-
cive?, as the following easy example shows.

INote that generally if we have two compact manifolds M and N then C°°(M, N) is
not necessarily dense in W*?(M, N) for any k,p. It has been proved that this is true for
kp = dim(M). See [37],[38]

2Let V be a normed space, we say that ' : V — R is coercive if for every {z}n C V such
that ||zn|| — oo then |F(xzyn)| — oo too.
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Ezample 4.1.5. Fix any A € W12(B*, T*B*®g) and a sequence g,, €
W22(B* G) such that ||dg,||zz= — oo. Then clearly Y M (A9%")
Y M(A) is constant and therefore finite, but || A% ||yy1.2 > || A9 || L2
97 dgnllce = lgn " Agnllzz = mlldgnllz: — [|Allz2 — oo, where m
mingeq |g|.

In particular this means that minimizing sequences are not auto-
matically bounded, and therefore not necessarily weakly converging.
The first result of K.Uhlenbeck we will present deals with this prob-
lem when the connections have small enough Yang-Mills energy.
Similarly to the classical Plateau problem, in which we fix some
curve I and try to find a map u : D?* — R such that Im(ulsp2) =T
and whose graph has minimum surface measure, we build the Yang-
Mills plateau problem. Let n € Hz(9B* T*0B* ® g) be fixed,
then we want to find some
A € WH(B* T*B*®g) solution of the following minimization prob-
lem:

| IRV

inf {YM(A): Ac W(BY,T*B*®g) and Ay =n}  (4.8)

If n € H2(0B* T*9B* ® g), then we will denote

W$’2(34,T*B4 ®g)={AecW(BYT*B*®g): Ar =n}.
Remark 4.1.6. At the beginning of this section we have given an in-
terpretation of the Yang-Mills energy of a connection as the L? mea-
sure of lack of integrability of the associated distribution. Similarly
if we fix the boundary form 7, which can be seen as a Sobolev con-
nection on the boundary, one can consider the minimization prob-
lem as the attempt to find a gauge potential in B* that extends
the boundary potential, and at the same time has minimum lack of
integrability®

4.2 Abelian gauge group: U(1)

We aim to solve the minimization problem in the case G = U(1).
The Yang-Mills functional reads as

YM(A) = / |dA|*dx (4.9)

since U(1) is an abelian group and then [A, A] = 0 for each
A e WH(BY, T*B*®g). The request thus is to see if there exists a

3As a smooth connection defines a horizontal distribution, so does a Sobolev connection,
with the difference that the distribution is not more smooth but Sobolev in some sense. One
can find a detalied definition of Sobolev distributions in [39]
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minimum of

{ |dAPPdx : Ae W(BY, T*B*®g) and Ap = 7}} (4.10)
B4

where 7 is some given 1-form in H2(9B* T*0B* ® g).

Proposition 4.2.1. For each B € W,*(B*,T*B* ® g) there exists

a gauge g € W22(B*, G) such that d*B? = 0 and at the boundary
Bi =n.

Proof. Indeed, let ¢ € W,*(B*,R) be the unique solution of

{—iAgp —d*B  in D'(BY 411)

Plogs — 0

which is in W22(B*, R), for the L%-regularity theory for elliptic sys-
tems (see Theorem 4.14 [14]). Note that we have multiplied Ay by
i because if G = U(1), then g = iR. Hence we have that

d(B +idp) =dB in D'(BY)
d*(B+idp) =0 in D'(BY) (4.12)
(B +idp)r =n

Taking g := exp(ip) we have that B9 = B + idyp , and thanks to
(4.12), (4.11) we get d*B? = 0. O

In order to find a minimizer of (4.10) we will need to introduce a
backup functional, reminiscent in some way to the Classical Plateau
Problem (see the subsection below). Let us define the energy func-
tional

E:WY(BT*B*®g) - R

A E(A) ;:/ (JAP + |d*AP) du
B4

Remark 4.2.2. If n € H2(0B* T*0B* ® g), then the energy func-

tional E is strictly convex in W,*(B*, T*B*® g). Indeed, if A, B €

W2(B*, T*B* ® g) then for each h € (0,1)

E(hA+(1—h)B) = / (|hdA + (1 — h)dB|* + |hd*A + (1 — h)d*B|*) dz

B4 (4.13)

2 is strictly convex therefore the last term is

the square norm | - |
bounded by
hE(A) + (1 —h)E(B)
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and the equivalence holds true if and only if dA = dB and d*A =
d*B almost everywhere in B2, Therefore if we call B := A — B we
have that B is a harmonic field with Br = 0. In Theorem 3.1.24 we
have proved that the space of harmonic fields with vanishing tan-
gential component over a contractible domain is {0}. The identity
in (4.13) then holds if and only if A = B, and we conclude.

Lemma 4.2.3. Fiz n € H2(dB, T*0B* ® g). Then E admits a
unique minimizer A in W,»*(B*, T*B* @ g) which satisfies

d*dA=0 in D'(BY)
d*fA=0 in D'(BY (4.14)
AT = 7’]

where the first two equations are the Fuler-Lagrange of E.

Proof. Let A € W)*(B*,T*B* ® g), we want to establish

JAlne < C [EA) + Iy, 0 (4.15)

To this purpose we apply Gaffney’s inequality (3.22) which implies
that

[Allwr2(ps) < C (HdAHLQ(B‘*) + " All 2 sy + [lv A A”H%(am)) ;
(4.16)
where v is the outer unit normal of dB*. Since on the boundary
A = Ay + Ap, by Proposition 3.1.16 we get

vVANA=vANArp (4.17)
and this gives
lv A Allyy = v A Arlyy < CllArll,y = Cllnllyy e

Then (4.16) implies that

=

" 2
[ Allwra < € (IdA: + |a Al + Il )

and squaring we obtain (4.15). Therefore if A, is a minimizing se-
quence in W,-*(B*, T*B*®g), we have that it is bounded. By reflex-
ivity the sequence admits a subsequence A, weakly converging to

some A € W'2(B* T*B*®yg). By Corollary 3.1.17 we have that the
trace operator for the tangential component T : W2(B* T*B* ®

g) — H2(0B* T*0B*® g) such that T(A) = Az is continuous, and
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since it is linear it is also weakly continuous. Therefore A = 7. It is
easy to see that F is continuous with respect to the strong topology,
and thus it is also lower semicontinuous. But a convex functional
which is lower semicontinuous for the strong topology is automat-
ically lower semicontinuous for the weak one, as a consequence of
Mazur’s Corollary [8], and therefore

E(A) < lim inf £(A,,)

which means that A is a minimum. By Remark 4.2.2 we have also
that A is the unique minimum. Let us compute the Euler-Lagrange
equations of F. Let ¢ € C>°(B*, g) then since A is a minimum

d A e ~
0= —E(A+tdg)|,_, = /B4<d(d¢),dA> (e, d Aydr (418

and the first term inside the integral is trivially equal to zero. As
far as the second is concerned observe that since ¢ is a zero-form,
then A¢ = d*d¢. But since for every f € C°(B*,g) there exists ¢
such that A¢ = f, equation (4.18) reads as

/ (f,d*Aydz =0 Yfe C®(B*g)
B4

which implies d*A = 0. If now instead of d¢ in (4.18) we choose any
Y € C°(BY, T*B* ® g) then we obtain

0= /B4<d1/;, dA)ydz = — /B4<¢, d*dA)dz

where we have used Theorem 3.1.21 in addition to the fact that ¢
has compact support in B%, and so we get d*dA = 0. O

Theorem 4.2.4. For any n € H2(0B*, T*0B* ® g) there ezists a
minimizer A € C>(B*, T*B*® g) of (4.10).

Proof. Since Y M is not coercive then it could be that a minimizing
sequence does not admit a subsequence weakly converging. Anyway,
we notice that

YM(A) < E(A) VAe W"*(BY,T*B*®g)

with equality if and only if d*A = 0.

Thanks to Lemma 4.2.3 we know that F admits a unique mini-
mizer A € W *(B*,T*B* ® g) which is a solution of the Euler-
Lagrange equations (4.14). By the first two equations we deduce
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that A has harmonic components, and therefore it is smooth. More-
over YM(A) = E(A). We claim that A is a minimizer also for Y M.
Indeed by contradiction suppose

B € W(B* T*B* ® g) and YM(B) < YM(A). By Proposition
4.2.1 we can find a gauge g € W??(B* G) such that YM(B) =
Y M(BY) = E(B7) and therefore this leads to F(BY) = Y M(B7) =

YM(B) < YM(A) < E(A) which is a contradiction, since A was
the unique minimizer for E. O

4.2.1 The U(1) Yang-Mills Plateau Problem & The Clas-
sical Plateau Problem

The Plateau problem for the Yang-Mills functional when G = U(1)
is very similar to the classical Plateau problem, and the idea used
to solve it displays some analogy.

In the classical Plateau problem we fix a Jordan oriented curve I'
in R" and search for a map u : D? — R" whose trace is an oriented
parametrization of I' and whose surface area measure is minimum.
Therefore the functional we need to study is

A<u):/D2 ou Ou

JR— /\ JR—
and we take u in the following set

4.1
o\ oy dxdy (4.19)

C(T) = {uc W (D* R") : u|yp> € C°(S*,R™) is an oriented
parametrization of I'} (4.20)

It is easy to see that the group of invariances for A is the group
of diffeomorphisms of the disc, and for this reason the functional is
easily showed to be non coercive. The problem is treated introducing
the Dirichlet functional

A(u) < D(u) = 1/ Vuldz (4.21)

2 Jpe

which is invariant for a smaller group, but anyway non compact,
namely the conformal diffeomorphisms of D?. The two functionals
above coincide if and only if v is weakly conformal.* By Morrey-
Lichtenstein Theorem, we have that

inf A(u) = inf D(u) (4.22)
ueC(I") ueC(T)
4a map u is weakly conformal if ‘%‘ = |g—z‘ and % . % =0

87



This result would have been trivial if for every u, a diffeomorphism
n of D? had existed such that u o n is weakly conformal. Therefore
now the problem is to minimize D. Note that the study of D would
have been easier if we had prescribed the trace of u. Indeed, in this
last case the existence of the minimum is a well known result, see for
instance [14|. However by slightly restricting C(I") by the so called
three points condition, we can achieve the existence of a minimum

for D and thus for A.

Now that we have briefly recalled the Classical Plateau Problem,
let us spot the similarities and differences with the Abelian Yang-
Mills one.
As we have already seen the Yang-Mills functional has a big group
of invariances too that prevents Y M from being coercive. The strat-
egy we applied to overcome this lack of regularity was based on the
introduction of the backup functional E, which bounds from above
Y M, similarly to what is done in (4.21) for A with D in the Classical
Plateau Problem. We showed that

inf YM(A)= inf FE(A) (4.23)

Aew,? Aew,?

and we actually got this result thanks to Proposition 4.2.1, that as-
sures the existence of a Coulomb gauge for every A € Wnl’Q(B“, T*B'®
g), that preserves the tangential component. Note that here coulomb
gauges play the same role of weakly conformal parametrizations,
that make the functionals A and D coincide. However remember
that the existence of a weakly conformal parametrization for ev-
ery u is not true, and we got (4.22) thanks to Morrey-Lichtenstein
Theorem.

4.3 Non Abelian Gauge Group

We now consider the minimization problem when G is a non abelian
Lie Group. In this case due to the non vanishing term [A, A] in
F4 we cannot be sure anymore that YM(A) < E(A) for every
A e WH(BY T*B* @ g). Also in this case one can prove the exis-
tence of a Coulomb gauge, but this does not mean necessarily that
for such a gauge the two functionals coincide. So we cannot discuss
the existence of the minimizer with the same method of G = U(1).
Since, as we already discussed, Y M is non coercive, classical meth-
ods for the minimization do not work. In 1982 K.Uhlenbeck proved
in [44] that every W12 connection A with a good enough bound on
the L? norm of its curvature 4 admits a Coulomb gauge g € W?2?2,
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such that A9 has W'2-norm controlled by its Yang-Mills energy .
This fundamental result tells us that from a sequence of connections
with a suitable L? bound on their curvature, we can build a sequence
of gauge equivalent connections that is weakly compact in W12,

Theorem 4.3.1 (Small Energy Theorem, [44]). Let G' be a compact
and connected matrix Lie group. There exists two positive constants
eq and Cg, both of them depending on G, such that for each A €
Wh2(BY, T*B* @ g) satisfying

/ |F4|de < g (4.24)
B4

there exists g € W?*(B*, G) such that:
A9 pa(pay + | DAY 21y < Cal| Fallp2(p1)
d*A9 =0 in B (4.25)
(A%) N =

Proof. We will first prove the result for 2 < p < 4, and then extend
it to the case p = 2 with a density argument. In the third step of
the theorem it will be clear why we need to do so. Fix 2 < p < 4,
and for € > 0 we introduce the following two sets:

U= {Ae W'(B,T*B* ® g) | YM(4) < e}
Vé — {A c UE‘ Jg € Wva(B4,G) s.t. HdAgH%q(Bzx) < é"FA"(]{Q(B4)

g=2,p and d*A9 =0, (Ag)N:()}

We are going to prove that for a suitable ¢ and C' the previous two
sets coincide, and this will prove the theorem for 2 < p < 4. In
order to accomplish this, we will prove the following three steps:

1) U*® is path connected (and therefore topologically connected)
2) ch, is closed in U® with respect to the WP topology
3) VZ is open in U® with respect to the WP topology.

First step.

Since the zero connection is in U° we can establish path connect-
edness by proving that for every A € U® there exists a continuous
map [0,1] 5 ¢t — A; € U® such that Ay = 0 and A; = A. So let us
define A, € WHP(B*, T*B* @ g) as follows

Ay(z) = tA(tx) (4.26)

89



Let us prove that A, € U® for every ¢ € [0, 1].
Observe that Fa,(z) = t*F4(tx), as the following calculation shows

Fa,(7) = dAi(x) + [As(2), A(2)] = *dA(tz)+
+t2[A(tz), A(tz)] = t*F(tx)
We set B} = {tz: = € B*} and we see that Y M (4;) < e

/ |FAt(9:)|2dx:/ t4|FA(tx)|2d:)::/ | Fa(2)2da <
B B B

therefore A; € U, for each t € [0,1]. Now it is left to prove that
the path is continuous. By the embedding LP"(B*, T*B* @ g) —
LP(BY, T*B*® g) we get

_4 _4

Al oy < Cll Al e g1y = Ct 7 Al Lo 2y < Ct' 7o || Al o 31y
(4.27)

where p* is the Sobolev conjugate of p; and similarly we also have

_4 _4
IDA| po(pay = 272 | DAl po(psy < 77| DA|| o) (4.28)

By the last two inequalities we deduce that A; — 0in WP(B* T*B'®
g) for t — 0. As a straightforward consequence of (4.27) and (4.28)
we also get the path continuity. Thus we have proved that U® is
path connected.

Second step

Now we prove that V£ is closed in U*® for the WP topology. Con-
sider a sequence { A}y, in V§ and assume that Ay, converges strongly
in WP(B* T*B* ® g) to some limit A,, € US. We want to prove
that A, € V. By definition of V£ there exists a sequence {gr}x C
W2P(B* @) such that the followings hold

/ |dAZ | dx < (Z*/ |Fa, |%dz for q=2,p (4.29)
B4 B4

FAP =0 (A%)y =0 (4.30)

As a consequence of Proposition 4.1.2 we have that the right hand
side of (4.29) is uniformly bounded and then [|[dAJ*||1»(ps) is uni-
formly bounded too. Gaffney’s inequality (3.23) applied to AJ* gives

4% oty < € (AL o + 14 AL o + 154X p )

= C||dA || Lo (4
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where the last equality is given by (4.30) together with the fact that
0= (A7)n = v(vaAJF) by equation (3.12).

From this last result we get also the boundedness of dg; with respect
to the W'P-norm. Indeed A" = gk_ldgk+gk_1Akgk, and this relation
can be rewritten as

dgr = grAL — Argr, (4.31)
By definition of norm we have that
ldgrllwrrsyy = lldgill oy + (1D gill ooy (4.32)

and using (4.31) we see that the first term in the right hand side of
(4.32) is bounded

ldgill o5y < C (JAL | Locpay + Akl Lesyy) < C (4.33)

since both Ay and A" are bounded in W?(B* T*B* ® g) by hy-
pothesis. The other term instead can be estimated observing that
fori,j=1,...,4

82%
O, &Ej

= O, (A7) 5+ 9600, (AT )5 — Ou, (Ak) jg1 — (A1) 00,91 (4.34)

The estimates (4.33) together with Holder’s inequality and the em-
bedding (4.5) lead to the boundedness of D?g; in LP(B*). Now
since gy is bounded in W?2?(B* ) and this last space embeds com-
pactly in C°(B%, G), then there exists a subsequence which converges
strongly to some go, € C°(B, G). Furthermore W2?(B* R™) is a
reflexive space and so g — go Weakly in W2P(B*, RmQ). The weak
limit coincides with the limit in C°(B%, G) because of the compact
embedding of W?P(B* G) — C°(B* G). Thus we deduce the fol-
lowing weak convergence in W'?(B* T*B* @ g)

9 dgi + 9" Aw gy = 951 dgoe + gog Ao oo (4.35)

So we have found that A} — A% weakly in W'?(B* T*B* @ g).
The WhP-norm is weakly lower semicontiuous, therefore

A% [[wrr(pey < 1ink,inf | A% W pay <

< CN’hH’lg/lnf HFAk, HLp(BAL) = CN’HFAOO HLp(BzL) (436)

where the second inequality is given by (4.29), while the equality
holds since F,, — Fy in LP(B*, A°T*B* ® g). Notice that the
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above inequality holds true also for p = 2.

The codifferential d* : W'?(B* T*B*®g) — LP(B*, g) is linear and
continuous with respect to the strong topology, and therefore it is
linear and continuous also if in both spaces we consider the weak
topology. This leads us to 0 = d*AJ}" — d*A%> weakly in LP(B*,g).
Corollary 3.1.17 implies also that 0 = (AJ¥ )y — (A%)x weakly in
WP (9B*, T*B*|sp: © g) which finally means A, € V.

Third step

VZ is open in U. with respect to the Whr_topology if for every
A € VZ we can find an open neighbourhood V' of A in WP such that
V C VE. Fix then A € V£, and consider the gauge g € W??(B*, G),
associated to A, given in the definition of V5. Then we have that
the following map is continuous

g: W(B* T*B*® g) - W (B* T*B* ® g)
B BY:=g'dg+ g 'Bg

and clearly g(Vz.) = Vg.°. Then if for 6 > 0 small enough the
neighbourhood Vs := {A9 + w : |w|lwirs) < 6} of A9 is such
that Vs C V&, we have that g~'(V;) is a neighbourhood of A and
9 (Vs) C Vg

So we can assume from the beginning that d*A = 0 and Ay = 0,
and furthermore that for ¢ = 2, p it holds [|[dA[|7, sy < CllFall7a (54,
where now we have fixed C' > 1. We are looking for the existence
of 6 > 0 sufficiently small such that (A +w) € V£ for each w €
Wtr(B*, T*B* @ g) with ||w||wiepsy < 6. The requirement for
A+ w to be in V£ reads as: there exists g € W2P(B* G) such that

d*(A4+w)? =0
(A+w)} =0 (4.37)
Hd(A + W)gH%q(BAL) < CHFA—s—quLq(m) q=2,p
In order to prove the first two equations of (4.37) we introduce the
following C! map
N : W (BY,T" Blog) xW>?(B,g) — L/(B", g)x W' " 32()B", T" B'| s 0g)

(w,U) = (d(A+w)? (A +w)) (4.38)

where gy = exp(U) € W*P(B* (), see Lemma 4.3.3. If we prove
that the Fréchet derivative of the map in (0,0) with respect to the
second variable is an isomorphism, then we can apply the implicit

51f E c WhP (B4, T*B* ® g) then g(F) := {B9: B € E}
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function theorem (see [24]), and since by hypothesis (0, 0) = (0,0),
we will find that for each w, in a proper neighbourhood of 0 €
WhP(B* T*B* ® g), there exists a gauge g such that the first two
equations of (4.37) hold.

By Lemma 4.3.3 the derivative of N along the U direction at (0,0)
is

OuN(0,0) : W2P(B%, q) — H C LP(B*,g)x W' »?(0B*, T* B |y ®g)
V — OuN(0,0)-V = (AV4(A,dV), (dV)n)
(4.39)

where H is the hyperplane of L?(B%, g) x W' #?(9B*, T*B*|pp: @ g)
made of couples (f, g) such that

f(x)dx—/ vagdo® (4.40)
B oB4

We can establish (4.40) applying Green’s identity, since (A, dV)®
has null integral over B*, as a straightforward consequence of the
integration by parts formula for 1-forms in (3.1.21), remembering
that O-forms have zero normal component.

Applying Gaffney’s inequality (3.23) to dV we have the following a
priori estimate for any V € WP(B4, g):

4V ey < € (I ingny + 1V o) (441

where observe that for a zero form as V holds AV = d*dV, and
moreover the product (v,dV) coincides with 0,V. Furthermore if
we ask that

Ve {UEWQ’p(B“,g):/ U:o} =F
B4

one can apply Poincaré inequality to V, [|[V||r(p1) < C||dV|| 1By
This last inequality and (4.41) leads to:

HV||W2”’(B4) < C (HAVHLP(B4) + ||8TVHW1*%’?7(334)> <

< C (|0uN(0,0) - Vg + [[(A, dV) || o)) <
<C (HaUN(O, 0) Vg + C|\A|]L4(B4)\|dVHL,,*(B4)) (4.42)

Using Gaffney’s inequality and the given hypothesis on A € V£ we
have L
”AHWL?(B‘*) < CHdAHL2(B4) < CCz¢ez (4.43)

81f o and 8 are two g-valued 1-forms, then we denote (o, 8) = a - — 8-« where o - 3 =
> aifi and a;B3; is the composition of the matrix a; with the matrix j3;.
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and the embedding W?(B*, T*B*® g) — L*(B*, T*B*®g) clearly
implies [|A|p1(p1y < CCzez. Substituting this inequality in (4.42)
we find

IVllwzoss < € (100N (0,0)- Vil + CCHt|dV]]- )

and by the Sobolev embedding W'?(B* T* Bi®g) — L (B, T*B*®
g) we get

(1 - 0(}%5%) IV llwesss < CllOEN(0,0) - Vg (4.44)

and for ¢ sufficiently small therefore 9y N (0, 0) is injective in E. We
know by elliptic theory that the following linear map is invertible

ﬁolE-)H

Vs (AV, (dV)y) (4.45)

and applying the method of continuity (see |[15] Theorem 5.2) to the
following family of linear and continuous maps

EtIE—>H

Vi (AV +t(A,dV), (dV)n)

with ¢ € [0, 1], we have that £, = 9y N (0,0) is invertible too in E.
Finally we can apply the implicit function theorem. So there ex-
ists a neighbourhood Uy of 0 € F and a 6 > 0 such that Yw €
WP(B*, T*B* ® g) satistying ||w||wirps) < 6 there exists and is
unique V,, € Uy such that NV (w, V) = 0.

Now it is left only to check the third equation in (4.37), namely

Jd(A + )% 1%, g0y < ClEarol%a s (4.46)

for ¢ = 2, p. To prove this last inequality, which concludes the proof
of the third step, observe that

1d(A + w)* | Lasey < [ Fatwllzasy + I[(A +w)?, (A + w)o] H(Lq(m;

4.47
The last addendum on the right hand side of (4.47) can be bounded,
thanks to Holder’s inequality, by

1(A + @) [l Lame) [[(A + )| L (1) (4.48)

(1)

and the first multiplicand is such that
(1) < CAllsgon + Il zasn + Idgal o) <
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S C(HdAHLQ(B‘l) + 5 + HdngL‘l(B‘l)) S C(& + (5 + ||dgw||L4(B4))

where [|dg.||za(p1y < C9, since g, := exp(V,,) with V,, € Uy and Uy
is small with 6. We already proved that [|A|ps(p1) < C||dA| 124
Finally, since we have just showed that d*(A 4+ w)% = 0 and also
(A+w)% = 0, thanks to Gaffney’s inequality (3.23) and the classical
Sobolev embedding W14(B* T*B*® g) — L7 (B*, T*B* ® g)

J(A+ )%l ) < ClAA+ @) oy (4.49)

Therefore, these last estimates and equations (4.47) and (4.48) imply

that
1

d(A I\l ragry < ———— | Fasoll ra(p2
[d(A +w) HL(B)—l—C(eJré)H AtollLo)

and since for € and 0 small enough <C %, we conclude.

1
» 1-C(e+9)

End of the Proof Now that we have proved Ve =U* for £ and C
as above, we need to substitute W' with W12

So let the 1-form A € W'?(B* T*B*®g) such that condition (4.24)
holds. By density there exists A, € C=(B% T*B* ® g) converg-
ing strongly to A in W'?(B* T*B* ® g). Thus one obtain that
F4, — Fy4 strongly in L*(B* A*T*B* ® g) and therefore

|FallZopy < n>N (4.50)

where N is taken large enough. Then A, € V§ and so there exists
gn € WP(B*, G) such that

1dAZ 17250y < CllFa, 172 (4.51)

holds and furthermore d*A% = 0 and (A% )y = 0. As we have
already seen, by Gaffney’s inequality we find that A9 is uniformly
bounded in W'?(B* T*B* @ g).

Repeating a reasoning not different from the one of equations (4.31)-
(4.34) we find out that the sequence of gauges {g,} is bounded in
W22(B* @), and therefore it weakly converges to a go € W22(B* R™).
By Rellich-Kondrakov theorem it also converges strongly to gg in
L?(B*) for each 1 < p < oo, and thus g, — go a.e. which means
go € W>2(B* G). We easily find that

A9r — A% weakly in W'?(B* T*B* ® g) (4.52)

As we have already observed, the map d* : Wh?(B* T*B* ® g) —
L?(B*, g) is a linear and continuous map for the norm topology, and
so it is also for the weak one, i.e. if we substitute in both spaces the
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strong topology with the weak one then the map d* is still continu-
ous. Thus by d*A9» = 0 we easily obtain d*A% = 0.

As far the normal component is concerned, we know by Corollary
3.1.17 that N : W'2(B* T*B* ® g) — H2(0B* T*B*|yp: ® g)
is linear and continuous and then 0 = (A9 )y — AY weakly in
H:2(0B*, T*B|yp: ® g).

Finally the lower semicontinuity of the L?-norm together with this
weak convergence leads us to:

1dA® |[Z2 sy < Cll FallZ2 s
That was the last step of the proof. O

Remark 4.3.2. We have constructed the proof of Theorem 4.3.1, by
first proving the result for A € W'?(B*, T*B* @ g) with 2 < p < 4,
and then generalizing it when A € W2(B* T*B* @ g) thanks to a
density argument.

This choice was necessary since the map N, introduced in the third
step, is not C'! when the gauges are not at least continuous. Thanks
to the embedding W2?(B%,G) — C°(B",G), valid for 2 < p < 4,
this was the case.

Lemma 4.3.3. Let B* C R* be the unit ball, and 2 < p < 4. Then:

1) The map W>P(B*,g) 3V = exp(V) := 350y ¥ has image in
W2P(B* G). Moreover it is Fréchet differentiable.

2) The map N in (4.38) is C', and the derivative in (0,0) with
respect to the second direction is dyN(0,0) -V = (—AV +
(A,dV), (dV)y) for V € W?P(B% g).

Proof. 1) exp(V) is the composition between V : B* — g and exp :

g — G. By hypothesis V € W?P(B g) — CO(§4, g) and therefore
it has bounded image. On the other hand exp € C*(g, ), and thus
exp(V) € WP(B* Q).
Now we focus on the Fréchet differentiability of exp. We fix U €
W2P(B* g) and we claim that the directional derivative of exp(U)
in the V' direction is

0 kal 0 kal
o VY2
k=2 k=2
for any V € W?P?(B%,g). We have to check that for any ¢ > 0 there
exists 0 > 0 such that

| exp(U+V)—exp(U)— Dy exp(U)||w2rp1y < ||V |lw2rpey (4.53)

Dyexp(U) =V +
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for any V' with ||[V|[w2rps) < 0. We can rewrite the left hand side
of (4.53) as

= U+V = U* U’“ ! U’“ !
I Z V-V Z -
k=0 k=0 W2»(B*)
U+V Uk ! — U
N =
k=2 k=2 w2p(B*)

The last equation is bounded from above by:
1 k k—1 k—1
DU+ = Ur = U VU = (1)
k=2

and if we expand (U+V)* we see that for any V such that || V||y2s(ps) <
0:
() < CMEIV o

where M is a constant depending on the W%P-norm of U and on 4.
If we choose § small enough then we obtain (4.53).
2)Now we prove the differentiability of

N W(BY T B'og)x WP (B, g) — LP(B*, g)x W' #?(9B*, T* BY|yp:®g)
(w,U) = (d"(A+w), (A+w)¥)

which is clearly a composition of maps, and gy := exp(U). In par-
ticular the first component, call it NV, can be written as

N (w,U)=d* o FY(w,U) +d* o TW(w,U)
with d* : WiP(BY T*B* ® g) — LP(B*,g), where we have defined
FY(w,U) = g;'dgy and TW(w,U) = g7 (A + w)gy

Since d* is linear and continuous, it is trivially Fréchet differentiable.
Thus, in order to prove the differentiability of NV, we just have to
check that

(w,U) = (A+w)9 = FY(w,U) + T (w,U)

is smooth. Indeed composition of Fréchet differentiable functions
is still Fréchet differentiable, see for instance [24]. We see that
FO(w,U) = b(g;',dgy) = bo (g5, d o gy) where b is the bilinear
form

b: W2P(BYR™)x WhP(B* T*B*@R™) — W'(B* T*B*@R™)

97



(A, B) — b(A, B) :== AB;dx"

with B = 3.1, Bida'. We have already proved in 1) that
W2P(BY g) 2 U — gy € W?P(B* G) is Fréchet differentiable, and
therefore so is d o gy : W?P(B*,g) — WH(B*, T*B* ® TG) since,
as already discussed, composition of Fréchet differentiable maps is
Fréchet differentiable. Similarly also the map W??(B% g) 5 U
exp(—=U) = g;' € W?P(B* G) is Fréchet differentiable too. The
bilinear map b is bounded

16(A, B)|lwirss)y < CllAllw2re s || Bllwir s
indeed

4 4
16(A, B)lwrsssy == Y ABill Loty + Y (0, A) Bit-Adu, Bill o (4 <

i=1 i,j=1

4
< Allcoll Bll gy + 3 10e, All o oy | Bl ocaro +

=1
4
+ Y N[ Allcol|n, Bill o (ss) < CllAllw2e | Bllwrs
i,j=1

The boundedness of the bilinear form let us apply Proposition 3.3
of [3] and so establish finally the differentiability of F"). Arguing
in a similar way, we can prove that also T is differentiable.

This concludes the proof of the Fréchet differentiability, because,
also the second component of N, call it A® is the composition
of FU 4+ T with the linear and continuous map that to each
B e W'?(B* T*B* ® g) gives its normal component

By € W' 5P(0B*, T*B|pp: ® g).

We need now to compute the Fréchet derivative of the map A at
the point (0,0) in the second direction. We will start by determin-
ing the value of 9y (N ™)(0,0) with V € W??(B* g). We have that
NO =@ o FO 4 d*oTMW and by linearity of the Fréchet derivative,
we have

Ay (NI)(0,0) = dy (d* o FM)(0,0) + dy (d* o TW)(0,0)

(. / (. /

~~

() (1)

Since d* : WhP(B* T*B* @ g) — LP(B*,g) is linear and continuous
we have that D;(d*)(g) = d*(f), for each f,g € W'?(B* T*B*®g).
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Therefore, using the chain rule for maps between Banach spaces, see
for instance [3], we get

O (d" o FD)(0,0) = Doy roo)(d)(FU(0,0)) = (9 F(0,0))

and so (1) is obtained by computing Dy (F™1)(0,0). When a map is
Frechét differentiable then it is also Gateaux differentiable, and these
two derivatives agree. The Gateaux differential in the V' direction
of FM in (0,0) is
-1

. G dgny

}Ig% ; (4.54)
where the limit is considered with respect the W'?(B* T*B* @ g)
topology. Since we already know that a limit in W'?(B* T*B*® g)
exists, we can try to compute it pointwise. For x € €} we have

exp(—hV (z))dexp(hV (x)) _ exp(—hV(x))D exp(hV (z))hdV (x) _
h h
= exp(—hV (z))D exp(hV (z))dV (x)

where Dexp(hV (z)) is the differential of exp : g — G computed in
the point hV (x) € g. Taking the pointwise limit, exp(—hV) — e
and D(exp(hV)) turns to be the identity map between Tpg = g and
T.(G) = g. Therefore, we have that

Ay (d* o FMY(0,0) = d*(dy F1(0,0)) = d*dV = AV

As far as the other term is concerned we will apply a slightly different
strategy. We compute the Gateaux derivative of d* o T at (0,0)
in the V direction. Therefore, we need to study the limit

- A" (g Agny)

=
since by hypothesis 0 = d*A = d*(T™(0,0)). Then we have

d*(gpy Agnv) = dgsy - Agny + gy A - dgny
Using the previous computations of dgyy, we get the pointwise limit

o d*(giy-Agny)
() = Jim —=——

and so we have obtained dy(NM)(0,0) = AV + (A, dV) as wanted.
We now need to compute dy(N?)(0,0). Similarly to what we have
done before we note that

Dy (N®)(0,0) = Dy(N o FM)(0,0) + Dy (N o TM)(0,0)

= —dV A+ A-dV = (4,dV)
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since N@ = No FU + NoT®, where the normal component map
1

N W' (B4, T*B*@ g) — W' 5P(9B*, T* B|p: © g) is linear and

continuous. Reasoning as we did for the map d*, we get that

Ay (N o FMY(0,0) = N(dy(F1)(0,0)) = NodV = (dV)y = (v,dV)

where v is the external normal to B*. If we compute now dy (N o
TM)(0,0) using the Gateaux derivative, we see that

N oTW(0,hV) — N o TM(0,0)

zlzli% h =0
since T™M(0,0) = A and Ay = 0 by hypothesis. While NoTM (0, hV)
(9nvAgnv)n = gy Angay = 0. O

It is clear that Theorem 4.3.1 holds for every ball in R*, and not
only for B*. In the following proposition we show that the constants
eq and Cg are the same, independently from the ball considered.

Proposition 4.3.4. The constants e and Cq appearing in Theo-
rem 4.3.1, are invariant under translations and also scale invariant.

Proof. The invariance for translations is trivial. We will prove only
the invariance for dilations of the domain. Suppose that

A€ W2 (B} T*B! ® g) satisfies equations (4.24) in BX. Then, we
define the following connection

A(z) :=rA(rz) = e B* (4.55)

and clearly A € W'?(B* T*B* ® g). As proved in Part One of
Theorem 4.3.1, we have that for x € B4

Fi(z) = r*Fy(rz) (4.56)

and integrating its square norm we obtain

/|FA(x)]2dx:/ \TZFA(m)de:/ |Fal2dy
B4 B4 B2

where the second inequality is due to the change of variable rz = y.
Therefore if ||FA||2L2(B$) < eg, we can apply Theorem 4.3.1 to A,
getting a gauge g € W>?(B* G) such that equations (3.47) hold.
Then we have that A9®)(z) = rA9®)(rz), and therefore it can be
easily proved that

dA7 =0, A% =0 where g(y) =g (3) fory e BY  (4.57)
T
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and clearly g € W?*(B!,G). Since that A%(y) = 1A9(x), where
y = rx, then

A7 || sy = 1A% Lamoy
and a similar computation shows also that [ DA9||;2(ps) = ||D14~19||L2(B4).
Therefore we have seen that both e and Cg do not change by di-
lations of B O

The Small Energy Theorem is actually valid for each domain (2
which is diffeomorphic to B*. Indeed, the second and third steps
of the proof of Theorem 4.3.1 are clearly valid also when working
on a generic contractible smooth bounded four dimensional domain.
The only step which is not immediate is the first. In the following
proposition we show that it holds true also for domains that are
diffeomorphic to the unit ball.

Proposition 4.3.5. Let Q C R*, and ¢ : B* — Q be a diffeomor-
phism. Then there erists (2, G), depending also on Q, such that
for each A € WH2(Q, T*Q ® g) satisfying

/ |F4|?dz < 2(92,G) (4.58)

there exists g € W*2(Q,G) and a constant C(Q, G) such that

1A |1y + |1DA? |20y < C(Q, G)|[Fall 2
AT =0 in Q (4.59)
(A9)n =0

Proof. The idea is to show that for every € > 0, the set
U = {A e WH(Q, T*Q®g) : / |F4|*de < g} (4.60)
Q

is path connected. The only obstruction is that €2 is not necessarily
a star domain, and therefore performing a path between two connec-
tions in U§ is not straightforward. The diffeomorphism ¢ : B* — Q,
induces the following isomorphism:

¢*: C* (LT A®g) — C°(BY, T*"B*® g)
A ¢*(A) (4.61)

through the pull-back. Of course by density we have that it naturally
extends to an isomorphism

¢ W2 T* QA g) - WH(BY, T*B* ® g)

101



Therefore, if we prove that ¢*(U§) is path connected, then the same
property holds also for U5. We see that for each A € U§, it holds

/ ‘FA|2d.I' = / ¢*(FA /\*FA)dl' = ¢*<FA) A\ ¢*<*FA)d$ = ([)
Q B4

B4
(4.62)
where the Hodge star operator is taken with respect to the Euclidean
metric. The Hodge star operator generally does not commute with
the pull-back, but anyway, as proved in Proposition 3.1.7, the fol-
lowing significant equation holds

¢* O % = *¢5*(E) o ¢* (463)

where ¢*(E) is the pull-back of the Euclidean metric. Note that by
linearity of the pull-back we have that ¢*(dA + [A, A]) = ¢*(dA) +
¢»*([A, A]), and since it is well known that the pull-back commutes
with the differential, and that ¢*([A, A]) = [¢*(A), ¢*(A)], we get
Fye(ay = ¢*(Fa). So we can write

()= [ ¢"(Fa) Nxpy¢" (Fa)dx = /4F¢*<A) N Hpr () Epr(ayd =

B* B
= [ PP
B4

Therefore, if we consider the Riemannian manifold (B*, ¢*(E)), we
have that

¢"(Uq) = Ups (4.64)
and the set on the right hand side is easily proved to be path con-
nected. O

Remark 4.3.6. The constants (2, G) and C(2,G) are still scale
invariant, and also invariant by translations. The proof of this fact
is the same of Proposition 4.3.4.

4.3.1 Small boundary connection norm

In what follows we prove the existence of the minimizer for the
minimization problem (4.8) assuming that the prescribed boundary
connection 7 has a small enough trace norm. This is fundamental,
indeed we will be able to bound the value of Y M (B) for some B €
W,? from above with the norm of 7, and therefore apply the Small
Energy Theorem to minimizing sequences.

Theor?m 4.3.7. There exists & > 0 such that for each
n € H2(0B*, T*0B* @ g) satisfying Inll ;3 < & the minimization

2

problem (4.8) is solved by a connection A° € W,»*(B*, T*B* @ g).
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Proof. First of all we will prove that we can apply the Small Energy
Theorem to a minimizing sequence {A,} C W}*(B*,T*B* ® g),
under a suitable condition on the norm of n € H2(0B* T*0B*®g).
So let B € W*(B*,T*B* ® g) then it holds that

Y M(B) < 2||dB|3(p1 +2/ (B, B]|*da
B4
and applying Hoélder’s inequality
YM(B) < C (1Bl + 4Bl )

By the embedding W'?(B* T*B*'®g) — L*(B*, T*B*®g) and the
obvious inequality [|dB||7 sy < [|Bl[fy1.2(51) We get

YM(B) < C (1Bl + 1Blna)  (4.65)
By Lemma 4.2.3 we know that the functional F, defined in Section
4.2, admits a unique minimizer A in W,»*(B*,T*B* ® g) and if we
choose B = A, then B coincides with the Harmonic extension of 7,

and from classical elliptic estimates (see Lemma 7.1 in [11]) we get

1Bllwi2esy < Clinll 4 s

which leads to the following energy bound
YM(B) < C (6% + %) (4.66)

We choose d such that C'(6246%) < eq. If A, € W, *(B*, T*B*®g) is
a minimizing sequence then we can assume without loss of generality
that for each k, Y M(A,) < YM(B) < e¢. Then by Theorem 4.3.1
we have that there exists g, € W*?(B* G) such that

{IIAZ’“IIL4<B4> + DA |29y < Coll Fayll 29

4.67
d*A% =0 in B* (467)

So the new sequence Af* is bounded in W'%(B* T*B* ® g), and up
to a subsequence then AJ* — A, weakly in W'?(B* T*B*®g), for
some A, € WY3(BY, T*B* @ g).
We claim that there exists g., € W**(B*, G) such that (A% )r = .
First observe that

(AP)r = g (dg)r + g e — A
weakly in H2(0B*, T*0B*®g), by Corollary 3.1.17. By the Sobolev
embedding

Hz(8B*, T*0B'® g) — L*(0B*, T*0B* ® g)
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(A?%)7 is converging weakly in L3(0B* T*0B* ® g) too. Thus also
gk‘aB4 converges weakly to some g, € W'3(9B* R™). This is
true because d(gxlops) = (dgi)r. The space WH3(9B*, R™) embeds
compactly in Lq(f)B4,Rm2) for each ¢ > 1, which means that g,
converges strongly in L¢(0B* R™) for each ¢ > 1. This last note
implies that g, — g a.e. in dB*, and therefore g, has values a.e.
in G (for the sphere measure) which means that g., € W'3(9B*, G).
Another consequence of this strong convergence is

9o Ao + 9o g0 = (Aco)r (4.68)

Now we need to extend g., to a g € W»?(B* G). If we can do
this then we have proved the claim. To this purpose we state the
following theorem, which will be proved in Chapter 5.

Tl{gleorem 4.3.8. There exists a constant €3 such that for any g €
H2(0B*,G) satisfying

||dgHH%(8B4) < €3

there exists an extension § € W22(B*, Q) of g.

Thus, in ordtlar to apply the previous theorem we need to bound
properly the Hz-norm of dg... By the relation (4.68) we have that

ldgecll 3 < C (llgmoAccll g+ Ingecll, )
Thanks to the following embedding,
L® N W3 (0BY) - H(0BY) — H>
we find that the first addendum in the last inequality, is well defined,

and in particular:

[9o0Asoll 3 < € ([[goollzoe + llgscllwrs) [ Asoll ;3

and a similar bound holds also for the second addendum. Thus, since
by the lower semincontinuity of the norm with respect to the weak
convergence we have that [[A| ;3 < liminfy [|A7"]| 3 < C(6%+46%)
we have that:

ldgecll ;3 < C (llgoollzee + llgoollws) (6% + &%) (4.69)

In particular if § is small enough then we can apply Theorem 4.3.8,
and obtain then the extension § € W??(B* G). We define A° =
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A9 ' which is a minimum for our problem and its tangential com-
ponent on the boundary coincides with 7. Indeed, since Y M is a
lower semicontinuous functional” for the W12 weak topology, then:

1

YM(AY ) =YM(Ay) < limkianM(AZk) = hmkianM(Ak)
and since Ay is a minimizing sequence then A° is a minimum. As
far as the boundary condition is concerned, one can observe that if
g € W?2(B* @), then by the relation g - g~! = id one gets

Ong g ' =—g-0png "

for each : = 1,...,4. Then

AL = (A7 = gd(G ) + §(As)rd ' =

oo d((9o) ™) + goo ((900) " dgoo + (o) ™19 (90) ™" =1
and this concludes the proof. O]

4.3.2 Arbitrary boundary connection norm

We have proved that for a small enough H >-norm of the given
boundary connection 7, we can establish the existence of a mini-
mum for the minimization problem. This result was achieved using
K.Uhlenbeck’s Small Energy Theorem on the whole B?, since thanks
to an estimate of Y'M in terms of ||| 1 we could make Y'M smaller
than the constant .

If we relax the hypothesis on the norm of the boundary connection,
we cannot apply anymore the Small Energy Theorem to a minimiz-
ing sequence of connections {A;} on the whole B% but anyway we
can use it locally in the sense of the following proposition.

Proposition 4.3.9. Let {Ax} be a sequence in Wh?(B* T*B* ® g)
such that Y M (Ag) is bounded, and € a positive constant. Then there

exists a subsequence of { Ay} and N points Py, ..., Py € B* such that
Vo>0 dp>0

sup/ |FAkn |2dx <e VyepB! \ Ui]ilB(g(Pi)
B, (y)nB4

n

Proof. We define the map py : BY — R where

pr(x) := sup 0<p<1:/ |Fy |*dr < ¢
B,(z)NB*4

"We can get this property using for example Tonelli’s Theorem
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Claim 4.3.9.1. There is a finite set of points {Py, ..., Py} C B* such
that infy p(P;) = 0.

If the claim is true then p(xg) := infy pp(zg) > 0 for each xy €
BA\ UN,Bs(P;) =: Cs, where § > 0 is a constant we fix.
Now observe that each py is continuous. Indeed, take {z,},en C Cs
converging to xg, and fix € > 0. Then there exists p such that

p < pr(zo) < p+e and / |Fy, |Pdz < ¢

Bﬁ(l‘o)ﬂB4

There exists N(e) € N large enough such that ¥n > N(e) it holds
B;_(z,) C Bjs(zo) and so pi(z,) > p — . It is also clear by con-
struction that pg(z,) < pr(zo) + |x, — xo|. Putting together these
inequalities we get:

—|z, — x| < pr(z0) — pe(xn) < p+e—p+e=2¢ Vn> N(e)

Since pg is continuous, then inf, p = p is continuous too in Cjy,
and by the claim it is also positive. Thus, it admits a minimum,
P := mingec p(z) > 0. This last thing means that

sup E4 2d;€ <e
‘ k
B

k p(y)mB4

for every y € Cs. So we need to prove the claim now.

Proof of claim 1. Suppose by contradiction that
S = {P € B4 iI’:fpk(P) = O}

is at least countable. Choose a couple (P, p;) € S x RT such
that S\ B,, (F;) is still infinite, and a subsequence Ay, of A; with
me (P) | Flay, ?dz > . Out of this subsequence we choose a generic
A,

Now let (P, p2) € S x R* such that B, (Py) N B,,(P,) = and
S\ (B, (P1) U B,,(P,)) is still infinite. Then there is a subsequence
Ay, of Ag,, such that fBPQ(PQ) |Fa,,|*dx > ¢, and we select a connec-
tion /IQ.

Going on in this fashion, we find (P,,p,) € S x R™ such that
N B,,(P;) = 0 and S\ U, B,,(F;) is still infinite, and there is
a subsequence Ay, of Aj , with prn(Pn) |Fa,, [*dx > e, and we pick
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/In from Aj,. We have thus constructed a subsequence Ak such that

k
|F; |*dx > / |F; Pdz > ) e = ke,
/34 o Ur_, By, (P;) A Z

i=1

and clearly Y M (Ay) is not bounded, contradiction.
0

At this point we know that we can give a cover U = {U, }ies
of the submanifold Cy defined as in Proposition 4.3.9, such that in
each U; (choosing ¢ < e¢) we can apply the Small Energy Theorem
producing a sequence of families of gauges g’ € W*2(U; N U;, G),
that defines a sequence of bundles. We are ready to state and prove
the Theorem for the existence of the minimizer, up to a gauge of
the fixed boundary connection.

Theorem 4.3.10. Let G be a compact and coqmected matriz Lie
group. For any 1-form on the boundary n € H2(0B*, T*0B* ® g)
there exists A € WY2(B*, T*B* ® g) such that

Y M(Ay) = inf Y M(A)

AeW,? (B4, T*B4@g)

and (Ag)r =1 for some g € H2(0B* G).
Proof. Consider a minimizing sequence A; in W,*(B*, T*B* ® g),
and let us fix any 2 < p < 4. Then if we choose
2 B N B4 2
, gl(n 7p7 p(y) ) (470)
16C(B,(y) N B, G)?

< it {e(8' 0 5,0.0
yeB4
pe(0,1)

in the previous proposition, where (B*NB,(y), G),C(B*NB,(y), G)
and
e1(n?,p, B,(y) N B*) have been defined respectively in Proposition

4.3.4 and in Lemma 3.2.13, we know that there are at most N points
Py, ..., Py in B* such that for any § > 0 there exists a p > 0

sup sup / |Fy |*dr < ¢ (4.71)
yeCs k B,(y)nB4

where Cs := BY\UY,, Bs(P;). The constant ¢ is non vanishing thanks
to the fact that the three constants involved in its definition are all
scale invariant and also invariant by translations of the domain. The
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proof of the theorem is divided in two main steps.
1)We start assuming that {Py,..., Py} = (. Then we know that
there exists p > 0 such that

sup sup / |Fy, |Pdz < ¢ (4.72)
k yeB*JBiNB,(y)

and we choose a good finite covering® by balls By = {Bg (xl)}
— — iel
of B* with x; € B* for each i € I. For convenience we will denote

By(x;)=: By Viel and B,NB}:=B] Vijel
2 2 2 2

Therefore, by the Small Energy Theorem 4.3.1, we know that there
exists for each i € I a gauge g € W>*(B, N B*, @), such that

2
|FAk|2d{L‘)

d*Aft =0 in BLN B! (4.73)
From now on we will not indicate anymore the intersections of the
balls with B*, just meaning it whenever it is necessary.
The sequence of families g/ := (g;) "'}, € W>*(B/,G) defines a
sequence of W??-principal Sobolev G-bundles P, = {(BY, g;/)}, and

in each one of them we have the Sobolev connection {Aiz}ig that
satisfies the classical compatibility condition

AR N o i+ DARE (| 2 (8o < C(ByNBY, G) (/
B

i VB4
/’)ﬂB

A% = (g rdg? + (g7) AT g in B #10 (4.74)

We want to prove that the sequence of bundles converges to a trivial
Sobolev bundle. Since Py is a Coulomb bundle for each £ € N, and
by equation (4.73) we have that

i1 E:1(77/27pu-Bi)
||Aik||L4(B;) < Tp

then by Lemma 3.2.13 we have that for the fixed 2 < p < 4 it holds
g e w* (B G) = " (BY )
1P 1P
where the Sobolev embedding is compact. This tells us that if

we consider the refinement Bs, := {Bép} , we have that P; :=
4l ) el

8We say that a finite open covering is good if the intersections of the sets are all contractible

108



{<B§J ,gk )} is a sequence of Holder continuous bundles. Further-

more, Lemma 3.2.13 also gives us the bound

HQZjHWM(BU ) < CIIQ?HWQ,Q(BU ) (4.75)

ZP z,fp

Using the compatibility condition (4.74) we get the equation
J i
dgk = ngAZ’“ — Airgy
that we use in order to obtain the following two bounds

.. i J
1461,y y £ € (14 sy + 1AF )
3

ar

.. i J 2
1D,y ) <€ (14 Ny + 1A gy ) +

ZP
i J
+C (HDAikHLz(B;) + ||DAik||L2(Bg)) (4.76)

Therefore, using these estimates and equation (4.75) we have found
that there exists a constant M > 0, depending also on £; and G,
such that

lg¥ !\W2p< )SM
4P

Thus, the sequence of transitions functions g,ij is uniformly bounded
in W2?, and since W?2? is a reflexive space then there exists a sub-
sequence of g,/ such that

g7 — g weakly in W?2? <Bi§jp> (4.77)
and moreover from the inequality in (4.73) we deduce that
A~ AT wealky in W'2(BI, T"Bl @ g)

for each i € I. The weak convergence in W?? and the compact
embedding W?? — C° imply that

gy — || ( ) — 0 for k— oo (4.78)
4P

This also means that g;/ — ¢ a.e. in ng, hence g’ € W?P <Bi§jp, G’).
P 1
It is straightforward to see that in each ng # () it holds

AL, = (92)'dg + (95) " ALgil (4.79)
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and furthermore the family of limits {¢g% } still respects the cocycle
conditions

929% = g% in BY,

1P
g9g =e in ngp (4.80)

4
This means that the family of maps g% defines a W?2P-bundle P, :=
{(ngp, gi{;)}, which is actually a Coulomb bundle, since clearly

d*Al =0in By Viel.
2P

The next step is to show that the limit bundle P, is trivial. This
fundamental result is achieved thanks to Lemma 3.2.18, that can be
easily applied to g = ¢ and h"/ = g for a k € N large enough,
thanks to equation (4.78). The refinement we choose is B;, and we

get the existence of a family o2 € W>? (Big, G>, such that

9 = (o)~ lg;]af in Bigj (4.81)

Now equatlon (4. 81) together with the fact that for each k£ € N it
holds g = (g;) ‘g in B Y leads to the triviality also of the cocycle

94 o y
g9 = (g%a%)_lg%a% in B%J (4.82)
Then, the connection {A’_};c; in the trivial bundle reads as

A= [T+ fTTALf = (AT in By (4.83)

where f; = (giot)~l € WP (B G), and A° € W2(B*, T* B*, ®g)

minimizes the Y M functional. Indeed we can extract from the fam-

ily By a covering which is disjointed, defining Uy := By, Us =
2

B2 \B1 Us := B3 \ (ByUB?2),..., U := BY, \ (UZ]B%), and so we
2 2 2 2

/ ‘FAO| d[L‘—/ |FA§>O
t U

1=1%1

<thmf/ | Fas

The last step before concluding the proof of part 1) of the Theorem,

is to show that there exists a gauge g € H%(ﬁB‘*,G) such that
A = np9.

2dx <

*dr = hmlnf/ |Fa, [Pz (4.84)
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Consider any i € I such that B, NS? # (). We know that in B% N B*
2 2

the sequence Aii — A’ weakly in W12, As we have already proved
in Theorem 4.3.7, by this last consideration we deduce that

(A%)p = (gh) " dlgi]y) + () (A0r)gh = (Ai)r  (4.85)

weakly in H2 (V;, T*V; ® g), where V; := (B, N B*). Furthermore
2

if we call S; := V; N'S?, then the last convergence is true also in

Hz2(S;,T*S;®g) and the sequence g,i‘s. — g' weakly in W13(S;, G),

and one proves, always with the same arguments of Theorem 4.3.7,

that g € H2(S;, G). Passing to the limit in (4.85) we get that

(6)7dg" + (3") ' (n)g' = (AL)r i S (4.86)
Therefore, we have obtained that in each S; the following identity
is true _

A7 = ((AL))r = (AL)n)! = ()7
The second identity is justified by the fact that (df;)r = d(fils,)-
Finally note that U;S; = S®, and that in particular §'f; = g’ f; in
each intersection S;NS; # 0. Indeed, the weak convergence gj — §'
in W13(S;, G) implies by Rellich-Kondrakov that the convergence is
actually strong in L? and therefore it also converges pointwise a.e.
in S;. In S; N S; we have that f; = g% f;. If we call f{ := g f; then

such a sequence by (4.77) converges weakly to f; in W22 (Biﬁj, G)
2

and therefore its trace converges too weakly in H? (8 (Bg) ,G),
2
and we clearly understand that

fl’é — fz a.e. in Sz N Sj
Finally we have that
Gufi = 9wl L = gif] in Sin'S;
and the pointwise convergence gives us §'f; = ¢/ f; a.e. in S; N S;.

2) Suppose now that {P,..., Py} # 0. Repeating the same ar-
guments of part 1) we find a finite good open covering Bs =

{BZB} of C5 := B*\ UY,B;(P,) and a family of gauge changes
2
gi € WM(B;, G) such that

Aii — Al weakly in W"*(B), T*B) ® g)

hy . i 4.87
g7 — g4 weakly in W?2P (Béi) (4.87)
4
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Each g% is a W?P-cocycle, and applying the same arguments adopted
in the previous step of the proof we get that g% are still trivial for
the Cech Cohomology H'(Cs,C°(@)), see Appendix B. This is due
to the fact that Lemma 3.2.18 can be applied to any four dimen-
sional bounded and smooth domain, and not only to the ball.

Thus we can build a connection A defined on the whole Cjs, such
that in 0B*\ U, Bs(F)) it is gauge equivalent to n and

|Fq0*dz < liminf C / |Fy, [P (4.88)
o’ k B4

Suppose now that §; < ¢, and A} and {Blﬁ} are as above. Then
icl

2
we consider the following open covering for Cj,

B= {BZ} U {B{A} (4.89)
2 ) el 2 Jgjed
where UjeJBﬁil D Cy,, and p; is defined as always. Using B we can
2

then extend AJ to a g-valued 1-form A3 € W'?(C5,, T*Cs, ® g).
Taking § — 0, we find an Ay, € W?(B*\ {P,, ..., Py}) which is
a minimizer for Y M and at the boundary is gauge equivalent to
n for some ¢ € H2(0B* G). Thanks to the Removable Singular-
ities Theorem 4.3.14, we can find a local gauge g € W.22(Up, G)
on a neighbourhood Up, of each point P such that (A°y, )7 €
Wh2(Up, T*Up, ®g). Therefore, we have found finally a gloabal con-
nection A° € W2(B*, T* B*®g) which is a minimizer, gauge equiv-
alent to 7 at the boundary B*, namely there exists g € H? (0B, Q)
such that (Ag)r = n?.

O

Remark 4.3.11. We note that, similarly to Theorem 3.5.4, we arrived
in this proof to a minimizing connection whose tangential compo-
nent is gauge equivalent, for a g € H%((?B‘l, G), to the prescribed 7.
However, unlike the previous theorem, since we dropped the condi-
tion on the norm of 7, now we do not have anymore a suitable small
bound on the H2-norm of dg, and so generally g does not admit an
extension on the whole B*, see Chapter 5 for further details. There-
fore, all we can say, in this case, is that if A is our minimum, then
Az = 79 for some gauge of the boundary g € H3 (9B, G).

112



4.3.3 The Removable singularities Theorem

The Removable singularities Theorem, first proved by K.Uhlenbeck
in [45], for Yang-Mills fields” with a singularity, asserts that it is
possible to find a local gauge, such that the field in this new gauge
has lost its singularity.
The following result, established by T.Riviére and M.Petrache in
[33], is an improved version of this Theorem, indeed here we do not
assume that the connection is a minimizer but only that it has finite
Yang-Mills energy. The key point, that allows such a generalization,
is based on Lemma 3.2.11, also proved in [33|, and the embedding
W@ < [ in dimension four.
We will prove the theorem for the punctured ball B*\ {0}, namely
for connections whose blow up point for the W'2-norm coincides
with the origin. Before stating the main Theorem of this section we
will need the following preliminary LLemma. We fix the notation for
keN

Ty = By—k+a \ By—k-4, Sk = By-—k+3 \ By—k-3

Lemma 4.3.12. There exists €, not depending on k, such that if
A e WY(Ty, T*Ty, ® @) satisfies

‘FA|2dl’ < é
Tk

then there exists g € W*2(Sy, G) and a constant C' such that

{d*Ag —0 in S, (4£.90)

1A sy + [1DA9]| 25,y < CllEallz2(a)

Remark 4.3.13. We see that T, = 27%T, and also S, = 27%S,.
Therefore performing the same computations of Proposition 4.3.4
we get that the constants € and C' are independent from k.

Proof. We start by assuming that HFAH%?(TO) < ¢, where the con-
stant £ will be specified later, in order to satisfy some requests.
Thanks to Remark 4.3.13 it is sufficient to prove the theorem for the
case k = 0. We can take a covering Y = {Uy, Us} for Ty made of two
open sets diffeomorphic to the ball B*, and with smooth intersection
Ul N U2 = Ulg.

By choosing

. 81(”2,}?, UZ)2
€S mm {g(Ui’ %) Tecw. ay

9A connection A is a Yang-Mills field if it is a minimizer of the Yang-Mills functional
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for a fixed 2 < p < 4, we can apply the small energy theorem on
both U; and Us, as a consequence of Proposition 4.3.5, which gives
the existence of g; € W*?(U;, G) such that

* A9 — () i .
{dA 0 in U; (4.91)

| A9 | L2y + || DA

2wy < CUs, G)||[Fallrzw,

This leads to the W22-Coulomb bundle P = {(g12, U12)} on Ty, with
Coulomb connection {A%};_15. As already discussed in Lemma
3.2.15 we have that gy = g, 'g1 € VVli’f(Um,G). In particular, as
already proved before, we have the existence of a g € G, such that
in Uy := Sy N Ui, we have the estimates

”921 - §||W27P(UL2) S O(||A91 HWl’Q(Ulz) + ”AQQHWLZ(UQ)—’_

2
+Wﬂ%mwm+MmWwwﬂ)SCOWMwm+WM@%O

(4.92)
and the last inequality is given by equations (4.91). We rescale one
of the two gauges as follows,

ho :== gog, hi:=gq (4.93)

so that we have that both A" and A"2 still satisfy equations

1A% L,y + DAY || 20y < C(Usi, G| Fall 2wy (4.94)
d*Ah =0 in U; '

and the inequality (4.92) together with the embedding W2? (U2, G) <
C°(U2, G) implies that

Ilr=ell g @1a) < Cllhr=ellwanonn) < € (1Eallaay + 1 Falltacny)
3 (4.95)
Therefore for ¢ small enough there exists V5 € W?P(Uys, g), such
that 3
hoy = eXP(V21) in Uiy

and it also holds that

1Vatlwar@ < € (IFallzamy + 1Falscr

Now we can extend the map V5; to the whole (~]2 = S N Us, by
the classical extension theorem for Sobolev functions. So we get
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V e W2’p(ﬁ2,g), such that V = Va in Ujs, and ||\N/||W2,p(f]2) =
CH‘/Z]-“WQJ’(UlQ)' 5
We claim that the extension V can be chosen such that if we define

the gauge
by = @) Frelh (4.96)
ho(z)h(z) if = € Uy

where h := exp(V) € W2P(U,, G), then it satisfies the wanted equa-
tions

(4.97)

d*A" =0 in S,
1AM a(so) + IDA™ | 2(50) < ClIFall L2z

To prove the claim we consider the following map between Banach
spaces ) .
N W27P<U27g) X WOZp(UQ;g) — Lp(U27g)

(Vh, Vo) —s d* Az exp(Vit12) (4.98)
where we have define U, := UQ \ Ulg. We see that this map, which is
similar to N defined in Theorem 4.3.1, is also a C! map, as one can
easily prove following the same arguments of Lemma 4.3.3. We see
that A/(0,0) = 0 by hypothesis, and the idea is to apply the implicit
function theorem to AV, just as we did in Theorem 4.3.1. To do so
we have to prove that the Fréchet derivative of N with respect to
the second component dyN(0,0) : WP (Us,g) — LP(Us,g) is an
isomorphism. Computing it we find

AuN(0,0) - Vo = AV, + (A"2 dVs) (4.99)
for each Vy € WP (Us,, g). Using Gaffney’s inequality (3.24) in U,
we get the following bound for the WP-norm of dV;
[dVallwio@,) < CllAV:]| o,y

Then Poincaré inequality holds and therefore

Vallwzr @,y < ClAV2|| @, <

< C (10N 0, 0) | oy + (A", dV2)ll o)
~ (4.100)
Using Holder’s inequality and the Sobolev embedding W1?(Us,, g) <

L% (Ts, g) we get

Vallwzr @,y < C | 100N (0,00 o) + 1A s, ldVall | o
———

=P (Uz)
<Ce
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and the last equation leads to
(1= Ce)[Vallyzom, < ClON(0,0)l| oy

and this finally means that for £ small enough ON(0,0) is injective.
It remains only to show that it is surjective, and after this we will
be finally able to apply the Implicit Function Theorem.

As we already did in Theorem 4.3.1, we apply the method of conti-
nuity to the family of linear maps

Et : WOZP(U%g) — LP<U27Q)
Vo — AV, + (A" dVy) (4.101)

The surjectivity of Ly is guaranteed by the existence of the solution
for the classical Dirichlet problem for the Laplace equation. There-
fore, by the method of continuity £; = dyN(0,0) is surjective too,
and thus an isomorphism.

We can finally apply the Implicit Function Theorem, and infer that
there exists a § > 0 such that if we call V5 := {V € W?P(Uy,g) :
|V |lwzr < d}, then

VVi € V5 3V, € WiP(Us, g) such that N (Vi,V5) =0
and furthermore we have the bound

Vallwze @,y < €9

So if we choose € small enough then V € Vj, and then there exists
V, such that N'(V,V5) = 0. We define h := exp(V + V3), and set the
gauge h € W?2?(Sp, G) as in equation (4.96). By construction we
have that d*A" = 0 in Sp. The inequality in equations (4.97) also

follows easily by construction. O
Theorem 4.3.14. Let A € W,2(B*\ {0}, T*(B*\ {0}) ® g) such
that
/ Fultde < (4.102)
B4

Then there exists g € W22 (B*\ {0}, G) such that
A9 e WH3(BY T*B*® g).

Proof. We start by assuming, without loss of generality that Y M(A) <
0, with 0 smaller then the constant £. We divide the ball in concen-
tric annuli T} around the origin. Then in each one of them we can ap-
ply Lemma 4.3.12, and therefore we find a sequence g, € W22(S, G)
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such that

{||A9’“HL4(sk) + 1DA||2(5,) < ClFallzaca,

4.103
d*A% =0 in S} ( )

In the intersections Sy N Si11 we have the compatibility condition
A9 = g Akt + G A% Gk (4.104)

where grri1 = (gr) 'gr+1. Since d*A% = 0 for each k then by

Lemma 3.2.11, we find that gy 441 € W/I?)’C@’U(Sk N Sk+1, G), and also
that there exists g ,,, such that

gkk+1 = Gepsillco@gnge, ) < Cllgrrst — Grpsllnzen@ng.,) <

C< (||FA||L2(TkUTk+1) + ||FA||%2(TkUTk+1)) (4.105)
where we have denoted
‘gk = BQ—k+2 \BQ—k—2

We now build a new family of gauges {h;}, that are all W?®_near
to the same element of the gauge group GG. To do so consider

k-1

or =[G €C (4.106)

=1

Our new family of gauges will be hy, := gro. ' € W?2(S}, G). First
observe that for each k& € N the connection A" clearly satisfies

{’\Ahk!\wsw + DA 125,y < CllFallizery

4.107
d*A™ =0 in S} ( )

Furthermore, we have that in Sj N §k+1 the usual compatibility
condition

Ahk+1 — (hk’k-l,-l)_ldhk,k—i-l + hl;i_’_lAhk hk,k+17

with Ay 1 = akgk7k+10,€_i1. Observing that Tept1 = Jk_lakﬂ, and
that the o, are all constant we get the wanted estimate

P py1 — €‘|L°°(§kﬂ§k+1) < Clgrp+1 — gk,k—i—lHLoo(S'kﬂng)

< C (I Fallzzamen + 1Fallaun, ) (4.108)
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Therefore by Theorem 2.1.17, choosing 0 small enough we have the
existence of a family Uy zy1 € W>@ZY(S, N Sy, ¢) such that

hk,k+1 = exp(Uk,kH) in S’k N ngrl (4109)

and we have a small W2@Y_hound also for Uy, ., specifically

kit lwzen @ngen < € (1Fallzmomen + 1Falamon,.))

We now glue together all the gauges hy, in order to get a global
gauge. We consider a new family of annuli given by

Qr:=B, 43\ Bas

and in each one of them we give new gauges as follows. We take a
smooth map p € C>([0,2]) such that p = 1 in [1,v/2]. We build the
family of cutoff functions

pr(x) == p(|z|2%)
and the new gauges are h7, € W2%(Qy, G) with
Tk = exp(pkUchH) in Qk (4110)

Then we note that in Q N Q41 we have 7, = hy 11 and 7,41 =€,
which means that

hi(2) 7 () = hii1(2) 71 (@) I 2 € Qp N Qppa
and we define therefore the gauge
g(x) = hg(z)m(z) if =€ Qg
We prove that the connection A|,, ¢, in this new gauge g
A= (Aly,g,)° (4.111)
has W12-norm bounded in U,Qy. Since we already know that

A" || sy + 1 DA™ |12y < CllFallr2(ry)

then by Proposition 3.2.8 we just need to prove that 7, has a good
enough W?2-bound in Q. Note that

176l z2(qp) < C <||FA||L2<TRUTH1) + ||FA||2L2<TkUTk+1)>

by construction. Computing its first derivatives we get
O, Tk = O, eXP(PkUs k11) (O, ok U3 joyy + 1O, Ul 1.y ), and we have
therefore the following L-bound for each i = 1, ..., 4
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102, 7l L2(Q) < C <\|FA\|L2(TkuTk+1) + HFAH%Q(TkUTkH)> 19z okl 22 (1) +1)
(4.112)

and since p, = p(|z|2¥), there exists M > 0 such that for each k the

pointwise estimate |9, x| < M2* holds. Then, we have the measure

Qx| = T27*(2° — 1), which gives
102,00l L2 () < C27F

In particular C (HFAHL?(TkUTkH) + ||FA||%2(T;€UT;€+1)> controls the W1h2-

norm of 7. Similar estimates show that the same bound holds for
the W22-norm of 7. Therefore, applying Proposition 3.2.8, we get

2
AP 10000y < C Fal2dz+ C / | 2da
T UT, 41 TpUTk 41

(4.113)
Then summing over k € N we have

||A||W1,2(Uka) < Z ||Ahk7'k||W1,2(Qk) <
k

%
< 140/ |F4|*dz+14C / |Fy|?dw (4.114)
TeUTkqq TpUTk 41

Therefore, A € W2(UpQr, T*(UrQr) ® g), and extending ¢ from
UrQy to the whole B* is just a technical exercise.
m
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Chapter 5

The Extension Problem

In Chapter 4 we found that given n € H2(0B* T*0B* ® g) then

1) If we assume ||| )< 9, for ¢ specified in Theorem 4.3.7,

1
H2 (9B
then there exists a solution to the minimization problem (4.8),
i.e. there exists Ay € W, *(B*, T*B* ® g) which minimizes the

Yang-Mills functional in W,-*(B*, T*B* @ g)

2) If instead we do not make any assumption on the boundary
connection 7 € H%(834,T*8B4 ® g), we can only say that
there exists Ag € WH3(B* T*B* ® g) such that

YM(A) = inf Y M(A) (5.1)

and (Ag)r = 09, where g € H?(8B* G). This was Theorem
4.3.10.

In the proof of Theorem 4.3.7 we also arrived to the existence of
Ay € WH3(B* T*B* @ g) such that (5.1) holds and (Ag)r = 77, for
some g € H%((?B“, (). We were able to say that the minimization
problem (4.8) was actually solved, because the condition on the H2-

norm of 7 translated to a condition on the Hz- norm of dg, and this
let us extend g to the whole B* to a § € W*?(B*,G) thanks to

Theorem 4.3.8, and therefore Ag_l was a solution.

One may try to see if it is possible to extend always a Sobolev map
g € H2(0B*,G) to a § € W22(B*, @), also without any condition
on the norm of dg, so that the Plateau Problem for the Yang-Mills
functional always has a solution. However, this is not generally
possible, and in the following section we will be able to give some
counterexamples when the boundary of the domain is S? and S!.
Note that we have found that the Yang-Mills Plateau problem is
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strictly related to the problem of extension of Sobolev maps between

manifolds, where the target manifold is a compact connected matrix
Lie Group G.

5.1 The Extension Problem & Weakly Harmonic
maps

In this section we briefly define the concept of weakly harmonic
map and local minimizer of the Dirichlet energy functional. We will
refer mainly to [14] and [17]. Let (IV, ) be a Riemannian manifold,
and by Nash’s Theorem, we know that there exists p € N such that
N — RP isometrically, where in R?P we are considering the Euclidean
metric. As we already did for maps with values in the group G, we
now define

Wt2(B™ N) = {u € W"*(B™,RP): u(x) € N, for a.e. v € B™}

(5.2)
and similarly one defines also the space of traces with values in V.
Let us fix u € H%(Sm_l, N), and we define the (eventually empty)
set

Ay = {a € W(B™ N): ilpps = u} (5.3)

The extension problem consists in proving whether fora u € H:z (S™1 N)
the set A, is non empty. For each one of these traces we build the
minimization problem

inf / |dii|*dx (5.4)
acAy, B™

where E(u) := [, |[du|*dz is called the Dirichlet Energy func-

tional. The following Proposition shows that the extension problem

and the minimization problem (5.4) are actually related.

Proposition 5.1.1. Let u € H2(S™ ', N) then we have
A, # 0 < the minimization problem (5.4) admits a solution

Proof. (<) This implication is obvious.

(=) If « € Ay, then we have the existence of a minimizing se-
quence {u,}, C A, for the minimization problem (5.4). We de-
fine the sequence {v,}, C W, ?*(B™ RP) where v, := u, — @ for
each n € N, and by Poincaré inequality we have that |v,| r2pm) <
C||dvy || L2(gmy, which leads to

H’Unle/Vl,Q(Bm) < C/B |d1}n‘2diL‘
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Since the right hand side of the last inequality is bounded by hypoth-
esis, then {u,}, is bounded in W'? and therefore u,, — 4 € W2
This weak convergence, thanks to Rellich-Kondrakov Theorem, gives
us that ©« € N almost everywhere. Furthermore we have the weak
convergence in H2(S™ ! RP) also of the traces uy|sm—1 = u, and
therefore t|gm-1 = wu. O

Definition 5.1.2. Let € I/Vlé’f(Bm,N). Then, we say that @ is
a local minimizer of the Dirichlet energy functional if for every
B,(zg) CC B™ and for every v € W'?(B,(z¢), N) with v = u in
0B,(x¢), we have

/

It can be proved that if & € W,.?(B™, N) is a local minimizer of

loc

the Dirichlet Energy functional, then it satisfies the Euler Lagrange

\dﬂ\deg/ dv[2dz (5.5)
(zo0) By (o)

P

4
A+ Sa(0,i1, 0y,1i) = 0 in D'(B,()) (5.6)

=1

for each B,(zo) CC B™. This result is obtained using inner varia-
tions of u, and the fact that it is a local critical point for the function
&, see for instance [17]. The operator S has already been defined,
and it is the shape operator of N.

Definition 5.1.3. Let @ € W,2*(B™ N). Then we say that
is a weakly harmonic map if it satisfies equation (5.6) in each

B,(x9) CC B™.

Remark 5.1.4. Note that each local minimizer is a weakly harmonic
map, but the inverse is generally false.

Letw € H2(S™ !, N). It is clear that if a solution @ € W12(B™, N)
to (5.4) exists then it is also a global minimizer for the Dirichlet En-
ergy functional in A, and thus it satisfies the set of equations

{Aa + 3 Su(04,, 0y, 11;) = 0 in D'(B™) 67

f&|§m—1 = U

Therefore, if for some u € H%(Smfl, N) the set A, is non empty,
then there exists 4 € A, satisfying (5.7).
Now we use the theory on the regularity of local minimizers of £
in order to show some counterexamples on the extension problem.
Namely we show that it is not true that for each u € H%(Sm_l, N)
the set 4, is non empty.
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Ezample 5.1.5 (Counterexamples on the extension problem).
In what follows we produce two examples of maps from S™ ! to some
manifold N, for m = 2,3, such that they do not admit extensions
with enough regularity. In particular:

e Let N = S? and consider the map v € Hz(S',S?) defined by

u(z) = x. By contradiction let us assume that A, # (). We ap-
ply Proposition 5.1.1 getting the existence of a solution @ € A,
of (5.4).
Then it is clear that @ is a weakly harmonic map, and by the
regularity theory for 2-dimensional weakly harmonic maps, see
[20], we have that & € C*>(B?,S'). This is clearly a contradic-
tion since 4 is a continuous retraction of B? to its boundary.

e This counterexample is taken from [17], and the idea used to
build it is essentially the same of the above example. Let N =
SO(2) = S', and consider the map g : S* C R?* — S! defined
as

(w1, 22)
9($1,$27$3) = m

(z1, 12, 23) € S*\ {(0,0,1),(0,0,—1)}

and we have identified S* := {x € R®: |z| =1} and S' = {z €
R?: z = (z1,22,0) and |z| = 1}. One can easily prove that
g € Hz(S2,S). If there exists an extension § € W12(B3 St of
g, then we are able to find also a map g € W1?(B3,S') solution
of the minimization problem (5.4).
Using the regularity theory for local minimizers of the Dirichlet
energy functional (see [14]|, Theorem 10.11) we have that § is
Hélder’s continuous in B? \ 3, where X is a subset of B® made
of isolated points. Therefore, there exists an hyperplane 7 of
R3, such that §|psnr : B> N7 — S! is continuous. This is not
possible since gya(Bgm) is an homeomorphism, and therefore
we would be able to build a continuous retraction from the disc
B? N 7 to its boundary.

where

5.2 The Extension Theorem for gauges with proper
bound on the norm

We now move to the case N = G, for G a compact connected ma-
trix Lie group, and m = 4. In G, as always, we consider the metric

g induced by the killing gorm. In the previous section we have es-
tablished that if ¢ € Hz2(S? G) then A, # 0 if and only if the
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minimization problem (5.4) admits a solution.

For our purposes we will ask g € H2(S?,G) < Hz(S?,G), and we
will show that if we have a proper bound on the H3-norm of dg,
then A, # (), which means that the extension can be chosen as a
solution of (5.7). Furthermore, we will show that, under these as-
sumptions on dg, we can find an extension § € W?%?(B*, @), which
is the result we wanted to prove in this chapter.

We give a proof of Theorem 5.2.1, and we follow the same idea
of F.Bethuel in [5], Theorem 2. There, it is proved that each map
W1-14(S3, @) admits an extension in W4(B*, @) if and only if each
u € C°(S?,G) admits a continuous extension. Since this last prop-
erty does not hold when the domain is B* and the target manifold is
any compact and connected matrix Lie group G, we need some fur-
ther requirement. In particular, we will ask to the H 3-norm of the
differential of the boundary gauge to be under a suitable threshold.

Theox;em 5.2.1. There exists a constant €3 > 0 such that for each
g € H2(0B*,G) satisfying

149113 50, < 25 (58)
there exists an extension § € W*2(B*, Q) of g.

Proof. We start by extending g € H%(S?’, () in a suitable submani-
fold of B*. In particular for some 0 < § < 1 we identify,

6 : (BT\ Bi_,(0))  §* x [0,9]
x +— (Pss(1),d(z,S?)) (5.9)

where Pgs is the projection on S*, while d(x,S?) is the distance
of x € R* from the boundary S*. Note that the projection map
Pss : BY\ B1_,(0) — S? is well defined for each 0 < § < 1. Now, for
7' € S* and h € [0, 8] we define the following map
/ 1 3

@ h) = B - 9(y)do”(y) (5.10)
where By, (') is the geodesic ball in S? centred in 2’ and with radius
h. It can be proved that v € W22(S? x [0, ], RP) (see for instance
[25]) where G < RP isometrically. Actually, one also has that v is
C'in 10, 8] x S,
We show that for each (z/,h) € S* x [0,0], there exists zZ € By(2')
and a constant C' > 0 such that

(@', h) = g(2)| < Cey (5.11)
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Indeed, note that for each z € Bj,(z')
1
[Bu(a)] i, )

We integrate both sides with respect to z € By(2’), and following
the computations in [5], we get

v(@', h) — g(z) = 9(y) — g(2)do’(y)

1

] Jp, o 11551 — 921 (2) <

9(w) =9 s\ ac,
SC/ma /Bh@c') v —2° . ((5)12)

Using Poincaré inequality on the sphere S?, see for instance [36], we
get that

1

lg — ?”H%(Sg) < Ce; where g= 5] Jss g(x)do®(z)  (5.13)

and the Sobolev embedding H2 (S?) < W1~ 14(S?) guarantee there-
fore that the left hand side of equation (5.12) is bounded from above
by Ces. Therefore, we have obtained that inequality (5.11) holds.
This means that for €3 small enough the image of v is all con-
tained in a tubular neighbourhood of G, where the projection map
IT on G is well-defined. Therefore, we can define the map Us €
W22(B*\ B1-,(0),G) as,

Us:=Ilovog (5.14)

The next step is to extend to the whole B* the map U;. As we
already did several times in this thesis, we can substitute in equation
(5.13) the mean value § with an element of the group § € G, and
obtain

lg = 3l 73 3y < Ces (5.15)
We see that if we fix < 1, then we get

1 . 1

IS T ] o ) 07 Ty

Where in the last inequality we have used the Sobolev embedding
H3(S?) — L'(S?) together with the estimate (5.15). This implies
that there exists U € G, such that

|Us — U||Loo(aBl,,,(0)) < Cses
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and therefore for £5 small enough, there exists V € C'1NH?2(8B;_5(0), g)
such that X
Us|p,_s0) = Uexp(V)

and we extend V harmonically to a V € C' N W?2?(B;_5(0), g).
Therefore, the function defined by

__Jus in BB 5(0)
Uexp(V) in B;_4(0)

is a W22-extension for g € H2(S?, Q). O
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Appendix A

Sobolev and Lorentz-Sobolev
spaces

In this Appendix we introduce some important function spaces that
we have used throughout this work, and we will give formal defini-
tions of them. The first spaces we define are Lorentz spaces, which
can be considered as intermediate spaces of the classical L?, and for
them we will present two equivalent formulations, the first based
on the concept of decreasing rearrangement and the second one will
require interpolation theory. For the Fractional Sobolev spaces and
Besov spaces we will instead workout just their interpretation as in-
terpolation spaces since with this method we can easily obtain some
important embeddings, that can be considered as a generalization
of the classical Sobolev embeddings.

The first section of this Appendix is therefore devoted to the devel-
opment of the interpolation theory, that we will heavily use in the
other two sections. We will follow essentially [4].

A.1 Interpolation Theory

Let NV be the category! of normed vector spaces, and we will consider
as morphisms between to objects A and B, the set of all linear and
continuous maps 7' : A — B.

Definition A.1.1. More generally let Ay and A; be two topological
vector spaces. Then we shall say that they are compatible if there

LA category C is the data of a class of objects Ob(C) of C' and morphisms Homg (A, B)
between A, B € Ob(C) such that if f € Homc(A,B) and g € Homg(B, D) then go f €
Home (A, D) and associativity holds. Furthermore for every object A in Ob(C) there exists
a morphism 14 € Homc (A, A) called identity such that for every f € Homec (A, D) and
g € Homg(B,A) one has 140 f = f and go 14 = g for B, D objects of C.
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is an Hausdorff topological vector space U, such that Ay and A; are
both subspaces of U.

If Ag and A; are two compatible normed vector spaces then it
can be easily proved that AgN A; is a normed vector space with the
norm

lall agna, = max ([lal4,, [[alla,) o € Agn A

and also Ay + A; is a normed vector space with the norm

lallagra, = _inf ([lacla, + [lar]la,) @€ Ag+ A

=ap+ai

Proposition A.1.2. Let Ay and Ay be compatible Banach vector
spaces. Then AgN Ay and Ay + Ay are Banach too.

Proof. We prove the statement for Ay N Ay, using the characteriza-
tion of Banach spaces. Consider a sequence {a,}, C Ag N Ay, such

that
Z HanHAoﬂAl <0
n

This means that both ) |la,|la, and Y, |lan|/, are finite. Then
they both converge, since Ay and A; are Banach. Moreover these
two spaces are compatible, therefore the limits of the series (in the
two different norms) are coinciding and then it is in A9 N A;. Thus
the series ) a, converges also in Ay N A;. O

Let now C denote any subcategory? of N, such that the mor-
phisms between two objects A, B in C are still all the linear and
continuous operators from A to B. Then with C; we indicate a new
category made of couples A = (Ay, A;) of compatible vector spaces,
such that Ay + A; and Ag N A; are objects in C. The morphisms
T : (A, A1) — (Bo, By) in C; are all the bounded and linear maps
from Ay + A; to By + B; such that their restrictions T, : Ag — Ay
and Tp, : By — B; are morphisms is C. Now we consider C such
that it is also closed under the operations of sum and intersection.

Definition A.1.3. Let A = (A, A;) be a given couple in C;. Then
a space A in C is an intermediate space between A, and A; if
AgN A, C AC Ay + A, with continuous inclusions. The space A
is called an interpolation space between Ay and A; if in addition
T:A— Aimplies T : A — A.

More generally let A and B be two couples in C;. Then we say that
two spaces A and B in C are interpolation spaces with respect to
A and B if A and B are intermediate spaces with respect to A and
BandifT:A— Bimplies T : A — B.

2 A subcategory S of a category C is a category whose objects are objects of C' and whose
morphisms are morphisms in C with the same identities and composition of morphisms.
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Ezample A.1.4. Let A and B be two couples in C;. Then clearly
A(A) := AgN Ay and A(B) are interpolation spaces with respect to
A and B. The same holds true for ) (A) := Ao+ A; and ) (5). In

particular it is easy to see that if A = A(A) and B = A(B) then
for any T : A — B we have?

1T 4.5 < max (T a9, Tl a1,5,) (A.1)

Interpolations spaces are classified as follows

Definition A.1.5. If A and B are as above, and A, B are interpo-
lation spaces with respect to A and B, then we say that they are
exact interpolation spaces if (A.1) holds for every T : A — B.
If equation (A.1) holds but with a multiplicative constant C' # 1 on
the right hand side, then we say that A and B are uniform inter-
polation spaces.
Finally the interpolation spaces A and B are said to be of exponent
0 if

T4 < CINT I 5 1T 1%, 5, (A.2)
for every T : A — B. If C = 1 then we say that A and B are exact
of exponent 6, where 0 <6 < 1.

We now define what is an interpolation functor, namely a method
of constructing interpolation spaces. In the following subsection we
will present the two main real interpolation functors, the K-method
and the J-method.

Definition A.1.6. By an interpolation functor on C we mean a
functor® F from C; to C such that if A and B are couples in C; then
F(A) and F(B) are interpolation spaces with respect to A and B.
Moreover we shall write F/(T) = T for every T : A — B. We will say
that F is a uniform (or exact) interpolation functor if F(4) and
F(B) are uniform (or exact) interpolation spaces with respect to A
and B. Similarly we deduce the definition of functor of exponent

6.

A.1.1 The K-Method & The J-Method

We now introduce two families of interpolation functors on N. The
theory we develop follows essentially the work of Jaak Peetre [31].

S3If T': A — B is linear and continuous, with A and B normed vector spaces, then we define
TN 4,8 = sup|jq) ,=1 I Tall B

4A (covariant) functor F from a category C to a category D is a mapping such that F(A) €
Ob(D) for every A € Ob(C), and F(f) € Homp(F(A), F(B)) for every f € Homc¢(A, B).
Furthermore if f € Hom¢(A,B) and g € Home (B, E) then F(go f) = F(f) o F(g) and
F(1a) = 1p(a) for every A € Ob(C).
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The K-Method We start by defining the following function for ev-
ery fixed couple A = (Ay, A;) in the category N7,

K: R x (A0+A1) — R*
(ta) — K(tad) = ot (s +tlasle) (A3

and for every fixed t > 0, it is clearly an equivalent norm on Ag+ A;.
In particular we have the following proposition.

Proposition A.1.7. For every fited a € Ay + Ay, K(t,a) is a
positive, increasing and concave function of t. In particular we have
the following inequality

t
K(t,a) < max (1, —) K(s,a) (A4)
s
Proof. The proof of K(t,a) being positive and increasing for every

fixed a € Ag+ A; is straightforward. While for the concavity we see
that if t,h € R* and a € Ay + A; is fixed, then

t+h ) 1 t 1 h
K (S5a) = it (Fhollag + Glosla + Flaola, + Sl ) 2

L. 1
> Qasza1 (laollag + tlla]|a,) + Ea_lanfr (llaol 4, + Rllai]|a,) =

ap+ =ap+ai

1 1
=-K —-K
5 (t,a) + 5 (h,a)

Instead, for inequality (A.4) we choose t,s € RT, and see that for
each fixed a € Ay + Ay, we have

t t
K(t,a)= inf <HGOHA0+55HG1HA1)SmaX(Lg)K(&a)

a=ap+ai
]

We define the functional ®y , over measurable functions ¢ : R* —
Rt for0<f<land1l<qg<oo:

0,(0):= ([ (ot %) it 1< < oo

By q(¢) :=supt?p(t) if ¢= o0 (A.5)
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Definition A.1.8. Let 0 <0 < 1 aIEl 1<¢g< oo,_either 0<6<1
and g = co. For these values we let Ay ,.x = Ky ,(A) denote the set
of all elements a € Ay + A; such that

Dy (K(-,a)) < o0 (A.6)
This is a normed subspace of Ay + A;, endowed with the norm
lallo.g = Poq(K (- a)).

Theorem A.1.9. Ky, is an exact interpolation functor of exponent
0 on the category N'. Moreover we have the inequality

K (s,a; A) < Cygs’||allo (A.7)

Proof. Inequality (A.4) can be rewritten as

min (1, 2) K(s,a) < K(t,a)

for each fixed a € Ay + A;. Applying then the functional ®y, on
both sides we get

t
Dy, (min <—, 1)) K(s,a) <alloq
s

and a computation, see [4], shows that @, (min (E, 1)) = 5_909_7;,

where Ce_,; is a constant depending on 6 and gq.
Inequality (A.7), with s = 1, tells us that Ay, < A + A;. For the
remaining inclusion we note that if a € Ay N Ay, then

K(t,a) <min(1,t)||al| ayna, = [|Allo,q < (min(1,2))][a]| apna,

and therefore AgNA; — ngq. So far, we have proved that Z&q is an
intermediate space. Now we show that Ky, is an exact interpolation
functor. Let A = (A, 4,), and B = (By, B), and consider the
linear and continuous operator 7' : A — B. Then if we call M; =
|T|| 4,.5; for i = 0,1, we have that

a=ap+ai 0

— M —
K(t,Ta;B) < inf (||Taolla, + t]|Tar]|a,) < MoK (tﬁl,a;A)

Applying on both sides the functional ®4,, after a computation we
get
1-6 7 16
||Ta||§9,q < My "M, HGHZM
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The J-Method ~We define the following function for every fixed cou-
ple A= (AQ,Al) in Nl

J:R+ XAomA1—>R+
(t,a) = J(t, a; A) := max (||al| a,, t[|all 4, ) (A.8)

and for every ¢t € R the function J(¢,-) is an equivalent norm in
Ag N Ay, We collect some useful properties of J in the following
proposition.

Proposition A.1.10. For every firted a € Ay N Ay the function
J(-,a) is a positive, increasing and convex function of t. Further-
more the following inequalities hold:

J(t,a) < max (1, é) J(s,a)

K(t,a) < min (1, é) J(s,a) (A.9)

We are now ready to define the interpolation spaces obtained
through this interpolation method.

Definition A.1.11. For0 < f# < land1 < g < oo, either0 <0 <1
and ¢ = 1, we define Ag,.; = Jy,(A) as the normed subspace of
Ao + Ay made of a € Ag + Ay such that they can be represented
by a = [;u(t)% (the convergence is in Ay + A;)® where u(t) is
measurable with values in Ay N A; and @y ,(J(t,u(t)) < co. The

norm we consider for Ag . is ||al|g4.; := inf, g (J (¢, u(t)).

Theorem A.1.12. Let Jy, be defined as above. Then Jy, is an ex-
act interpolation functor of exponent 6 on the category N'. Moreover
we have the following inequality

llallg,gr < C'S_OJ(S, a;Z) (A.10)
for every a € Ag N Ay, where C is a constant independent of 0 and
q.

The J-method admits a discrete formulation which turns out to

be useful in some situations. Here we state a Lemma, that we will
apply later when studying Lorentz-Sobolev spaces.

Lemma A.1.13. Let a € Ay + Ay, then a € Jy,(A) if and only if
there exists a sequence a, € AgN Ay (with —oco < n < 00) such that

a= io:an (A.11)

5Here the integral is the Bochner integral, see for instance [26]
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where the convergence is in Ag+ Ay, and 270 J(2", a,)? € I1.5 More-
over

lallo,g;s ~ inf (Z 27" (2", an)q> (A.12)

where the infimum is taken over all sequences {a,} satisfying (A.11).

It can be proved that the K-method and the J-method are equiv-
alent as far as 6 # 0, 1. This result is called the equivalence the-
orem.

Theorem A.1.14. I[f0 < 60 <1 and 1 < q < oo then Jog(A) =
Ky ,(A) with equivalent norms.

We now state some few simple properties of interpolation spaces.
These results are stated for 6 € (0,1) which implies that the K
and J methods produce the same spaces, therefore we will drop the
index K and J. In this case we will denote the space Ay, also with
(Ao, A1)g.q, always assuming that 0 < § < 1. When 0 = 0,1 we will
specify what method we are using.

Proposition A.1.15. Let A = (Ag, Ay) be a couple in Ny, and
0<f0<1,1<qg<o0. Then we have the followings properties:

a) (Ao, A1)oq = (A1, Ao)1-a,, with equal norms

b) Ap, C Aprifq<r

¢) If furthermore Ay and A, are complete then so is Ay,
d) if ¢ < oo then Ay N Ay is dense in Ay,

e) If Ao and Ay are both reflexive Banach spaces and q < oo, then
Ap, 1s reflexive too.

Proof. b)If r = oo then by equation (A.7) we get that t ?K(t,a) <
Cllallgq, and therefore a € Ago. Now let 1 < ¢ < r < oo and
a € Ay, then

r

ol = ([~ K@) (¢ rayat)

Using again inequality (A.7) in the third factor inside the integral
we easily get that ||alls, < C|lalls,q-
c¢)To prove this we use a characterization of Banach spaces.” Take

6The space I! is the space of all real sequences a, such that >, |an| < cc.
7A normed space (N, || -||) is a Banach space if and only if for every sequence {an }nen
such that > [lan|| < co = > a, converges in N.
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therefore a sequence {a,} in Ay, such that > ||a,||s, is finite. Then
this sum is clearly finite also if we substitute the norm of Ay, with
the one of Ag + A;. But Ag + A; is a Banach space, and thus
there exists a € Ap + Ay, such that ) a, = a. Now observe that
K(t,a) < ). K(t, a,), therefore applying the functional ®y, to
both sides we get ||allo,q < >, l|@nllo,4, and this concludes the proof.
e)A Banach space (E, | - ||g) is reflexive, if the canonical injection®
J : EF — E** is also surjective. Then by hypothesis we have that
J Ay — AP is surjective for i = 0,1. Using Theorem 3.7.1 in [4],
we get that (Ao, A1)z, = (Ag", A7%)e,q, and therefore the surjectivity
of J: Ag, — Z;fq easily follows.

[

Remark A.1.16. Point d) of Proposition A.1.15 has a consequence
that can be useful. If C'is a normed vector space that is dense in
Ag N A; then it is also dense in Ay, as far we are assuming q < co.
Indeed, if f € Ay, and {#,}, C Ay N A, is a converging sequence
to f, we can consider for each fixed n a sequence {¢ },, in C that
converges to ¢, in Ay N Ay, by density of C' in Ag N A;. Then for
every € > 0, we have that

If = oullz,, < I = ¢nllz,, + llén — &3'll%,, <

< Hf - anHZM + C||¢n - ¢Zn||AonA1 <ée

for a proper choice of n and m.

A.1.2 The Reiteration Theorem

This section is devoted to a fundamental result of the real inter-
polation method. TIf two spaces X, and X; are obtained from a
given couple A = (Ag, A1) in N} by means of the real interpolation
method, and if X is constructed from X = (Xy, X;) by means of the
real method too then X can be directly built from A always by the
real interpolation method. In what follows we give some definitions
that will allow us to specify the proper conditions under which we
can apply such a theorem.

Definition A.1.17. Let A = (A, A;) be a given couple of normed
vector spaces. Suppose that X is an intermediate space with respect
to A. For 0 < 0 <1 we say that

e X is of class C (0, A) if K(t,a; A) < Ct?||al|x, with a € X
81f (E, || - ||g) is a Banach spaces, then the canonical injection J : E — E** is defined as

J(f) = (-, f) : E* = R for eachf € E, where in this context we denoted with (-,-) the dual
coupling.
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e Xisofclass C;(0, A)if |jal|x < Ct~%J(t,a; A), with a € AgNA,

e We say that X is of class C(6, A) if X is of class Ck (6, A) and
of class C;(6, A).

Sometimes it is convenient to use the following characterization
of the above definition. In particular we have this result.

Proposition A.1.18. Let A = (Ag, A1) be a given couple of normed
vector spaces, and let X be an intermediate space. Then

a) X is of class C(0,A) & AgNA; C X C Agoore

b) X is of class C;(0,A) & Ag1.; C X C Ag+ A1 & we have
llal|x < C’||a|]i‘;9||a|]il for each a € AgN A;.

Note that we already know that Ay, is of class C(6, A) if 0 <
0 < 1. We are now ready to state the reiteration theorem.

Theorem A.1.19. Let A = (A, Ay) and X = (Xo, X1) be two cou-
ples of spaces in Ni, and assume that X; are complete and of class
C(0;,A), where 0 < 0; <1 and by # 61. Then forl1 <qg<oo X,,=

Ap, where 0 = (1 = n)bo +nby withn € (0,1). As a consequence if
0 <6, <1 and Ap, 4 are complete then (Ag, g0, Ao1,q1)ng = Ao,q and

I <qo,q1 <0

A.2 Lorentz spaces

In this section we will introduce Lorentz spaces, and we will define
them in two different but equivalent ways. First we will get these
spaces using the decreasing rearrangement function. Our second
definition instead is based on the interpolation by means of the real
method of the most known LP spaces.

A first definition of Lorentz spaces Let ) be an open subset of R”,
and let f be a scalar measurable function which is finite a.e. (for
the Lebesgue measure). We introduce the function®

myp(o) =[{z cQ: |f(z)] > o} (A.13)

The function my : RT — R* is non increasing and continuous on
the right.

Definition A.2.1. Let f : Q@ — R be measurable. Then its de-
creasing rearrangement f* is the following function on R*

[ (t) :=inf{c e R": my(o) <t} (A.14)

9If A is any Lebesgue measurable subset of R™, then by |A| we denote its Lebesgue measure.
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The decreasing rearrangement is clearly a non negative, non in-
creasing function on R and it satisfies m¢(o) = my«(0) for every
o > 0. In the following proposition we will state some of its proper-
ties that will turn out to be useful later. Further significant features
of this function can be found in [16].

Proposition A.2.2. Let f,g: 2 — R be two measurable functions.
Then :

1) (f+9)(ts +t2) < f*(t1) + 9" (t2)
2) (fg) (ti +t2) < f*(t1)g"(t2)
8) (If[P)* = (f*)P for 0 <p < oo

4)fﬂ\f\p |Q|( )P for 0 < p < oo
5) If f € L>(RQ), then || f||r~ = f*(0).

Proof. 1)& 2) We define the following two sets A := {s1| ms(s1) <
t1} and B := {so| my(s2) < ta}. Then if we call C := {s| ms,(s) <
t1 +to} and S = {s| mf + g < t1 + ta} we clearly have A- B C C,
and A+ B C S'. In particular we have that (fg)*(t;+ts) = inf C' <
s1 -8y and (f + ¢)*(t; +to) = inf S < s1 + s9 for each s; € A and
sg € B. Then taking the infimum over all elements in A and B we
finally get the wanted inequalities.
3)Note that the following sets coincide
{s| m(s,|f|") < t} = {o?| m(o, f) < t}. Therefore, taking the
infimum in both sides we deduce that (|f|?)* = (f*)P.
5)By the fact that ms(||f||z~) = 0 we get that f*(0) < ||f|lLe.
Conversely one sees that if there exists s < || f|| L such that my(s) =
0, then s must be larger or equal to || f|| L=, which is a contradiction.
[

Definition A.2.3. For 1 < p < oo we define the Lorentz space
LP9(Q)), as the space of all measurable functions f :  — R, such
that || f||re < 0o where

| Flloa = (/ (1 f())”f) if ¢ < oo

| fllzea := Sfug)tﬁf*(t) if ¢g=o00 (A.15)
>

10Tf A and B are two subsets of R, then we define A- B = {s1 - 52| 51 € A and s2 € B}
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Remark A.2.4. Note that LPP(Q) = LP(Q), for every 1 < p < oo.
Indeed by the above definition we have that

[l = ( / f*(t)pdt)p _ ( / \f!”dx)p — 1l

where the penultimate equality is due to the fourth point of Propo-
sition A.2.1. Nevertheless it is important to highlight the fact that
if p # ¢ then || - || L., defined in equation (A.15), is not a norm but
a seminorm.

We now give a second definition of Lorentz spaces based on in-
terpolation theory, and after that we will state the most important
properties of these spaces.

An interpolation Formulation We start with the following theorem,
that allows us to define the Lorentz spaces as interpolation spaces
of LP spaces. As above let {2 be an open subset of R".

Theorem A.2.5. Suppose that f € LP(Q)+ L>(Q) for 1 < p < oc.
Then K(t, f; LP(Q), L>®(Q)) ~ ( Otp(f*(s))pds);. Moreover with
1 < po < p1 < oo we have

(LP(€0), L (€))g,q = LP(2) (A.16)
ifp0<q§ooandl%:1p;09+p%.

Proof. Let 1 < p < oo, and consider the decomposition f = fy+ fi,

where
fol) = {f (x) = F() i [f(2)] > f*(t7)

0 otherwise

and clearly f; := f — fo. The function f; by definition is L>(),
while it is easy to show that fy € LP(Q2). If we call
E ={x € Q| fo(x) # 0}, we have by definition of decreasing rear-
rangement of f that |E| < ¢, and since f* is constant in the interval
[| E|, t?] we get

K(t, [ LP(Q), L2(2)) < [l follr + tl[ 1l =

1

- (/E f(z) - f*(tp>|’”dﬂf) ) = ()

By the fourth point of Proposition A.2.1 we get

o= ([ e- f*(tp))pds); +(f tp(f*(tp))p); <
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([ f*@ds);

Consider now any decomposition f = fy + fi with fy € LP(Q2) and
fi € L*(Q). Then by the first point of Proposition A.2.2 we have
that for 1 > = > 0, f(s) = (fo + fi)(5) < f3((1— 2)s) + fi (es).
and this implies that

(/°tp<f*<8))pds); : (/otp(fo* (- 5)S)pd8); + </otp(f1*(€s))p>;

By point 5) of Proposition A.2.2, and by the fact that the decreasing
rearrangement is decreasing, we get

1
tP P 1
([ rerds) < a-o il + Al
0
Taking the infimum over the decompositions f = fy+ f1, and letting
e — 0 we get the wanted inequality.

We will prove (A.16) first for p; = 0o and py < p fixed. Let f €
LP4(Q), with § =1 — 22 then we have

I£10a = (5 f))(%)i - ()

using the proportionality we have just proved, we get

(+) ~ ( [ ([ ) g %) _

0o 1, % q
= (/ (/ tJf*<Stpo)p0dT§) dt) <
0 0 ta
1 o0 q 1—6 q dt p70 %
<C / (/ s Du Y (1m0 (¢ —) ds
([ ([ s o)

where between the second and third line we have used the Minkowski’s
integral inequality. The last term is easily seen to be controlled by
Cllfllzpa. If now f € (LP0, L>)y,, and % = 12.%9, then for the con-

verse inequality we have
o dt\ e
q q
([ reys) s
0 t

1 flles = (/“ (téf*@))q%f —p
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([ wwe

and the last term is equal to || f||g,4, and therefore we have concluded.
It is left only to drop the condition p; = oo, and this can be easily
obtained by the Reiteration Theorem. Indeed for 1 < py < p; < o0,
we have that

(LPO(Q)v L (Q))9,q = ((LT(Q>7 LOO(Q))eo,pov (LT<Q)7 LOO(Q>)91,111)97Q =
= (L"(2), L=(Q))nq = LP(Q)
where the second equality is due to the Reiteration theorem and
r =10 O
Po
Theorem A.2.6. Let 1 <p <oo and g <r < oo. Then
1) LP9(Q) are all Banach spaces.
2) LP9(Q) C LP"(Q)
3) C(2) N LP4(Q) is dense in LP1(Q) for 1 < g < oo.

4) If Q has finite Lebesque measure, then forr > p and 1 < ¢ < 0o
we have L"(Q) — LP1(1).

Proof. Points 1) and 2) are straightforward consequences of points
c¢) and b) of Proposition A.1.15 respectively.

The third point is a direct consequence of Remark A.1.16 together
with the fact that C°°(Q2) N LP(Q2) is dense in LP(2) for each 1 <
p < 00.

4)It is enough to prove the result for ¢ = 1 since L®Y(Q) c L»D(Q)
if ¢ > 1. Let then f € L®V(Q) = (L}(Q),L>(2));_1,. Then it
holds

flone = [ 67 K@nT = [ 6 / Pt =
_ Olnltél s ds— /Q /f d8—=()

Applying Holder’s inequality in the first term above we find that
2y dt [ dt
@< [ 5o+ [ 6 M e
0 le]
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Since ]lj — % > (0 by hypothesis, then the first integral converges.

Thanks to the embedding L" () < L*(Q2) we conclude.
[

A.2.1 The Calder6n-Zygmund inequality

We now define the concept of kernel, which will be useful in studying
the regularity of the Laplace equation. For this subsection we will
refer to [14].

Definition A.2.7. We say that a function £ : R"\ {0} — Ris a
Calder6n-Zygmund kernel if

1) k(x) = O\Jw(ll;) for each x € R", where w is a zero-homogeneous
functiont!

2) w|3B(o) € L*>®
3) f(‘)B(O) kdo = 0.

Let k be a Calderén-Zygmund kernel, and k. := kxg»\p.(0). Then
we define the convolution

L=k f@e= [ Ke—ufdy a7

where f € LP(R"). A classical Theorem of Calderon-Zygmund states
that if f € LP(R™) with 1 < p < oo then the limit 7'(f) of T.(f) for
€ — 0 exists in L? and furthermore

1Ty < COS 2o em) (A.18)

where C(p) is constant depending on p. See for instance Theorem
7.22 [14]. Using the interpolation theory we have developed, we will
extend this result to Lorentz spaces.

Corollary A.2.8. Let k : R"\ {0} — R be a Calderén-Zygmund
kernel, with Lipshitz continuous restriction on 0B(0). Then we have
that if f € LP"(R™), 1 < p < o0

TP zor(ny < Allfllor(eeny (A.19)

where 0 < r < o0.

A function f : R® — R is called homogeneous of degree n if f(kx) = k™ f(x) for each
keRand z € R"
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Proof. The proof is straightforward. Indeed we have already seen
that LP9(R") = (LP(R"), LP'(R"))g,, for 2 = =2 4 £ Then this
means that for p > 1 we can choose both py,p; > 1. Then the map
T is continuous from LP*(R") to L (R"™) with ¢ = 0,1 by Calder6n-
Zygmund theorem. Since LP4(R™) is an interpolation space, then
T : LPY(R") — LP9(R™) is continuous too. O

The following example is significant. Indeed, it uses the above
Corollary, in the framework of the Laplace equation, to get an higher
regularity for the solution. It is fundamental also because, as already
discussed, the improved version of the Removable singularities the-
orem of T.Riviére partially relies in some consequences of it.

Ezample A.2.9. Let Q be a bounded domain in R", and f € W*2(Q, R)
such that ||Af| r21q) < M and also || |21 HVfHLQl < M.

We show that this is enough to prove that f € T/Vlic2 b (€, Rm). Take
n € C(92,R) a cut-off function satisfying n = 1 in K, where K C Q
is compact. We build the following Dirichlet problem

{AV:A.(nf) in (A.20)
V=0 in 09

Clearly the solution exists and is unique V = nf € I/VO2 ’Z(Q,Rm).
Moreover, we know that we can also rewrite it as

Vi) = [ Tl =)D f0)dy = [ Tl = A0 F0)dy
n Q
(A.21)
where I' is the Newtonian potential, and ;Zar can be proved to be

a Calderon-Zygmund Kernel for each i,j = 1,...,n (see for instance
[14]). So in particular thanks to Calder(’)n—Zygmund inequality and
Corollary A.2.8 we have that

1DV || r200) < CIAM) | r21(0)

as far as the L*'-norm of the right hand side is finite, which by
hypothesis is the case. Since n = 1in K and A(nf) = Anf+2Vf-
Vn+nAf, then the above inequality leads to

1D fllz2e) < CIIAMS) 21 <

< C([Ifl2a@ + IV fllzza @) + 1Afl| 221 (0) < CM
. (A.22)
where C' is a constant depending on K and €.
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A.3 Sobolev and Lorentz-Sobolev spaces

We will now introduce Fractional Sobolev spaces, Lorentz-Sobolev
spaces and Besov spaces. We will give just an interpolation formu-
lation of them, and it is important to know that this choice does
not allow us to describe them all, but only those spaces that are
needed in our treatment. A more complete construction, which uses
the Bessel and Riesz potentials, can be found for example in [4]. In
this section we will refer for the most to [43].

Definition A.3.1. For 1 < p < o0 and 0 < s < 1, the Fractional
Sobolev space W*#?P(R") is defined as

WeP(R™) := (W'P(R™), LP(R™))1-s, (A.23)
For 1 <p,q < oo and 0 < s < 1 one defines also the Besov space
B;jq(]R”), as
B, ((R") i= (WH(R"), LP(R™))1-s4 (A.24)
We extend this definition to non integers s > 1 as follows.

Definition A.3.2. Let k e Nand £ < s < k+ 1. Thenif m € N
such that m > k + 1, for (1 — 0)m = s, we define

WHP(R"™) := (W™P(R"™), LP(R"™))g,p (A.25)
and for 1 < ¢ < oo
By (R") = (W™P(R"), LP(R"))g,q (A.26)

The last definition seems to depend on the choice of the integer
m, but as we will see it is well defined. We will get this using the
Reiteration Theorem.

Proposition A.3.3. Let 1 < p < oo, and k € N. If m is any
integer such that m >k + 1, then we have that

WHEP(R™) is of class C (m—_k;Z) (A.27)
m

where A = (W™P(R"), LP(R™)). In particular Definition A.3.2 is
well defined.

Proof. We will skip the proof of W#?(R™) being of class C' (=%, A)
since it is technical, anyway it can be found in [43]. The last state-
ment is proved thanks to the Reiteration Theorem. Let my, mo € N,
such that my, ms > k41, and k < s < k4 1. Furthermore, suppose
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that m; < mg. Then we have W™ P(R") is of class C (’”Qm;:”,z)
and L? is of class C' (1, 4), where A = (W™2P(R"), LP(R")). There-
fore, applying the reiteration theorem we get that

(WTEPR™), LP(R")) my—s = (W™2P(R"), LP(R"))g.4

mi

where 0 = (1 — m;;s) ma—my 4 =S . m2—5  Thig concludes the
1 ma2 mi mo
proof of our statement. O

Remark A.3.4. Applying again the Reiteration Theorem we can
rewrite B> (R") and W*P(R"), when s is a positive non integer
in the following way:

By (R") = (W=P(R"), W=2P(R"))g, for s= (1 —0)s, + 0sy
(A.28)
and 0 < 51 < s < 89.

Remark A.3.5. When s is a positive non integer then by the above
definitions we have that By (R™) = W*P(R"). This is not anymore
true when s is an integer. Anyway, we can obtain W™P(R") by
interpolating on the exponent of integrability, rather than the order
of (weak) differentiability. Before stating this result we introduce
another Sobolev space.

Definition A.3.6. Form € N,and 1 <p < oo and 1 < ¢ < 0o, we
define the Sobolev-Lorentz space

WP (RY) = {f € LPYR™)| D*f € LP(R") VYo such that |a| < m}

(A.29)
which is clearly a generalization of the classical Sobolev spaces. Here
we assume that the weak derivatives are in Lorentz spaces, rather
then just in LP.

Theorem A.3.7. Let k € N and 1 < p < co. Then we can rewrite
WHkP(R™) as an interpolation space:

1) WhP(R™) = (WHEP(R™), WFPH(R™))g,, where + = =0 4 L
2) Whpa(R™) = (Whro(R™), WEPH(R™))g, where 1 = =0 4 L,

These two last results, even though they seem intuitive, are not
easy to prove. A proof of them can be found for instance in [12] or
[10].

In particular writing these last spaces as interpolation spaces will let
us prove easily some improved Sobolev embeddings, that otherwise
would require a greater effort. The following results are mainly due
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to Jaak Peetre [30] who first got some of these new embeddings
thanks to interpolation techniques.

Theorem A.3.8. We have the following embeddings.
1) Let 0 < s < 2 for 1 <p < oo, then

1 1 s
B (R" re) — === A.30
R = DOURY) for —sim 22 (as0)
and similarly if k < % we have
WhPd(R?) — LPR9R™)  for L1k (A.31)
p(k)  p n
where 1 < g < 0.
2) For every s > 0
B, ql(R") C B, qz( ") for ¢1 < g2 (A.32)

and furthermore when k < s1 < s < k+1 for k € N we have
that

WP (R") C W2P(R") € WHP(R") € WHP(R") - (A.33)

Proof. 1)By definition By (R") = (W™P(R"), LP(R"))g, with s =
(1—0)m and s < m € N. Now we use the Reiteration theorem as fol-
lows. We can choose m such that mp > n, then using the Gagliardo-
Nirenberg inequality we have that for every f € W™P(R"), the fol-
lowing holds

n

mp

1
ey <C L Y0 1D fllze | 11l ™ (A.34)

|a|=m

which by Proposition A.1.15 implies that (W"™P(R"), LP(R™))g, 1 C
L>(R") with 6, =1 — ;&. Now clearly we have that

(WmP(R™), LP(R"),; C LP(R™). These two embeddings together
with the Reiteration Theorem let us conclude that

(W™P(R™), LP(R"))5,q C (LP(R™), L7(R")) x4 (A.35)
where n = (1 — \) + M\0;. Using therefore n = 0 we find that
B; (R ) C (LP(R), L*(R™)))es 4, and this last space is LP(s)a(R"),
Wlth =1_2

) p n
Let us consider the space W»®9(R") with k < * an integer. By
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Theorem A.3.7 we have that

VV’C PO(RY) = (WhPL(R?), WkP2(R™)),,, where p; < p < py and
= = 1p1¢9 + i. We choose both p; and py such that pik < n and
pgk <n, and applymg the classical Sobolev embeddings we get that
Whpi (R”) < LPi(R") where p} = o= for each ¢ = 1,2. Then by

interpolating we get that

WhP(R™) = (WEo (RP), Who2(R™))g, — (L7 (RY), L7 (R")),
(A.36)

and the last space is L 9(R") and this concludes the first point.
2)The embedding (A.32) is a direct consequence of point b) of
Proposition A.1.15. If s, is a positive non integer such that k +
1 > s9, then we can find two positive integers mq, mq, such that
my < S < mo and mqy,me < k + 1. Therefore, we can write
We2P(R™) = (Wmep(R™), Wm2P(R")) where W*T1P(R™) embeds in
Wmip(R™) for each @ = 1,2. This last observation leads to the first
inclusion in (A.33). The others can be proved with an analogous
reasoning. [

So far we have defined these function spaces when the domain is
R™. We now generalize these definitions when the domain is some
open subset () of R” regular enough. In particular the following re-
sult is valid for every open domain of R™ with the extension property,
but we will state it only for bounded Lipschitz domains.

Proposition A.3.9. Let Q0 C R™ be a bounded Lipschitz domain.
Then if we call

Xpa) ={fla | [ € B, (R")}

with the norm || f|

X5q(Q) - = ianlsz=f 17| Bg ,(R"); and
Yzq(Q) = (WmeP(Q), W™P(82))g 4

for s a positive non integer, and 1 < p < oo, 1 < q < 0o, then
X5 =Y
P pa

Proof. Note that the restriction map Rgq : W™P(R") — W™iP(Q)

is linear and continuous for ¢ = 1,2. Then it is also linear and
continuous from B; (R") to Y’ (€2), which means that X () C
Yra(EY).

Conversely, since €2 is bounded and Lipschitz it has the extension
property, namely we have the existence of the extension map FE :
Wwmip(QQ) — WmP(R") for i« = 1,2. Then by interpolation we
get that £ : Y () — B, (R"), and so every f € Y7 () is the
restriction of some map E(f) in Bj (R"), which 1mphes Y> () C
X5, ().
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When kp = n we know that for 2 bounded and Lipschitz it
holds the embedding W*?(Q) < L?(Q) for every q € [1,00[. One
could try to see what happens when instead of W*?(Q) we consider
the slightly smaller space W"®1D(Q). In particular we have the
following result that we state for a bounded Lipschitz domain. The
proof is based on the discrete version of the J-method, see Lemma
A.1.13, and on the interpolation formulation of the Lorentz-Sobolev
spaces as in Theorem A.3.7.

Theorem A.3.10. Let Q C R” be a bounded and Lipschitz domain.
Then if pk = n we have the following embeddings

WwhED(Q) — CO(Q) — L=(Q) (A.37)

Proof. By Theorem A.3.7 we have the identity
WhED(Q) = (Whro(Q), WEP1(Q))g,, where T = L8 4 L We

p
choose pg = Mp with 1 < M < 2, which of course implies that kpg >

n and leads to the embedding W*?(Q) < C°(Q). Furthermore, we

select p; = mp with m := 1+M¢2—M < 1. In this way we have that
0= Lml) = k”%. This particular choice for py and p; will be clear
soon.

By the discrete formulation of the real J-method, see Lemma A.1.13,
we have that for each f € W*®D(Q), there exists a sequence f, €
W2 (Q) such that f = 3" f,, where the convergence is in W1 ()
and furthermore it holds that 27"¢.J(2" f,) € [, and its norm is
controlled by || f|lwk.w.1) (). So we have that

£l <D I fallze) = (%)

Now we apply Theorem 5.8 in [2] to each f,, which gives us the
following bound

1 fall (@) < Cll falliynso eyl fall ooy (A.38)

and therefore we have that

<ClZHfHHWkPo anHLpo = (*1)

where the constant C'; depends on pg, k,n and the domain 2. The
previous choice for M < 2, implies that p; > py so that now
WHkPL(Q) — LP1(Q) — LP(2), and thus inequality (A.38) is bounded
from above by

SC’QanH?/VkPo anHWkpl(Q

147



Using Proposition A.1.10, we finally get

(#1) < Co Y 270 (2", £) < Clfllwron o)

and the last inequality is given always by Lemma A.1.13.

By the well known fact that C'(Q) N W*P0(Q) is dense in W*Po(Q))
and thanks to Remark A.1.16, we have that for each f € W»®1(Q),
there exists {f,}, € Wk®D(Q) N CY(Q), such that f, — f. This
observation and the inequality we have proved imply

1f = fallze@ < CIf = fallwreno

and therefore there exists f continuous such that f = f almost
everywhere. O
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Appendix B

Cech Cohomology

In what follows we briefly workout a definition for Cech cohomol-
ogy with coefficients in the sheaf of smooth G-valued functions on
a manifold M, and prove that there is a one to one correspondence
between the possible different principal bundles over M (up to iso-
morphism) and the classes in its Cech cohomology H'(M,C>®(G)).
We refer mainly to [46], where the theory requires an accurate defi-
nition of sheaves, presheaves and some category tools. We will skip
these definitions and present a more straightforward construction.
Let M be a manifold, i = {U;},.; be an open covering for M, and
G a Lie group. We choose a family of C'*° functions

P = {¢i()...in : Uio...i" — G} (B].)

where we have adopted the notation Ug.i, =U,Nn...0U;,. We
call this collection a differentiable Cech n-cochain, and we indicate
with C™(U, C*°(@Q)) the set of all n-cochains.

Definition B.0.1. We define the coboundary operator for 1-
cochains as the map § : C*(U,C>*(G)) — C*(U,C>(@G)) such that

(5¢)ijl . Ul N Uj N Ul -G
x> (00)iji(z) = ¢i() P () dui() (B.2)

while for 0-cochains we have § : CO(U,C=(G)) — CY(U,C®(G))
defined by

(00)i; :U;NU; - G
x> (60)ij(x) := ¢s(x) ()~ (B.3)

If a 1-cochain ¢ is such that d¢ = e, where e is the constant function
equal to the indentity of GG, then we say that ¢ is a Cech 1-cocycle.
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We denote the set of 1-cocycles with Z' (U, C=(G)).

If a 1-cochain ¢ is such that ¢ = da for some O-cochain « then ¢
is called a (jechv coboundary. Note that a Cech coboundary is
automatically 1-Cech cocycle.

Definition B.0.2. We say that two 1-cocycles ¢, € Z' (U, C=(Q))
are cohomologus, and we write ¢ ~ 1), if there exists a 0-cochains
[ such that for each i, j

Bij(x) = Bi(w)y; () B; " (x) (B4)
It is easy to check that ~ is an equivalence relation in Z*(U, C>®(G)).
Definition B.0.3. We define Cech cohomology with coefficients

in the sheaf of smooth G-valued functions of the covering U =
{Ui},c; as the quotient space

(W, 0%(0)) = 2 UCTE)

~Y

of the 1-cocycles via the equivalence relation ~.

_ We now introduce two fundamental categories in the study of
Cech cohomology H'(M, C>(G)), which allow a more precise expo-
sition of the basic concepts of this theory.

Definition B.0.4. We call Cov(M) the category whose objects
Ob(Cov(M)) are open coverings of M, and if V, U € Ob(Cov(M))
are two objects then the set of all morphisms Homeoyan (V,U) co-
incides with the set of all maps

7:J — I such that V; C U,y VjeJ
where U = {UI}iEI and V = {‘/j}jej.

We define also the category Set, whose objects Ob(Set,) are pointed
sets, namely couples (X, x) where X is a set and x € X is fixed. If
(X, ), (Y,y) € Ob(Set,), then we choose

Homger, (X, 2), (V,9)) :={f: X =Y« f(z) =y}

If V., U € Ob(Cov(M)) are two objects, then each morphism
7 € Homeoy(ar)(V,U) induces the following map

2N U, C(R)) = ZH Y, 0%(G))
¢ r—7(9) = {<Z5T(j)7(j’)|vjm/j/ - G} (B.5)
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If two 1-cocycles ¢, ¥ € ZY(U,C®(G)), are such that ¢ ~ ¢ then
also 7(¢) ~ 7*(¢), therefore the map 7* defined in equation (B.5)
is well defined if we pass to the quotient spaces

L HY U, CF(G)) — HY(V,0%(G))
(@]~ = [T7(2)]~ (B.6)

and it maps the equivalence class of the identity (the map costantly
equal to the identity of G) to itself. Thus, if we consider
(H'(U,C>(@)), [1]~) as objects in Set,, (B.6) becomes a morphism
in the category of pointed sets Set,. In particular we have the fol-
lowing proposition. The proof is just an exercise.

Proposition B.0.5. The map between the categories Couv(M)°PP
and Set,
F: Cov(M)°P? — Set,

U FU) = H U, C™(Q)) (B.7)
and such that

Hom(U,V)> 1+ F(1):=71"€ Hom(F(U),F(V))
is a (covariant) functor.

Now that we have gathered all the necessary tools, we are finally
ready to define H'(M, C>(Q)).

Definition B.0.6. We define the Cech cohomology with coeffi-
cients in the sheaf of smooth G-valued functions on M as

H' (M, C™(G)) = (H H1<u,0°°<G>>) [~ (BY)

where the disjointed union is taken over the open coverings of M. If
€ H'(U,C=(G)) and y € H(V,0=(G)) we say that z ~ y if and
only if there exists a refinement W = {W,.}, _, of both U = {U;},,
and V = {Vj}jEJ, with inclusion maps 7, : K — [ and 7 : K — J,
such that 7f(x) = 75 (y).

Observe that the equivalence relation above, roughly speaking,
is saying that two cocycles (defined in different coverings U and V)
are in the same class in H'(M,C>®(G)) if there exists a refinement
W of both U and V such that the restrictions of this two cocycles
in W are cohomologus in H*(W,C>®(QG)).

The following theorem highlight the connection between principal
fibre bundles and Cech cohomology.
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Theorem B.0.7. Let G be a Lie group and M a manifold. Then
we have the following isomorphism in the category of Set,

. principal bundles with structure group G
v and base manifold M (up to isomorphism,)

} s HY(M, C®(Q))
(B.9)

Proof. Let m: P — M be a principle bundle with structure group
G and base manifold M. We consider an atlas A = {(Ua, xa)} for
P. Then we know that the local trivializations lead to a 1-cocycle
{9op : Us N Uz — G} (transition maps), which then corresponds to
a class [gqg] in H (U, C=(G)). We define y(P) as the class of [gags]
in H'(M,C*>(G)). Now we prove that the map is well defined, that
is to say it does not depend on the choices of different, but isomor-
phic, bundles. 3

Let # : P - M and @ : P — M be two principal fibre bun-
dles with structure group G, and base manifold M. Moreover, let
A ={(Uas xa)} and A = {(Ua, Xa)} be two atlases for P and P re-
spectively, with transition functions {g.s} and {gas}. If f: P — P
is an isomorphism of principal bundles, we have seen in Remark
2.2.17 that there exists a family of smooth maps h, € C*(U,, G),
such that

gag = hagaghgl in Ua N Uﬁ 7£ Q)

This last equation shows that {g.s} and {g.s} are cohomologus in
HY(U,C>(G)), and then they represent the same classin H'(M, C>®(G)).
Observe that the invariance of «(P) by isomorphism, implies also
invariance by different choices of local parametrizations. We have
proved the map 7 is well defined.
Now we prove that it is an isomorphism in the category of pointed
sets. Note that if two bundles P and P are such that v(P) = v(P),
then by definition of class in H'(M,C>(@)), there exist two atlases
A ={(Us, Xa)} and A = {(Ua, Xa)}, such that the transition func-
tions are cohomologus in
H'(U,C>=(G)). Then we can easily build a isomorphism between P
and P. This proves that v is injective. Finally if g € H*(M, C>®(QG)),
then we choose a representative {g,s} of g in some H(U,C>(G)),
and thanks to Proposition 2.2.18 there exists a bundle whose transi-
tion functions are exactly g, and so the map is also surjective. To
conclude, the image of the trivial bundle is the identity class, and
so 7 is an isomorphism in the category of Set,.

O
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