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Introduction

The Mordell-Weil Theorem states that, for an elliptic curve E over a number field K, the abelian
group of K-rational points E(K) is finitely generated:

E(K) = E(K)tors ® (P1,--+ , Pr) = E(K)ors ®Z".

The proof of this result, however, doesn’t provide an explicit algorithm to compute r for a given
general elliptic curve: this is actually an open problem regarding elliptic curves, and it’s connected
to two conjectures in the field, namely the Birch and Swinnerton-Dyer conjecture (BSD) and the
Shafarevich-Tate conjecture. The former is probably the major open question concerning elliptic
curves: it claims that r = rkz E(K) is equal to the order of vanishing at s = 1 of the L-series
L(E, s) attached to the curve E; furthermore, it predicts the exact value of the coefficient of the
first non-zero term in the Taylor expansion of L(E, s) at s = 1, given in terms of some arithmetic
quantities associated with E. Among them there is the order of the Shafarevich-Tate group
III(E/K), a very important torsion abelian group attached to E that emerges from the cohomol-
ogy of Galois groups; the finiteness of this group is in fact the claim of the homonymous conjecture.

The main achievements regarding these conjectures have been attained in the case that the
considered elliptic curve has rank equal to 0 or 1, thanks to the work of Kolyvagin, Gross, Zagier,
Rubin and others. In this thesis we are going to discuss the ideas and the tools that were used
to obtain those results, and we present the proof one of these theorems, which gives sufficient
conditions to prove certain constraints on the rank r and on the divisibility in the group III(E/K):

Theorem 0.0.1 (Theorem [2.1.4). Consider an elliptic curve E/Q of conductor N, and an
imaginary quadratic field K where all prime factors of N split. Let p be an odd prime such that
Gal(Q(E,)/Q) = GLy(F)); finally, assume that the Heegner point yx has infinite order in E(K)
and is not divisible by p in F(K). Then

1. the rank of F(K) is 1.
2. the p-torsion subgroup HI(E/K), is trivial.

The construction of the point yx depends on the Modularity Theorem and will be explained
at the beginning of Chapter

Before arriving to this, in the first chapter we introduce the necessary background definitions
and results: the basics of elliptic curves, together with some aspects of the theory of modularity;
the Galois cohomology of an elliptic curve and the definitions of the Selmer and Shafarevich-Tate
groups; the definitions and properties of the ring class fields K,, which are certain abelian
extensions of an imaginary quadratic number field K.



In Section we begin to discuss our problem, defining the curve E and the quadratic field
K, and we state the results we aim to prove. The strategy of the proof of following [4], has
several steps. The first one is the definition of the so called Heegner points on the modular curve
Xo(N), and the use of the Modularity Theorem to obtain an Fuler system: a collection of points
yn on the curve E which satisfy strong compatibility conditions, described by Proposition [2.2.10]
Using these points y,, to define classes [P,] € E(K,,)/pE(K,), we construct certain cohomology
classes c(n) € H'(K, E,) and d(n) € H' (K, E),: these elements, called Kolyvagin classes, will
be ubiquitous in the sequel.

In the last part of Chapter [2| we analyze the global and local properties of the classes ¢(n)
and d(n): the main result of this sections, Theorem [2.5.2] relates the local behaviour of d(n), i.e.
the restrictions resy(d(n)) € H'(Ky, E),, to the p-divisibility of the points P, in E(K)) (here
K is the completion of the field K at a prime \).

Chapter [3]is devoted to explaining how Kolyvagin classes may give information on the structure
of the Selmer group Sel® (E/K), and therefore of III(E/K )p in view of the fundamental exact
sequence [[.2I] The most important result is Proposition [3.1.9] which will play a crucial role
in the final proofs: it states that a class d(n) which is locally trivial almost everywhere (in the
precise sense given in the statement) gives strong conditions on the localized elements of the
Selmer group. To prove in Section we briefly recall some facts of local and global class
field theory. Subsequently we state and prove some auxiliary results, the main goal being a
computation of the Selmer group: in the last section we will prove in several steps that, under
our assumptions, this group is cyclic of order p. From this powerful result we will easily deduce
the proof of Theorem



Chapter 1

Elliptic curves

1.1 First definitions and properties

Our main reference is [21].

Definition 1.1.1. Let k£ be a field. An elliptic curve over k is a projective plane curve E over k
of degree 3 and genus 1, together with a specified point O € E(k).

It is known that any elliptic curve has a Weierstrass equation, i.e. it is the zero locus of an
equation of the form

Y2Z 4+ a1 XYZ+asYZ? = X2 + au X% Z + as X Z? + ag Z°;

when a; € k for all 4, we say that E is defined over k and write E/k. The main feature of elliptic
curves is that they are an instance of abelian varieties, i.e. a projective algebraic variety with
a group structure defined by regular maps. Hence, for any field K, the set E(K) of K-rational
points is an abelian group.

Since elliptic curves are abelian varieties, the correct notion of morphism between them is the
following.

Definition 1.1.2. Let E, E’ be elliptic curves. An isogeny from E to E' is a map ¢¥: £ — E’
which is a morphism of algebraic varieties and a group homomorphism. If E/ = E, the set of all
isogenies End(E) = Hom(E, E) is a ring of characteristic zero under addition and composition.

For any integer n, the multiplication by n in the abelian group E(K) is an isogeny. Therefore
we always have End(F) D Z. If this ring is strictly larger than Z, E is said to be an elliptic curve
with complex multiplication (abbreviated CM).

One of the most interesting objects attached to an elliptic curve F is the set of n-torsion
points:

E,=E,(K)=ker([n])={ Pe E(K) |nP=0}.

For any field K, we write E,(K) for E, N E(K), the n-torsion rational over K. We have the
following important result:

Proposition 1.1.3. Fix a prime integer p. If F is an elliptic curve defined over a field K of

characteristic zero or char(K) =1, | # p, then E,(K) = Z/pZ x Z/pZ.
Proof. See [21], p. 86, Corollary 6.4. O



Remark 1.1.4. Let F = Q(E,) be the extension of Q obtained by adjoining the coordinates

xp,yp of all the p-torsion points P € E(Q),. The extension F/Q is algebraic and finite, because
zp and yp are algebraic numbers for all such points P: the reason is that they are the roots
of some polynomials in Q[z] obtained by the explicit formulas for the multiplication by p in
E. Moreover F is a Galois extension of Q, since a Q-automorphism of F' permutes the set
E,(Q) = E,(F). For the details see e.g. [23], p. 218, Proposition 6.5.

Lastly, the group Gal(F/Q) is isomorphic to a subgroup of GLy(F,). To see this, consider the
representation

p: Gal(Q/Q) — Aut(E,) = GLo(F,);

Since the kernel of p is Gal(Q/F), we have
Gal(F/Q) —— GLy(F)). (1.1)

Another important notion is that of good and bad reduction, that we now define.

Definition 1.1.5. Let K be a number field, E/K an elliptic curve and v a prime of K; write

k for the residue field Ok /v. Let E be the curve obtained by reducing modulo v a Weierstrass
equation for . We say that

1. E has good reduction at v if Eis nonsingular;
2. E has bad, additive reduction at v if F has a cusp;

3. E has bad, split multiplicative reduction at v if E has a node and the slopes of the tangent
lines at the node are in k;

4. F has bad, nonsplit multiplicative reduction at v if E has a node and the slopes of the
tangent lines at the node are not in k.

Finally, we define two more objects attached to an elliptic curve E/Q.

Definition 1.1.6. For an elliptic curve E/Q defined over Q, the conductor of E is defined as

N=Ng= ][] »™

p prime
where
0 if F has good reduction at p;
=11 if F has multiplicative reduction at p;

2+ 0, if E has additive reduction at p;

the precise definition of J, is quite complicated: see ([2I], Chapter IV, Section 10) for the details.
In any case, 6, = 0 for any p > 5.

Definition 1.1.7. For an elliptic curve E defined over Q of conductor N, the L-series of E is

defined as
L(E,s) = [[(1—app +p" ) [[(1 —app™) 7, (1.2)
ptN p|N

with B

p+1—#E(F,) if E has good reduction at p;

)+t if E has split multiplicative reduction at p;
o= -1 if £ has non-split multiplicative reduction at p;
0 if F has additive reduction at p.



1.2 Elliptic curves and modular forms

In this section we present the main definitions of the theory of modularity and state some
important results.

Definition 1.2.1. For any integer N > 1, the following subgroups of SLs(Z) are defined:

{ (Z Z) € SLy(Z)

Ty (N) = { (Cc‘ Z) € SL,(Z)

() { (i Z) € SLy(Z) ‘ <‘C‘ Z) = I, (mod N)}

We have that T'(IN) < T1(N) <To(N) < SL2(Z). A congruence subgroup of SLs(Z) is a subgroup
I' < SLy(Z) containing I'(N) for some N. We will be interested mainly in T'o(N).

ﬁ

o

2
i

czO(modN)}

CEO,aEdEl(mOdN)}

Let H={ z € C| Im(z) > 0 } be the complex upper half-plane; a congruence subgroup I" acts
on H by Moebius transformations:

az+b
cz+d

7:<Z Z):H—HHI, zy(z) =

Define H* = HUQU {oo}; it is possible to extend the action of I' on H to an action on H*, and to
define a topology on H* such that the quotient spaces H/T' and H*/T" become Riemann surfaces.

Moreover, the action of I' on H* \ H has finitely many orbits: the images of these orbits in H* /T
are called the cusps of T' (and of H*/T"). See e.g. [11], Chapter III for the details.

Definition 1.2.2. Consider the congruence subgroup I'g(N) < SLs(Z). Define
Xo(N) =H"/To(N), Yo(N)=H/To(N);

more precisely, define Xo(N) to be the projective algebraic curve over C whose complex points
Xo(N)(C) are identified with the Riemann surface H*/T.

This modular curve has the following properties, the most notable being the first one.

Remark 1.2.3. The curve X,(N) is defined over Q. It has only two cusps, that are commonly
denoted as 0 and co. See [I7], Chapter V, Section 2. The curve Xo(N) is called the classical
modular curve of level N; it is a compact Riemann surface. It is a moduli space in the sense that
its points represent equivalence classes of pairs (E,.S) where FE is an elliptic curve defined over C
and S < FE is a cyclic subgroup of order IV; equivalently, its points represent equivalence classes
of triples (F, E’,v), where v is a cyclic N-isogeny ¢: E — E', i.e. ker(¢) = S < E is cyclic of
order N.

Definition 1.2.4. Let I" be a congruence subgroup of SLs(Z). A meromorphic function f: H — C
is called a modular function of weight k for T if it satisfies

1. f(y7) = (cz + d)F f(7) for all v = (CCL Z) eT;



2. f is “meromorphic at infinity”, i.e. the Fourier series
flz)= Z anq", where g = 2™ (1.3)
nez

has at most finitely many nonzero a,, with n < 0;

3. f is meromorphic at all the cusps of H*/T" (for the precise definitions, see [11], Chapter III,
Section 3).

If, in addition, f is actually holomorphic on H, at infinity (i.e. a, = 0 for all n < 0) and at all
the cusps, then f is called a modular form of weight k for T'.

Finally, if f “vanishes at infinity” (i.e. a,, = 0) and at all the cusps, then it is called a cusp-form
of weight k for T'. The complex vector space of weight k cusp-forms is denoted S (T).

Definition 1.2.5. For an algebraic curve C we define the Jacobian curve J(C) to be
J(C) = Pic’(C) = Div’(C)/Prin(C),

the group of degree-zero divisors modulo the subgroup of principal divisors. It is itself an abelian
variety.

Theorem 1.2.6 (Modularity Theorem). Every elliptic curve defined over Q is modular: if E/Q
is an elliptic curve, then there exist an integer N and a surjective morphism

¢: Xo(N) > E

defined over Q. More precisely, N may be taken to be the conductor of E. The morphism ¢ is
also called modular parametrization for E; it is given by a composition of two maps

Xo(N) —— J(Xo(N)) — E, (1.4)

where the first map sends a point P to the class of the degree zero divisor (P) — (c0). (see [17],
Chapter V, p. 214). In this way, ¢ maps the cusp oo of Xy(N) to the origin of E. Furthermore,
there exists a unique cusp form f € S3(T'g(N)) such that its Fourier expansion (1.3)) satisfies

f(z) = Z anq" and Z Z—Z = L(E,s), (1.5)

n>1 n>1
where L(FE, s) is the L-function of F defined in ([1.2]).

Remark 1.2.7. The cusp-form f is commonly called a newform: roughly speaking, it is an
eigenvector of some important operators on the space Si(I'o(NV)) called Hecke operators. We are
not going in this direction, but still adopt this terminology.

Remark 1.2.8. There exists a distinguished automorphism wy of the C-vector space Si(To(V)),
satisfying w%; = 1, called Fricke involution. For us it will suffice to know that the newform f of
(1.5) is an eigenvector of wy: there exists € = +1 such that wy f =¢f.



1.3 Correspondences between curves

Definition 1.3.1. Given X, X’ two nonsingular projective curves over a field k, a correspondence
T from X to X' is a pair

X«—v -y x (1.6)

of two finite surjective morphisms « and S from another nonsingular projective curve Y to,
respectively, X and X’.

A correspondence induces a map

T:Div(X) = Div(X'), Pe > B(Q);
Qea—1(P)

it can be shown that T preserves degree zero and principal divisors, so it defines a map T: J(X) —
J(X).

Example 1.3.2. Any morphism a: X — X’ defines a correspondence

X «—— Y = graph(a) Ly x (1.7)

where Y € X x X' is the graph of o and the maps are the projections. The induced map
Div(X) — Div(X’) is given simply by (P) — (a(P)) (we sometimes omit parentheses for divisors
and write P instead of (P)).

Example 1.3.3. If T is a correspondence from X to X’ as in (1.6)), the dual correspondence T’
is defined as
X' «5—Y —2 s X
The dual correspondence of (|1.7) induces on the divisor groups the map
Div(X') - Div(X), Pr > @
Qea~1(P)

Definition 1.3.4. Consider the modular curve Yy(V), and a prime integer p which does not
divide N. The Hecke correspondence T (p) is defined as

Yo(N) 45— Yo(pN) —25 Yo(IV), (1.8)

where « is the canonical projection and 3 is the map induced by H — H, z — pz. For a description
of the action of T'(p) on the points (E,S) of Yy(N) see e.g. [I7], Chapter V, Section 7. There
exists a unique extension of T'(p) to Xo(INV), and this is called Hecke correspondence, too.

Theorem 1.3.5 (Eichler - Shimura relation). Consider the modular curve Xy(N) and fix a prime
p that does not divide N. Let T'(p) be the Hecke correspondence on Xo(V), and ¢,, the Frobenius
automorphism of IF,. Then

T(p) = ep + ¢}
in the ring of correspondences on )A(:O(N)(Fp) (and so also in End(J(f(o(N)(R,))).
Proof. See [I7], Chapter V, Theorem 7.4. O



Remark 1.3.6. As correspondences on Xo(N), T'(p) and ¢, + ), induce maps Div(Xo(N)) —
Div(Xo(N)). In particular, by the examples and we have

¢y + ¢, Div ()?O(N)(Fp)) ~ Div ()?O(N)(Fp>) : (1.9)

P P+ Z Q.
Q=P

1.4 Group cohomology

In this section we recall the basics notions of group cohomology needed for the construction of
the Selmer and Shafarevich-Tate groups.

Definition 1.4.1. Let G be a profinite group. An abelian group M is called a G-module if
there exists an action of G on M, continuous with respect to the Krull topology of G and the
discrete topology of M, which is compatible with the group operation of M; that is, G acts on
M via continuous automorphisms. We'll write G multiplicatively, M additively and the action
exponentially:

(m+n)? =m? +n? Ym,ne M, Vg €G.

If M and N are G-modules, a G-module homomorphism is a group homomorphism ¢: M — N
commuting with the actions of G:

e(m?) = p(m)? Ym e M, Vg € G.
Definition 1.4.2. For a group G and a G-module M, define the 0-th cohomology group
HY(G,M)=M®={meM|mf=mVgeG}
and the first cohomology group
_ZYMG,M) {¢&: G — M continuous | E(gh) =&(g)" +&(h) Vg, h € G }
- BYG,M)  {& G- M|3meMst £(g)=mI—mVge G}
The latter is the group of crossed homomorphisms, or 1-cocycles, from G to M modulo the
subgroup of principal cocycles, or 1-coboundaries. We'll write [€] for the class of a cocycle €.

H'(G, M)

Remark 1.4.3. Even if a cocycle £ is not a group homomorphism, we still have £(1) = 0:
E(1) =¢&(1-1) =€) +&(1) = 2¢(1), so 0= €(1).

Remark 1.4.4. If the action of G on M is trivial, then a 1-cocycle is simply a group homomor-
phism, and BY(G, M) = 0. So in this case H*(G, M) = M and H'(G, M) = Homg, (G, M).

The first fundamental result is a version of the Snake lemma.

Lemma 1.4.5. For any exact sequence of G-modules

Y. p 0

0 M5 N
there is a sequence of cohomology groups

0 —— HYG, M) —£—~ HY(G,N) —“— HY(G, P) )
(1.10)

§
[» HY(G, M) —2— HY(G,N) - HY(G,P)

which is exact.



In , ¢’ and 1’ are respectively the restrictions of ¢ and v to the subgroups H°(G, M) =
M€ < M and H°(G,N) = NY < N; ¢* (and similarly ¢*) is defined by composition: ¢*([¢]) =
[¢ 0 &]. Finally the map 4§, called connecting homomorphism, is defined as follows. For p € PY,
choose n € ¥~1(p); the map g — n9 — n takes value in M, and defines a cocycle G — M; define
d(p) to be the class of this cocycle. The proof that all these maps are well defined and that

is exact is routine.

Definition 1.4.6. Let H < G be a normal subgroup. The map
Res: Hl(GvM) - Hl(Ha M)7 [5] — [£|H]

is a group homomorphism.
Notice that M is a G/H-module: the action is given by m9” = m9. There is a group
homomorphism
Inf: HY(G/H,M™) — HY (G, M)

defined as follows: for [n] € H'(G/H, M*™), consider the diagram

G M

l,, ZT (1.11)

G/H —1— MH"

and set Inf([n]) = [i o n o 7]. These maps are called respectively Restriction and Inflation.

Lemma 1.4.7 (Inflation-Restriction). The following sequence of abelian groups
0 — HY(G/H,MH") 2, gi(q, M) 2= Y (H, M) (1.12)
is well defined and exact.

Proof. See for example [21], Appendix B, Proposition 1.3, on p. 417. O

Remark 1.4.8. We note here that G/H acts on H'(H, M), and the image of the map Res is
actually contained in H'(H, M)¢/H = H°(G/H, H*(H, M)).

1. Action. For gH € G/H and [¢] € H'(H, M), define [£]9" to be the class of the cocycle

e hs €)= £(g hg)?

1 1

This is indeed a cocycle: €98 (hk) = £(h9k9)9 = (£(h9)* + €(k9))9 " = (€(h9)F")9 " +
(E0k9))9™" = €(h0)o o0~ g(k9)9™ = (€(h9) ™ Vr+(€(k9))9 " = €M (h)¥ -+ €97 (k). Next
we show that [¢97] is well defined: if gH = fH, then [¢97] = [¢/H]. Equivalently: if g € H,
then [¢91] = [¢H] = [¢], that is €97 — ¢ € BY(H, M). Explicitly, we have to show that there
exists m € M, depending only on £ and g, such that

9 (p) —¢(h) =m" —m Vhe H.

The left hand side of the equation is £(h9)9 " — &(h) = £(g~hg)? " — &(h) = (£(g~ h)9 +
£9)7 " —€h) = &g h) +£(9) " — ) = &™) + €M) +E0)T —E() = &g +
f(g)g_1 = &(g7H" — €(g71). For the last equality, notice that {“(g)g_1 = —&(g7h), ie.

€g)? " +&(g7Y) = 0: we have £(g)9 ' +&(g7Y) =&(g-g7t) = £(1) = 0. We then conclude
setting m = £(g71).

10



2. Res(H'(G,M)) C H*(H, M)®/H . Let ¢ € Z'(G, M); we have to show that Res([¢]) is fixed
by the action of G/H. Take any class gH; we need to prove Res([¢])9" = Res([¢]), i.e.
[Ela)9 = [¢|n], ie. (&m)9 — €|y € BY(H, M), i.e. that there exists m € M, depending
only on £ and g, such that

(&lm)?™ (h) = €la(h) =m" —m Vh e H.

Since ¢| is the restriction of a cocycle defined on G, we may consider m = £(g~1); the
remaining computations are the same of point 1, so we omit them.

Lemma 1.4.9 (Lyndon-Hochschild-Serre’s spectral sequence). Suppose M is a G-module, and
H < G a normal subgroup. Then the sequence

0 —— HY(G/H,MH) 2 gy, M) By gY(H, M)G/H 2 g2(G/H, M) (1.13)

is exact.

Proof. See for example [19], p. 568, Theorem 9.84. O

1.5 Galois cohomology of an elliptic curve

For an abelian group A and a natural number n € N, define A, = A[n] to be the n-torsion
subgroup of A. Let K be a number field, G = Gal(K/K) = Gal(Q/K), and E an elliptic curve
defined over K. One of the most important objects in our treatise will be E,(K) = E(K)[p],
the p-torsion subgroup of the abelian group F(K), where p is a prime number. It is known that
E,(K) 2 Z/pZ x Z/pZ (see e.g. [21], p. 86, Corollary 6.4).

The abelian group F(K) has a natural structure of G-module, given by setting P = (z,y)
P = (27,y7), and noting that (P 4+ Q)% = P + Q°. Thus, since (pP)? = pP?, the subgroup

Ey(K) < E(K) inherits this G-module structure. We now apply the results of the previous
section to the following exact sequence of Gal(K /Q)-modules.

Proposition 1.5.1. The sequence
0 — E,(K) —— E(K) —2» E(K) —— 0 (1.14)

is exact.

Proof. The map i is the inclusion, and by definition ker(-p) = im(7); the only non trivial fact is
that the multiplication by p is surjective. This follows since it is a non constant rational map
between algebraic curves [[7], Chapter II, Proposition 6.8]. O

Applying Lemma to (|1.14) gives the following long exact sequence

0 — HY(G, E,(K)) —— H°G,E(K)) —— HG, BE(K)) j

. (1.15)

[» HY(G, E,(K)) — HY(G, E(K)) 25 HY(G, B(K)).
The map * sends [¢] to [io], and we denote this map by a; (-p)* sends [£] to [po] (it is precisely
the multiplication by p in the abelian group H!(G, E(K)), so from now on we don’t write “*”).

11



Note moreover that H(G, E,(K)) = E,(K) and H°(G,E(K)) = E(K). It is customary in
literature to shorten H'(Gal(K/K), E,(K)) to H' (K, E,). So, sequence reads

0 —— E,(K) : E(K) ki E(K) U
(1.16)

5
L HY(K,E,) —*~ HY(K,E) —2- HY(K,E).

Finally, from this sequence we can extract the so called fundamental sequence of the p-torsion
points of E:

0 — E(K)/pE(K) —— H'(K,E,) —» H'(K,E), — 0. (1.17)

Exactness is clear: § is injective because we modded out ker(§) = im(-p) = pE(K); ker(a) = im(9)
by the above sequence; « is surjective on its image im(a) = ker(-p) = H(K, E),. The connecting
homomorphism §, here called Kummer map, sends the class [P] = P 4+ pFE(K) to the class of the
cocycle £: 0 — Q7 — @, where @ is a fixed p-th root of P (see the comments after . We
will also write such a point Q) as %P.

Remark 1.5.2. Notice that all the abelian groups in ([1.17) are annihilated by p, so they are
actually IF,-vector spaces: this is clear for the first one and the third one; for the middle one, this

is true since E, = E,(K) =2 Z/pZ x Z/pZ is p-torsion, so p[¢] = 0 for any cocycle &.

1.6 The Selmer and Shafarevich-Tate groups

If we regard E as an elliptic curve over K, the completion of K at a prime v (finite or infinite),
we may rewrite (1.17) replacing K by K, and Gal(Q/K) by Gal(K,/K,):

0 —— E(K,)/pE(K,) —=> HY(K,,E,) —**» H'(K,,E), — 0. (1.18)

The restriction map L o
Gal(K,/K,) = Gal(K/K), o~ ol

defines a homomorphism
res,: H'(K,E) = H'(K,, E), [¢] = res,([¢]) = €]y = [0 = lolz)l; (1.19)

similarly, res,: H' (K, E,) — H'(K,, E,) is defined.
Lastly, there is a homomorphism

E(K)/pE(K) — E(K,)/pE(K,), P+pE(K)+— P+ pE(K,).

If we now consider simultaneously all the primes of K, i.e. the maps [], res,, we get the following
fundamental diagram:

0 — E(K)/pE(K) —— HY(K,E,) —*—» H'(K,E), — 0

l Jri [ res=s (1.20)

[ Qy
0 —— L, E(K,)/pE(K,) 422 [T, H\(K., E,) 1% 1, H (K, E), —— 0

We are finally ready to define the groups we are mainly interested in.
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Definition 1.6.1. In the above setting, define the p-Selmer group of E/K to be
Sel® (E/K) = ker(B o o) = ker (Hl(K, Ey) — [[ H' (K., E)p>
and the Shafarevich-Tate group of E/K as
II(E/K) = ker (Hl(K, E) = [[H' (K., E)) ,
v

so that its p-torsion subgroup III(E/K), satisfies
I(E/K), = ker(8).

Remark 1.6.2. Sel” (E/K) < HY(K, E,) and III(E/K), < H (K, E),, so they are F,-vector
spaces by HI(E/K) is a subgroup of H!(K, E): it consists of the classes ¢ = [£] that become
trivial over any completion K, i.e. res,(c) = 0 for all v (finite or infinite). In other words, (see
([1.19)) the cocycle o — &(o|) is a coboundary in Z'(Gal(K,/K,), E) for all v. The importance
of the Selmer and Shafarevich-Tate groups will be explained shortly.

The following crucial property is a direct consequence of the above definitions.

Proposition 1.6.3. The sequence of F,-vector spaces
0 — B(K)/pE(K) —— Sel®) (B/K) — II(E/K), — 0 (1.21)

is well defined and exact.

Proof. The image of ¢ is contained in the Selmer group since o § = 0, and we already knew
that 4 is injective; Sel® (E/K) = ker(foa) = o' (ker(8)) = a Y (III(E/K),), so a is surjective;
ker(cv) = im(8) by the exactness of the first row of diagram [1.20] O

Remark 1.6.4. Sequence is the reason why these groups are so important. It is known
that the Selmer group is finite (see e.g. [21], Chapter X, Theorem 4.2); hence, so are E(K)/pE(K)
and III(E/K),. In particular, the finiteness of the Selmer group immediately implies a historically
fundamental result, the weak Mordell-Weil Theorem: FE(K)/nE(K) is a finite group for any
integer n (we could have defined everything replacing p with any integer n).

Regarding the whole III(E/K), it is only conjectured that it is always finite. Its order appears
in the Birch and Swinnerton-Dyer conjecture, the major open question in the field of elliptic curves.
Besides, proving its finiteness, or finding a bound for divisibility in it (for example, computing
III(E/K)[p>] for some p, or proving III(E/K)[p>] = 0 for some p - or for an infinite number
of primes p) would shed light on the problem of finding an algorithm to compute generators for
E(K)/pE(K): this is another important question in the topic of the arithmetic of elliptic curves.

1.7 Ring class fields

In this section we review the definitions and properties of the ring class fields of an imaginary
quadratic field K.
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Definition 1.7.1. Let K be a quadratic number field. An order of K is a subset O C K such
that

(1) O is a subring with 1;

(2) O is finitely generated as an abelian group;

(3) O contains a Q-basis of K.

It follows from the definitions that O is a free abelian group of rank 2, and that the quotient
field of O is K. Moreover, the ring of integers O is the maximal order of K, in the sense that it
contains any other order.

Proposition 1.7.2. Let O be an order in a quadratic field K. Then the index |Og: O] is finite;
moreover, if we set n = |Og : O| we have

O=7Z+n0kg.
Proof. See [2], Lemma 7.2, p.133. O

We may thus write O,, for the order of index n in Ok, i.e. O, = Z + nOg. In particular,
01 = Ok. Moreover, we obtain that the inclusions between different orders of K are given by
divisibility between the indices:

Lemma 1.7.3. O, C O,, if and only if m divides n.
The following is the main result of the section.

Theorem 1.7.4. Let K be an imaginary quadratic field. For any positive integer n there exists
a unique extension K, /K with the following properties:

(1) K,,/K is an abelian extension, i.e. it is Galois with Gal(K,/K) abelian;

(2) the extension is unramified outside the set of primes of K dividing n: if p <Ok ramifies in
K, then p divides the ideal nOk;

(3) Suppose a prime ideal p of Ok is principal, p = aO, with a = a mod nOf for an integer
a. If (a,n) = 1, then p splits completely in K.
The field K, is called the ring class field of the order O,,. Moreover, we have that K,, < K,, for
any m | n.

Proof. See [2], Chapter Two, Section 9. O

Remark 1.7.5. In the case n = 1, the field K; is called the Hilbert class field of K: it is the
maximal unramified abelian extension of K. Moreover, Gal(K;/K) = Pic(Ok) = Cl(Ok) =
I / Pk, the ideal class group of K.

Proposition 1.7.6. Let K, be the ring class field of O,, C O. Then K, is Galois over Q, with

group
Gal(K,/Q) 2 Gal(K,/K) x Gal(K/Q) = Gal(K,/K) x (r),

where the action of 7 on Gal(K,,/K) is given by

o" =ToT=0"". (1.22)
We say that Gal(K,,/Q) is a generalized dihedral group.
Proof. See [2], Lemma 9.3, p. 180. O
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Theorem 1.7.7. Let K be an imaginary quadratic field, and n =1[; - ... - [,. a square-free integer
such that every prime factor I; of n is inert in K: ;O = \;. Let O,, be the order of index n,
and K, its associated ring class field. In this case we have:

(Ok /nOK)*
(Z/nZ)>

Proof. See [2], Theorem 7.24, p. 146. O

Gal(K, /K1) & (1.23)

Remark 1.7.8. In this situation, since nOx = Hl|n 10k =T1;_; Ai, by the Chinese Remainder
Theorem we have

Ok /nOk)* Ok /i) ) Ceor T
Gal(K, /Ky) = & (%nz)li) gg (ZI/(Z/Z NH NH Clli—l NECHh (1.24)

where Cj11 = Z/(1+1)Z denotes the cyclic group of order [+ 1. Notice that this gives in particular

Kt K| = [J+1).

ln

Applying (1.24) to the integers n/l; we obtain:

Gal(K, 1, /K1) = HCz +1-
J#i

It follows that
Gal(Kn/Kn/li) = Cli-‘rl-

We have thus the following diagrams:

Ky Gal(K,/K/)
RS
Kn/l1 .. K’n/l,‘
M, Ctyia Gal(K, /K, 1,) e Gal(K,,/ K1)
\ Tt
K, .
Pic(Ok)
K
(r)
Q

(1.25)
For any i # j we have K,,/;, Ky,;;, = Kp, and so Gal(K,,/K,,;;,) N Gal(K, /K, ;) = 1; it follows
that Gal(K,/K;) = Gal( n/Kn/ll) .Gal(K, /K, ). Since all this subgroups are normal and
pairwise disjoint, we find again

Gal(Kn/Kl) = Gal(Kn/Kn/ll) X - X Gal(Kn/Kn/lr) = Cl1+1 X - X 017_+1.
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The statements of this section are consequences of the so called Eristence Theorem (see e.g.
[2], Chapter Two, Section 8, Theorem 8.6), one of the main results of global class field theory: we
will often use another important fact, that we now state.

Theorem 1.7.9. (Cebotarev Density Theorem) Let K be a number field, L/K a Galois extension
with Galois group G, and ¢¢ the conjugacy class of an element o € G. Then the set

L/K
S = {p € Spec(Ok) ‘ p is unramified in L and <£> =0 } ,
where ( L/TK) is the conjugacy class of the Frobenius automorphisms of the primes 8 over p, has
Dirichlet density
G G
sy 71 _ 1ol
G| |L: K|

Proof. For a proof of this result see e.g. [9], Chapter V, Theorem 10.4. O

Remark 1.7.10. We don’t give the precise definition of Dirichlet density here, but for our
purposes it will suffice to say that a set with positive density must be infinite. Therefore, Theorem
[L.7.9)is often invoked to show that there is an infinite number of primes having a prescribed
(conjugacy class of) automorphism(s) as their Frobenius element. Another classical consequence
of Theorem is Dirichlet’s theorem on primes in arithmetic progressions, which in turn is
used to show that there is an infinite number of primes satisfying a required congruence relation:

Theorem 1.7.11 (Dirichlet). Let a and b be two coprime integers. The arithmetic progression
{a+nb|neN}

contains an infinite number of primes.
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Chapter 2

Kolyvagin classes

2.1 Summary
Consider a positive integer N and a (modular) elliptic curve E/Q of conductor N; let
¢: Xo(N) = E

be the modular parametrization whose existence is granted by the Modularity Theorem [T.2.6]
Let K = Q(v/—D) be an imaginary quadratic number field of discriminant —D where all prime
factors of N are split (it is certainly possible to choose a number D with this properties, because
it amounts to solve a system of congruences); let Ok be the ring of integers of K. We further
assume D # 3,4: in this way, U(Og) = {£1}.

Choose an ideal N' < O with O/N =2 Z/NZ. The ring Ok and the fractional ideal N’ =1 are
lattices in C; then, the complex tori C/Ox and C/N ! are complex elliptic curves related by
the cyclic N-isogeny

Y: C/Oxg = C/N™', 24+ 0k 2+ N1

Therefore, the point
T = (C/OKv(C/Nilvw)

is a point of the moduli space Xo(N)(C). Let K; be the Hilbert class field of K defined in Remark
the theory of complex multiplication shows that z; is actually rational over Ki, i.e. we
have 1 € Xo(N)(K7) (for a proof of this fact see e.g. [3], Chapter III, Theorem 3.6). Define
y1 = ¢(z1) € E(K7). Finally, set

yr = Trg, /(1) = Z yx’ € E(K),
ceGal(K1/K)

the sum being made with the group operation of E. The point yy is particularly relevant in view
of this property:

Theorem 2.1.1. (Gross-Zagier) The point yx has infinite order in F(K) if and only if
L'(E/K,1) # 0.

Proof. See [6], Chapter I, 6.5. O
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Suppose that yx has infinite order in the abelian group E(K). Then, by Theorem the
analytic rank of E/K is at most one. But then the BSD conjecture predicts the algebraic rank to
be at most one, too; since we have a point of infinite order by assumption, then we should have
rkz E(K) = 1. Indeed, Victor Kolyvagin has proven the following result ([I0], Theorem A).

Theorem 2.1.2 (Kolyvagin). Assume that the point yx has infinite order in E(K). Then
1. the group F(K) has rank 1;
2. the group III(E/K) is finite.

Actually, the theorem is even stronger: it gives an upper bound on the order of III(E/K).
We are not going to prove the full Theorem, but instead will sketch the proof of a slightly weaker
result; in doing so, we will illustrate the tools, techniques and main arguments employed by
Kolyvagin. From now on, we are going to assume the following:

1. The curve E does not have complex multiplication, i.e. End(E) = Z;

2. Gal(Q(E,)/Q) = GLy(F,);

in fact, Serre has showed that assumption (2) is verified for all sufficiently large primes p (|20],
Theorem 2).

Remark 2.1.3. Under these assumptions, the curve E has no p-torsion rational over Q, i.e.
E(Q), = 0. Indeed, the only other possibilities are E(Q), = Z/pZ x Z/pZ and E(Q), = Z/pZ,
but in any case the representation

p: Gal(Q(Ep)/Q) = GLa(Fy) (2.1)

defined in (|1.1) would not be surjective. The first case can’t occur because we would have
Q(Ep) = Q. The second case is impossible too: if existed a nontrivial point P € E, N E(Q) we
could choose it as the first element of a basis of E,; then, the image of p would be contained in a

subgroup of the form
1 a
0 b

The main result we are going to establish in this thesis is the following.

Theorem 2.1.4. Let p be an odd prime such that Gal(Q(E,)/Q) = GLy(F,) and yx ¢ pE(K).
Then

1. the rank of E(K) is 1.
2. I(E/K), = 0.

a,beZ/pZ}.

Remark 2.1.5. Since the group E(K) is finitely generated, the point yx is not infinitely divisible:
there exist only finitely many integers n such that yx lies in nE(K). Therefore, the assumption
yrx ¢ pE(K) made in the statement of the Theorem excludes only finitely many primes.

We recall here the fundamental exact sequence (1.21)) of the Selmer and Shafarevich-Tate
groups:

0 — BE(K)/pE(K) —— Sel” (E/K) —% II(E/K), — 0 (2.2)
The proof of will be an easy consequence of the following.

Proposition 2.1.6. Let p be an odd prime satisfying the hypotheses of Theorem [2.1.4
Then Sel” (E/K) = (dyx), cyclic of order p.
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2.2 The Euler system of Heegner points

The first step towards the proof of Proposition [2.1.6]is the construction of a collection of points
Yn, called Heegner points, on the curve E which are rational over the ring class fields K,,. This
family of points enjoys some compatibility properties, which will be explained in Proposition
[2:2.10] that make it an Euler system.

Let n € N be prime to N and consider O,, = Z + nOg, the order of conductor n in Ok; let
N <Ok be as in the previous section. The ideal N;, = N N O, is an invertible O,-module, and
we have O, /N, 2 Z/NZ. 1t follows that the map

Yn: C/O, = C/N 1

is a cyclic N-isogeny. Hence, it defines a point z,, of the modular curve Xo(N). The theory of
complex multiplication shows that x,, is rational over K, the ring class field of O,,.

Remark 2.2.1. Notice that we have already defined y; in the previous section, as O; = Ok.

For any n > 1 we have the following field diagram, with Galois groups indicated (see ([1.25))):

Ky,
‘ Gn(Ok /nOK)* /(Z/nL)*
K
Pic(Ox) (2.3)
K
)
Q

From now on, we are going to consider only squarefree integers n: write n = [[[; furthermore, we
ask that (n,2pND) =1 = (pN, D). Since z,, € Xo(N) and Xo(N), E,¢ are defined over Q, we
may define y, = ¢(z,) € E(K,,).

Lemma 2.2.2. For any prime divisor { of n, [ is unramified in the extension L = K(E,).

Proof. It is enough to show that [ is unramified both in K and Q(E,). The first assertion is
straightforward, since [ does not divide 2D. For the second, notice that the assumption that [
does not divide N, and the fact that N is the conductor of F, imply that E has good reduction
at . Now we need the following result.

Lemma 2.2.3. Let E be an elliptic curve defined over Q, [ a prime number of good reduction
for E and F' = Q(E,); then E,(F) is unramified at [, i.e.: for all primes A of F' over [, the inertia

subgroup I, ; of Gal(F/Q) acts trivially on £,(Q) = E,(F).

Proof. This is a particular case of Theorem (3.3) in [8] (p. 297), which is a consequence of the
criterion of Néron-Ogg-Shafarevich. O

Recall that #1,,, = e(A/l), the ramification index. Since I, ; fixes E,(F') by the lemma, we
have that
(x%,97) = (z,y) V(2,y) € Ep(F), Vo € Inp,

i.e. Iy fixes Q(E,) = F. Hence I < Gal(F/F) = 1, so [ is unramified in F' = Q(E}). O
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Remark 2.2.4. Notice that we have also proved that K N Q(E,) = Q. Indeed, the primes that
ramify in K are the divisors of D; but these primes are unramified in Q(E,) being primes of
good reduction, since (D, pN) = 1. Therefore we can’t have K < Q(E,), and so the claim follows
(remember that |K : Q| = 2).

Since [ is unramified in L = K(E,), we can consider its Frobenius conjugacy class (Llﬂ> We

recall the definition: for a prime A of L dividing I, the Frobenius element (LAQ) is the generator

of the decomposition group Dy, < Gal(L/Q). We also denote it by writing o,; it is the only
element of Gal(L/K) satisfying the property

oa(z) = 2! mod A, Yz € Of.

If A’ is another prime over [, then o and o+ are conjugate elements of Gal(L/Q): more precisely,
we can write A’ = p(A) for an element p € Gal(L/Q), and we have the relation

L/Q L/QY\ _
(5) = (5)
p(A) A
: : L/Q
(see e.g. [9], Chapter III, Property 2.2). The conjugacy class of o and oy is denoted as (T)?

or Frob(l). We ask this class to be equal to Frob(co), the class of the complex conjugation
7 € Gal(L/Q) (of course L is not a real field). By the Cebotarev density theorem, the density of
the set of primes [ satisfying this requirement is positive, so there is an infinite number of them.

Lemma 2.2.5. Any prime number [ satisfying these conditions is inert in K.

Proof. For any prime A of L lying over [, oo and T are conjugate in Gal(L/Q): hence, their
images oa|x and 7|k = 7 in Gal(K/Q) are conjugate, and so equal. This means that [ does not
split in K and thus, being unramified, is inert. O

In view of this fact we may write (1)Ox = A, and note that O /A = F2; we denote this residue

field by F). Note moreover that A\ splits completely in L: since the Frobenius automorphism
(Llﬂ) is conjugate to 7, it has order 2, and so 2 = #D,,; = |Or/A : Z/IZ|. Thus the residue
degrees are f(A/l) =2 = f(\/l), and this implies that f(A/\) = 1; but we already knew that the

ramification index e(A/)) was equal to 1, and the claimed assertion follows.

Lemma 2.2.6. Consider the reduction E of E over F;, and define a; =1+ 1 — #E(FZ) Then:

a=0l+1=0 mod p.

Proof. Denote with ¢ the Frobenius automorphism of E(F;), which sends (z,y) to (z!,y'). From

the theory of elliptic curves over finite fields (see for example [21], Chapter V, section 1), we
know that the characteristic polynomials of ¢ and 7 acting on E (F;) are respectively 22 — a;x +1
and 22 — 1. Since the automorphisms ¢ and 7 of the IF-vector space E(E)p are conjugate, their
characteristic polynomials are equal: —a; =0 and [ = —1 mod (p). O

Remark 2.2.7. As a consequence, p | I + 1 4 ;. It is actually possible to ask, and we will make
this assumption, that the prime [ also satisfies p? {1+ 14 a;, and there exist infinitely many such
primes by Cebotarev density theorem. For a proof, see [12], Proposition 3.27, end of the proof.

We make here an observation which will be useful later on.
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Lemma 2.2.8. We have: E(F)), = Z/pZ x L] pZ.

Proof. Recall that E (F\)p X Z/pZ x Z/pZ by remark - A known fact about elliptic curves
over finite fields (see again [2I], Chapter V, section 1) is that #E(F,\) (+1—a)(l+14a);
let 7 act on E(Fy) and denote the eigenspaces as E(Fy)t and E(Fy)~. We have #E(F\)* =
#E F)=141-ayso #E(F,\) =1+ 1+ a;. Since both these numbers are multiple of p by

| taking the p-torsion subgroups of the two eigenspaces yields E(F,\)Jr 7/ = E(F,\) ,
and so the claim. D

Write now n =[] and define G,, = Gal(K,,/K1); then we have G,, =[], G;, where, for any
I, Gy = Gal(K,,/K, ) (see (1.25))). For each [, these subgroups are cyclic of order [ + 1: ; write
G; = (0y). Consider the group ring
m; € 7 }

l
Z|Gy) = { Z m;o}
1=0
the augmentation ideal of this ring, i.e. the kernel of the augmentation map
1
Z|G) — Z, Zmiaf — Zmi,
i=0 i

is a principal ideal generated by the element o; — 1 ([I9], p. 521, Lemma 9.24).

Define Try =3 o, 0= Zi:o o} since (Tr;) = [+ 1, we have [ + 1 — Tr; € ker(e) = (o; — 1).

So there exists D; € Z|G] such that

(01—1)-Dl:l+1—Trl. (24)
Finally, define D,, =[], D; € Z[G,,)].

Proposition 2.2.9. The point D,y, € E(K,,) gives a class [D,y,] € E(K,,)/pE(K,) which is
fixed by the action of G,,.

Proof. The group G,, = Gal(K,,/K;) naturally acts on E(K,), hence also on E(K,)/pE(K,):
if 0 € Gy, o([P]) = [P]? := [P?]. The action is well defined because P € pE(K,) implies
P? € pE(K,): P =pQ implies P? = (pQ)? = pQ°. Moreover, we may write the action on the
left as well as on the right because G, is abelian.

It is sufficient to prove [D,y,]?" = [Dnyn], i-e. (Dpyn)’ — Dpyn € pE(K,,), for all I, because
(o]l divides n) = G,,. As said, we also write (D, y,)? = 01(Dnyn), and (Dpyn)? — Dpyn =
(01 — 1) Dy yn; what we need to prove is then (o, — 1)Dyyn € pE(K,).

Write n = Im. By the defining property of D; we have

(O’l — 1)Dn = (0’1 — 1)D1Dm = (l +1-— TI'l)Dm,

SO
(Ul - 1)Dnyn = (l +1-— Trl)Dmyn = (l + 1)Dmyn - DmTrlyn~

By Lemma p divides [+ 1; so it is enough to show Tr;y, € pE(K,,) C pE(K,,). This follows
from the following proposition. O

Proposition 2.2.10. Write as before n = [ - m. Then:
1. Trlyn = QYm € E(Km)v

21



2. Consider the inclusions of fields Q < K < K,,, < K,,. Write A,,, <Ok, and A, <Ok, for

m

prime ideals above A = (I)Ok. We have the following congruence relation:

Yn = Frob(A\)(ym) (mod Ay,),

where Frob(\,,) = (M)

m

Proof. 1) This is a consequence of the corresponding facts about x, and z,, in Xo(N)(K,).
Denote with 7; = T'(I) the Hecke correspondence defined in (I.8), and recall that ¢: Xo(N) — E
is the modular parametrization of E. We have

Try(22) = Ty(2m) € Div(Xo(N)(Km)); (2.5)

moreover, ¢(T;d) = a; - ¢(d) for any divisor d on Xo(NV) (see [5], Section 6 for the proofs of these
equalities). Applying this equality to d = x,, gives

WYm = () = ¢(Tl$m) = (b(Trl(mn)) = Trl(ﬁb(xn)) = Triyn, (2.6)

which is what we needed to prove.

2) By class field theory, A splits completely in K, and any prime \,, of K,, over \ is
totally ramified in K,: A\, Ok, = A.tl. In particular, the residue fields are all isomorphic:
By, 2F,, 2F2Fpe.

Lemma 2.2.11. We have the congruence relation
T = FrobAp, (z,,)  on Xo(N)(Fy,, ).

Proof. We apply the Eichler-Shimura relation (Theorem [1.3.5) to the correspondence T; of Xo(N):
T) = ¢, + ¢} € End (Div ()N(O(N)(F,\)» .

Recall that ¢, + ) acts on divisors as P + P +ZQ1=P Q:;but Fy =Fp,s0Q' =P «— Q=P
Then, ¢; + ¢, sends P to P + P! = (I + 1) P!. If we evaluate this at the divisor (Z,,) we obtain
Ti(Tm) = (L+1)(2},);

putting this together with (2.5) we have

l

l
(I + 1)(35571) =T(Tm) = Tri(Ty) Z Ulz T,) = Z T,) = (I +1)(zn)
i=0 i=0

(we used that oy(x,) = (x,) mod A\,: the extension K,/K,, is totally ramified at \,, and
(1) = I(An/Am) = D(\u/Am)). We conclude that x,, = z!, = Frob\,,(x,,), which is what we
wanted to prove. O

The result of the Proposition follows by applying the modular parametrization ¢ to this
congruence. O

This completes the proof of Proposition because Tr;y,, = ajym € pE(K,,) since a; is a
multiple of p by
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2.3 Construction of the classes

Write G,, = Gal(K,,/K), so that we have the following exact sequence of abelian groups:
0— G, — G, = Gal(K;/K) — 0.

Let S be a transversal for G,, in G,,, i.e. a complete system of coset representatives: #S = |G,, : G|
and G, = U,cg0Gn. For any m|n, define

P, = ZSJ(Dmym) € B(Kp). (2.7)

Remark 2.3.1. This definition depends on the choice of S; what will be relevant for us is that
the class of P, in E(K,,)/pE(K,,), which we denote by [P,,], does not depend on this choice.
Indeed, suppose S’ is another transversal; then for any ¢’ € S there is a unique o € S such that
o'c~! € G,. Then, [Dmym}"/"'_1 = [Dptym), 1-€. [Dimtm]® = [Dimym]’. So we have

[Z U/(Dmym)] = Z o' ([Dimym]) = ZU([Dmym]) = [Pn].

o'eS’ o’esS’ o€S
Remark 2.3.2. For m = 1, we have
Pi=YoDwy) =) o)=Y, oly)="Trk, /ky) = yx.
oceS oes oceGal(K,1/K)

Lemma 2.3.3. The class [P,] belongs to (E(K,)/pE(K,))%".

Proof. Since [P,] is fixed by G, by Proposition 2.2.9,G,, = |J,cg0Gr and G, is abelian, it is
enough to show [P,]? = [P,] for ¢ € S. For p € S we have

[Pa) = [P =Y lpo(Dnya)] = [Pal,
oESs

because pS is another set of coset representatives for GG, in G, so the last equality is given by

remark 2.3.1] O

Consider now the following diagram.

0

|

HY (K, /K,E(Ky)),
llnf (28)
0 — BE(K)/pE(K) —*— H'(K,E,) —*— HY(K,E), ——— 0

| [ [

0 — (B(K,)/pE(K,)% <2 HY(K,,E,)% —— HY(K,, E)J"

The rows and the right column are exact; the right column is obtained taking the p-torsion
subgroups in the Inflation-Restriction exact sequence with G = Gal(Q/K), H = Gal(Q/K,,),
G/H = Gal(K,,/K) = G, M = E(Q) and M = E(K,,). We use the notation H'(K,,/K, E(K,))
for HY(Gal(K,,/K), E(K,)).
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Lemma 2.3.4. In diagram (2.8) the vertical middle map,
Res: H'(K,E,) — H'(K,, E,)’",
is an isomorphism.

Proof. Lemma for M = E,, G = Gal(Q/K) and H = Gal(Q/K,) (so that G/H =
Gal(K,/K) =G, and M = E,(K,,)) gives

0 —— HY(Gn, Ep(K,)) 25 HY(K, E,) 2 HY(K,,, E,)9" —— H%(G,, E,(K,)) (2.9)

Since H' (G, Ep(Ky,)) = 0 = H?(Gn, Ey(K,,)) by the following lemma, then ker(Res) = im(Inf) =
0 and coker(Res) = 0, and the conclusion follows. O

Lemma 2.3.5. The curve E has no p-torsion rational over K,, i.e. E,(K,)=0.

Proof. Fix n. We prove the result by excluding the other two possibilities, which are E,(K,) =

Z/pZ and E,(K,) = Z/pZ x Z/pZ by remark
First case: E,(K,) = Z/pZ. Let F = Q(E,) and M = F N K,,; consider the following field

diagram.
F= Q(Ep)
K,
\ (2.10)

M=FnK,

Q

We know that F/Q is Galois, with group Gal(F/Q) = GL»(F,); K,, is a Galois extension of Q
(actually an abelian one, but here we don’t need this), and so also M/Q is Galois. The group
Gal(F/Q) acts faithfully on E,(F'), because the representation

p: Gal(@/Q) - GLs(F,)
has kernel Gal(Q/F); write with an abuse of notation

p: Gal(F/Q) — GLo(Fp).

Since E,(K,) = Z/pZ, there exists a non zero point P € E,(K,)NE,(F) = E,(M). M is Galois
over QQ, so
P° e E,(M)=1Z/pZ-P Yo € Gal(F/Q);
then
Vo € Gal(F/Q) Ja, € (Z/pZ)* such that P° = a,P.

If we choose a basis for E,(F) = Z/pZ x Z/pZ whose first element is P, it follows that p(o)
is an upper triangular matrix for any o € Gal(F/Q); this contradicts the surjectivity of the
representation.

Second case: E,(K,) = Z/pZ x Z/pZ. In this case, K, > Q(E,), so there is a surjective
homomorphism Gal(K,/Q) — Gal(Q(E,)/Q) = GL2(F,). But when p > 2, GLy(F,) is not a
quotient of a group of dihedral type. O
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We are now ready to define Kolyvagin’s classes, with a diagram chase in (2.8]). The class [P,,]
lies in (E(K,)/pE(K,))9"; consider its image §,[P,] € H*(K,, E,)9". From what we have just
proved, there exist a unique class c¢(n) € H'(K, E,) such that

Res(c(n)) = §,[P,] € H (K., E,)S.

Define
d(n) = a(c(n)) € HY(K, E)p;

note that Res(d(n)) = Res(a(c(n))) = an(Res(c(n))) = an(d,Pn) = 0. So d(n) € ker(Res) =

im(Inf): define d(n) to be the only element of H'(Gal(K,,/K), E), such that

Inf(d(n)) = d(n) € H(K, E),.
The following result gives a concrete description of the classes.

Lemma 2.3.6. Let %Pn be a fixed p-th root of P, in E(Q).
(1) The class ¢(n) is represented by the cocycle

&n: Gal(Q/K) = Ey(Q), owgn(d:”(;&) lp, o= Lh

(c—1)P,

where is the unique p-th root of (¢ — 1)P, in E(K,).

(2) The class d(n) is represented by the cocycle

(c —1)P,

nn: Gal(K,/K) = E(K,), o—nu(oc)=— 5

Proof. (1) First of all notice that e=DPs is indeed rational over K,,: for a fixed o, Lemma@
implies 0 P,, — P,, € pE(K,,). Uniqueness follows from Lemma m Uniqueness implies that the
application y: o s (Z=DFn ) = % and ox(p) + x(o) =
o (‘)—;)P” + @=DPn are points of E(K,,) which are p-th roots of cpP,, — P, = po P, — P,, (remember
that G,, = Gal(K,/K) is abelian).

So the map &, is a cocycle; it takes value in E, because p&, (o) = o(P,)— P, —o0(P,)+P, =0
for all o finally, its restriction to Gal(Q/K,,) is

is a cocycle, because both x(po

6 GU@/K,) » B(@. 00 6(0)=0 (17) = 27,

because (0 — 1)P, = 0. Therefore (see diagram [2.8), Res([&,]) = 6,[P,], and this proves that
[€n] = c(n).

(2) We proved above that 7, is indeed a cocycle. Consider Inf([n,]) € H' (K, E),: we need to
show it is equal to d(n) = a[&,]. For o € Gal(Q/K) we have

£0(0) — m(oli) = 0 (;P) - %Pn,

which is a coboundary since %Pn € E(K). We conclude that Inf([n,]) = d(n), so [n,] = d(n) by
the injectivity of the Inflation map. [
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Proposition 2.3.7. 1. The class ¢(n) is trivial in H'(K, E,) if and only if P, € pE(K,);

2. the class d(n) is trivial in H!(K, E),, and the class d(n) is trivial in H'(K,,/K, E),, if and
only if P, € pE(K,) + E(K).

Proof. This follows from the definitions and diagram ([2.8)):

(1) ¢(n) =0€ HY(K,E,) < Res(c(n)) =0 < §,[P,] =0 < [P,]=0 < P, €
PE(Ky).

(2) We have that

=
3

0€ H'(K,E), <= c(n) € ker(a) = im(6)

¢(n) =46(P+pE(K)) 3P € E(K)

Res(0(P + pE(K))) = 0,(P, + pE(K,)) 3P € E(K)
80 (P + pE(K,)) = 00(Py + pE(K,)) 3P € E(K)

P+ pE(K,) = P, + pE(K,) 3P € E(K)

P, € E(K) + pE(K,,).

)

rreuy

The following proposition specializes to the case n = 1.

Proposition 2.3.8. (1) The class ¢; is trivial if and only if P; = yx is divisible by p in
E(K);

(2) the classes dy and d; are always trivial.

Proof. (1) By the previous proposition, ¢; =0 <= P; = yx € pE(K); since yx € E(K), the
conclusion follows by the equality E(K)NpE(K;) = pE(K), that we now prove.

(D) this inclusion is trivial: if P € pE(K), P = pQ for a point Q € E(K); E(K) C E(K1), so
P € pE(K)).

(C) take P € E(K) and assume P = pQ for a Q € E(K;): we need to prove that @ actually
lies in E(K). For any o € Gal(K;/K), pQ° = (pQ)° = P? = P, so Q7 is another p-th root of P:
in other words, Q7 — Q € E(K1),. But the latter group is trivial by lemma and so Q7 = Q
for any o: this is equivalent to Q € E(K).

(2) di =0 < P =yk € pE(K;) + E(K), which is true since yx € E(K). O

2.4 Global properties of the classes

Notice that Gal(K/Q) = (r) acts on H'(K, E,) by remark applied to G = Gal(Q/Q),
H = Gal(Q/K), G/H = Gal(K/Q), M = E,(Q). Since 72 = 1 and p is odd (so that 2 — 1 has
two distinct eigenvalues), there is the following decomposition into eigenspaces for 7:

H\(K,E,) = H\(K.E,)* & H'(K, E,)”

We are going to show that each Kolyvagin class ¢(n) lies in one of these eigenspaces.

Observe that complex conjugation 7 acts also on the Galois extension K,,, and hence on the
point y,, € E(K,).

Recall that f, the newform attached to the modular curve E by the Modularity Theorem
is an e-eigenvector for the Fricke involution wy, i.e. wy(f) = ef = £f. With the next
results we are going to relate e and the classes ¢(n), d(n).
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Lemma 2.4.1. There exists ¢/ € G, = Gal(K,,/K) such that
yr =c-yl  modE(K,)ors.

Proof. By [5], paragraph 5, there exists o’ € G, satisfying

’

a;, = wy (7))

on Xo(NV). Hence on J(Xo(N)) we have

T

(xp, —00)" = wn(zy — oo)”/ + (wnyoo — )

A known fact is that (wyoo — 00) = (0 — 00) is torsion in J(Xo(N)) (see e.g. [I3], Chapter II,
Section 11, Proposition 11.1); this gives the claim on E. O

Proposition 2.4.2. Write f,, = # {1 |l divides n }, and let &, = ¢ - (—1)/.
(1) [P,] belongs to the ,-eigenspace for 7 in (E(K,)/pE(K,))%", i.e.

[Po]” = enlPy)
(2) ¢(n) belongs to H'(K, E,)*", and d(n) belongs to H' (K, E)5", i.e.
c(n)” =epce(n) and d(n)" = e,d(n).

Proof. (1) We are going to compute 7P, € E(K,), and then we’ll pass to the quotient E(K,,)/pE(K,).
Recall that, by definition, P,, = Y g 0 Dn¥yn, and that we have 7o = o~ !7 for all o € Gal(K,,/K).
We now claim that for any [ | n there exists an integer k; such that

7D; = —o; DT + KTy € Z[Gal(K,,/Q)] (2.11)
Remember that, by definition of D;, it holds
(op—1)D;=14+1—Ty.
Multiplying both sides by 7 both on the left and on the right we get
T(oy—1)Dp=7(+1-Tr) =({+1-Tr)r = (07 — 1) Dy,

ie.
(Cfl — 1)D1T = T(O’l — I)Dl. (212)

We used the fact that 7Tr; = Tr;7: since ToliT = O'l_i for all 4, we have
l I
7T = TZUf = ZTO’; =
i=0 i=0
l l
= Zal_ir = (Z(al_l)l> T =Ty
i=0

i=0
We now manipulate the right hand side of
(o1 =)Dy = (ro1 = 7)Dy = (o '7 = 7)Dy =
=(o;' =)Dy = —0; (=1 +0))TD; =

= —Ul_l(Ul —1)rDy,
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so that 2.12] becomes
(o1 —1)DiT = —al_l(al —1)rD.

Multiplying by o; on the left we obtain
(Tl(O'l — I)Dl’r = 7(0’1 — 1)7‘Dl
(o7 — VoyDyr = —(0; — 1)7Dy
(O‘l — 1)(0’1Dl7‘ + TDl) =0,

<~
<~

i.e. 0yD;7 + 7D; is annihilated by (o; — 1).

Lemma 2.4.3. In Z[G)] we have that
{peZlGi]|(o1—1)p=0}=2ZTr.

Proof. (2) for any k € Z, we have

ot —1

l
(01— DkTr = (00 = Dk Y o' = k(o1 — 1) = k(e —1)=0.

o —1
i=0 !

(C) suppose p = >, a0} satisfies (o; — 1)p =0, i.e.

l l !
- . L .
0= E aio'l”' — g a;o] = alof+ + E (ai—1 — a;)o] —ag =
i=0 i=0 i=1
l
=aq; —ag+ g (ai—1 — a;)o].
i=1

This implies a;—1 = a; for all ¢, 1 < ¢ <, and ag = a;; that is, p = Zi aooli = agTr;. O

This lemma gives that
oDyt +71D; = kT

for a certain integer k;; so, claim [2:11] is proved.
Now we compute 7P, mod (pE(K,)), and we are going to use the fact that, for all [ | n,

Try, € pE(K,) (see(2.2.10} (1)).

TP, =T Z ocDny, = Z ToDpy, = Z 0'_1TDnyn =

g€eS o€S oes
= ZO’ilTHDlyn = Zoil(TDh)(Dlz Tt len)y" =
o€es lln o€s
= Z 0—71(7011Dl17_ + kl1Trll)(Dlz Tt len)yn =
oceS
= Z 071( —o, DytDy, - leny" + ki, Try, Dy - . leny") =
oceS
= Z 0_1( - UllDllTDlz Teeet len Yn + thlz Tt lenTrlly'fL) = mod (pE(K”))
cEeS
= ZO 1( - Ul1Dl1<TDlz) ' DlS Tt leny”)
oceS
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Z o (=01, Dy, (=01, D1, 7 + ki, Try,) - Dyy - oo - Dy ) =
o€S

:Za‘l H—ozDz TynZZU_l(—l)f" HUlHDl TYn =

c€eS lln o€S ln ln

=) [ S o Dary.

ln oes

Since y7 = ¢ -y +Q for Q € E(K,)iors by Lemma we have

7Py = (1) [[or > o' Dule-y7 +Q) =

ln oS

e~ [ Y o' Days  mod (pE(K,)).

ln oges

For this congruence, notice that @ € E(K,)ios C pE(K,): since E,(K,) = 0 by lemma
2.3.5, the multiplication by p in the finite abelian group E(K})iors 1S an isomorphism, thus
E(Kn)tors = pE(Kn)tors c pE(Kn)

Concluding the computation we have:

TP, =¢, Hal E o Doy, =
ln o€eS

=, HUZO'/ Z o DLy, =

ln ocesS

=e¢, H 010" P, = e, P,.

ln
The last equality holds because [P,] is fixed by G,, = Gal(K,,/K). We can conclude that
[Pn]T = En[PnL

which was the first assertion of the proposition.

(2) Follows easily from the previous point, since the maps in diagram commute with the
action of (1) = Gal(K/Q): [P,]” = €,[P,] implies 6,[P,]” = €,0,[Py], and applying the map
Res™! we obtain ¢(n)” = e,¢(n). Finally, applying the map a, we get d(n)” = &,d(n). O

Remark 2.4.4. For n =1, we have f,, =0, hence ¢, = ¢, and we get

[PA]" = [yx]™ = elyx]. (2.13)
For n = [ prime, we have f,, = 1, hence ¢,, = —¢ and we get
[P]” = —¢[R], <) =—ec(l), d()T =—ed(l). (2.14)

We have thus an improved version of Proposition
Corollary 2.4.5. The class d(n) is trivial in H'(K, E)¢" if and only if P, € pE(K,) + E(K)".
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2.5 Local properties of the classes

In this paragraph we inspect further properties of the Kolyvagin classes, in particular the
behaviour of the restrictions d(n),, for v any prime of K. Recall that c¢(n) € H'(K, E,) and
d(n) € HY(K,E),; we wish to know if ¢(n) actually lies in Sel® (E/K), i.e. if d(n) lies in
(E/K),.

Lemma 2.5.1. Let K be an imaginary quadratic number field, A a prime ideal of O which
splits completely in an extension K,,/K. For any prime ideal A, of O, over A, the completions
Ky and (K,,), are equal.

Proof. Follows easily from the fact that Gal((Kn), /K)) is isomorphic to D(A;/A), the de-
composition group of A, over A (see [I8], Chapter II, Proposition 9.6), through the restriction
homomorphism

Gal((Km)y, /Kx) = D(An/N), 0w 0lKk,,; (2.15)

we notice here that injectivity follows from the fact that K, is dense in the completion (K,,)x,,
and the automorphisms o € D(A,,/\) are continuous with respect to the A,,-adic topology. The
decomposition group is cyclic of order f = f(A,/A), the inertial degree of A, over A: since f =1
by assumption, we conclude that (K,), = K. O

We wil also write K, or K, » for (K,)x,,. The following is the key result which characterizes
the local behaviour of the classes d(n).

Theorem 2.5.2. 1. The class d(n), is locally trivial in H'(K,, E), at the archimedean place
v = 00, and at all the finite places v of K which don’t divide n.

2. Write n =1-m and A = (I)Og; the class d(n), is locally trivial in H!(Ky, E),, if and only
if P, € pE(K,, ) =pE(K)) for one (and hence for all) place A, of K, dividing A.

m

Proof. (1) First case: v = co. In this case, Ko, = C, which is algebraically closed: the Galois
cohomology of E is then trivial, because H'(K,, E,) = H'(Gal(C/C), E,,) = 0.

Second case: v finite, v { n,v { N. Since N is the conductor of F| in this case E has good
reduction at v. Write K, ,, for the completion of K, at a prime over v. Since v { n, Theorem m
implies that the extension K, /K is unramified at v: then, also the local extension K, , /K, is
unramified. Let K" be the maximal unramified extension of K,; we have therefore K, , < K.

K,

unr

;
K., (2.16)
|

K,

@/
Kn/
—



We deduce the following commutative diagram of cohomology groups:

HY (Ko /K B(Ky))p = H' (K o/ Ko, E(Kn0))p

\[Inf \[inf

H'Q/K,E), —=*— H'(K,/K,,E), (2.17)

lRes lreszf

Hl(@/Kn7 E)gn L Hl (Fv/Kn,va E)p
as well as the inflation-restriction exact sequence for Gal(K,/K") < Gal(K,/K,):
HY (K™ /K, E(K™)) <™, gY(K,/K,, E) =4 gBY(K,/ K™, E). (2.18)

Consider now the class d(n), € H'(K,/K,, E),. Since d(n) = Inf (J(n)), we have d(n), =
inf (J(n)v> Therefore, res(d(n),) =0 € H' (K,/Kp ., E).

res= g

HY(K,/K,, E) BREIN HY(K,/K ,,E) —> H'(K,/K™ E) (2.19)

By (2.19), the image of d(n), in H'(K,/K™, E) is zero, too. By the exactness of and
by the equality g o f = h, we have d(n), € ker(h) = im(inf), and so d(n), € H' (K™ /K,, E).
But this group is trivial when E has good reduction at v, i.e. if vt N, by [15], Chapter I, Section
3: so we have d(n), = 0.

Third case: v finite, v { n,v | N. In this case E has bad reduction at v. Still, we have the
following exact sequence:

0 —— EYK)) — E%(K)) —— Eu(Fy) — 0, (2.20)

where Ens is the set of non-singular points in the reduced curve, E° < E is the group of the
points of good reduction, and E' is the kernel of reduction (see [2I], Chapter VII, Proposition
2.1). Moreover, ¢ = E/EV is a finite group (Kodaira-Néron Theorem, [21], Chapter VII, Theorem
6.1). Asin (1), we have that

d(n), € H' (K™ /Ky, E(K™))p,

but in this case the group is not trivial. Take a prime w of K,, over v, and write K, ,, for (K ).
From the exact sequence

0 —— EYK™) —— B(K™) —Z% ¢ —— 0
we obtain
HY (K™ [y, BO(KP™)) —— HY(K™ /Ky, B(K™) —Z— H'(F,/F,,¢)). (2.21)

By [15], Chapter I, Proposition 3.8, the first group of sequence ([2.21)) is trivial: therefore, w*
is injective, and to show d(n), = 0 it will suffice to prove w*(d(n),) = 0. By [@], III, 3.1, the
Heegner divisor (z,,) — (00) in J(Xo(N))(Kp,w) = J (K ) satisfies

() = (00) € (0) = (00) + J%
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since (0) — (c0) is a point of rational torsion in the Jacobian, computing images through the
modular parametrization we obtain

Yn € E(Q)tors + EO(K;;mr)

on the curve E. Applying w we see that w(y, ), and therefore also w(D,y,) and w(F,), have
order coprime with p in ¢ = E/Ey, because E(Q), = 0 (see[2.1.3). But then we conclude that
w*(d(n),) = 0, since it is annihilated by the two coprime integers |w (P, )| and p. This concludes
the proof of the third case, and so of the first assertion of the theorem.

(2) Recall that X splits completely in K,,, and for any A, of K,,, over A we have \,,Of, = ALH!

(see Proposition [2.2.10). Moreover, (K.,)x,, = Kx, Gal((Kp)a,/(Km)a,,) = Gal(K,/Kn) =
G| = (01) 2 Ci41, and the residue fields Fy,, Fy,,, F) are all isomorphic to Fjz. We'll write K, »
for (Ky,)a

As in the proof of (1), second case, we have d(n), = inf (J(n)A) abusing notation we’ll

n "

identify them and write
d(n)x € H' (K, 2/Kx, B(K,)))p = H (Gal(Ky, 2/ Km), E)p =2 HY (G, E(K, 0))p-

By Lemma d(n)y is represented in H'(G;, E(K),)) by the cocycle o 7%, where
{2=DPs 5 the unique p-th root of (¢ — 1), in E(K,,) < E(K,,»).
Since [ 1 N, E has good reduction at \: therefore, equation (2.20) in this case reads

0 — EYNK, ) — B(K,,) —» E(F\,) — 0.
Applying Lemma, to this exact sequence and taking the p-torsion subgroups we obtain
HY (G, B (K p))p —— HY(Gr E(Kn))y —— H'(Gi, B(F),)),.

The group E'(K, ) is isomorphic to the formal group associated with E(K, ) (|21], Chapter
VII, Proposition 2.2), and every element of E'(K,, ))tors has order which is a power of [ (|21],
Chapter IV, Proposition 3.2 (b)). This implies that H*(G;, E'(Ky, )), = 0. It follows that 7* is
injective: d(n)y = 0 if and only if 7*(d(n)) = 0.

The image of d(n)y in H'(G}, E(Fy,)), is

(e N |

Wiite Q, = 9= € B(K,) < B(K, »); G = (01), so
7 (d(n)y) =0 <= 7(Q,) =0.
We also write @, for 7(Q,,).

Lemma 2.5.3. Write as always Frob,, = (K%/Q) € Gal(K,,/Q). We have the congruence:

(I + 1)(Frob\,,) — a
p

Qn P, (mod \,) (2.22)

in E(K,), where )\, is the unique prime of K, over \,.
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Proof. We first of all notice that
1
(Z i a ) . (2.23)

Indeed, @, is by definition the only p-th root of (o; — 1) P, in E(K,,) (see the proof of [2.3.6)); the
right-hand-side of the equation is also a point of E(K,,) satisfying

[+1 aj ) <l+1 Trlyn)
p oDy, (yn - Ym | =P 0D | —Yn — =
> . ’ 2 ) .

g€eS g€eS
l[+1—-Tny o, —1)D,
oc€eS p oceS p
= (01 = 1)0DmDyyn = (61— 1) > _ 0 Dyyn = (01 — 1) Py,
geS g€eS

and so (2.23) holds. We have used Proposition [2.2.10} the definition of D; (see (2.4))) and the
definition of P, (see (2.7))).
For any \,, dividing A in K,,, by Proposition [2.2.10] (second part) we have the congruence

I+ 1)FrobA,, —
H_il n — ﬂym = ( * ) = al Ym (mOd )\n)a
p p p
for any o € G,, = Gal(K,,/K) we also have
I+1 a I+ 1)Frob(c™'\,,) — a B
Yn — Jym ( ) ( ) lym (HlOd g 1)‘n)
b p b
We may conjugate this last congruence to obtain
1 I+ 1)Frob(c™'\,,) —
U(H'yn_alym> EO'<( + 1)Frob(s ) al)ym (mod Ap,).
p p p

Remember that we have Frob(c~!\,,) = 0~ 1Frob),,0, and so oFrob(c~1),,) = Frob\,,0. So,

the last congruence becomes
I+1 [+ 1)Frob\,, —
a< + il ) = (( +1)Fro al) oYm (mod Ay,).

— Y — —Y
p " op " p

Finally, using (2.23]), we obtain

I+1 o« -t
Qu=1_0Du (yn - lym> =2 Duo (yn . lym> i
= p p oesS P P
= Z D, <(l + 1)Frob,, — al) OYm = (o DFrob, — a Z 7 Drmym =
2 D p oceSs
(Lt DFrobAn —a (mod Ap).

p

The lemma is thus proved.
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We are going to work in the reduced curve E (F); notice that, since Fy,, = Fy, Frob),, and
Frob(l) both act on Fy = Fj> as x > z'.

Lemma 2.5.4. The reduction @n is trivial if and only if P,, lies in pE(Fk).

Proof. Write T = Frob\,,, = Frob(l) and consider the group homomorphism ¢ = ”717' -4

V: E(Fy) = E(F\)p,

L b (P) = Sp = L pr
b p b p

This map really takes value in E(Fy). Indeed, pth(P) = (I+1)7(P)—a;P = 0, because (I+1)7—a,

annihilates E(FA): in the proof of Lemma we saw that 72 = 1 and 72 — ;7 + [ = 0, and

this implies that (I +1) — ;7 =0, hence 0 = 7((I+ 1) —ay7) = (+ D)7 —ay7? = (Il + 1)7 — a.

For the same reason, ker(¢)) D pE(F)): therefore we obtain a map

a

P~ P.

U: E(Fy)/pE(F)) — E(F\)p,

p p
which is a homomorphism of Fp-vector spaces of dimension two. To prove the lemma, it is enough
to show that U is injective: in this case Q, = U([Py]) =0 < [P,] =0 < P, € pE(F)).
The map ¥ commutes with the action of 7 = Frob(l), so we can restrict to the eigenspaces for 7

w: (B /REE)) - E(R)E

to get two linear maps of one-dimensional Fp-vector spaces. On these subspaces, P! = 4P by
definition: so, ¥ acts as the multiplication by %. Since p? 11 + 1 + a; by the assumption we

made in Remark we conclude that % # 0 mod p: this proves that W is injective. [
We’ll conclude the proof using this third and last lemma:

Lemma 2.5.5. Let P be a point in E(K,, ). Then, P lies in pE(Fy) if and only if P lies in

pE(Km’,\) = pE(KA).

Proof. The “if” part is trivial, because P = p@ implies P = p@. Suppose now P = p@ for
Q € E(Ky,,»). We need to show P € pE(Kp, ). It is known that E'(K,, ) is p-divisible, i.e.
the multiplication by p is an isomorphism on E*, because (p,l) = 1 (see again [21], Chapter IV,
Proposition 2.3 (b)):

0 —— EY(Kp)) — E(Kmy) ——» E(F\) —— 0

Pk b

0 —— EY(Kp)) — E(Kpy) —— E(Fy) — 0.

Since m(pQ — P) = pQ — P = 0, pQ — P is an element of E': therefore, there exists R € E' (K, )
such that pR = pQ — P. Hence P = pQ — pR =p(Q — R) € pE(K . »). O
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In conclusion, using the results given by the lemmas, we have
d(n)y =0 <= 7*(d(n))) =0 <= Qu =0 <= P, € pE(F\) < P,, € pE(K)),
which is what we needed to prove. This concludes the proof of the theorem. O

Remark 2.5.6. For n = [ prime, this important result gives that d(l), # 0 for all v # A, and
d(l)» = 0if and only if P, = yx lies in pE(K)).

35



Chapter 3

Bounding the Selmer group

3.1 The local and global pairings

In this section we are going to use some results of local Tate duality and class field theory, which
we briefly recall. Our main references are [16] and [I5].

In Section [I.4] we defined the first two cohomology groups for a G-module M; the description
was very concrete, in terms of fixed elements and cocycles. Is it actually possible to define the
cohomology groups H"(G, M) for all n via the right derived functor of Homgg(Z, —):

(for the details see e.g. [19],Chapter 9, Section 2); actually, we will need only H?(G, M), which is
strictly related to Brauer groups.

Definition 3.1.1. Let k be a field. The Brauer group of k is the set
Br(k) = {[4] | A is a central simple k-algebra }
with binary operation [A][B] = [A ®x BJ.

Without going into details, this group classifies equivalence classes of central simple k-algebras
over k. The particular case that will be relevant for us is that of local fields.

Proposition 3.1.2. Let K, be a local field. Then we have
Br(K,) = Q/Z.
The isomorphism is given by the so called invariant map of local class field theory.
Proof. See for example [I6], Chapter III, Theorem 2.1. O
Finally, the result that links Brauer groups and cohomology is the following.

Theorem 3.1.3. For a field k& we have
Br(k) = H? (Gal(E/k),Ex) . (3.1)

Proof. See [16], Chapter IV, Corollary 3.16. O
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Proposition 3.1.4. For any bilinear G-equivariant pairing of G-modules
MxN—P
there is a family of cup-product pairings
H"(G,M) x H*(G,N) = H""*(G, P), (v,y)—xUy
which are bilinear and commute with the inflation and restriction maps.

Proof. See [I], Chapter IV, Section 7, Theorem 4. O

We apply this result to M = N = E, = E,(K)), G = Gal(K,/K) and P = p, = p1,(K)), i.e.
to the Weil pairing
E, x Ep — py

(see [21], Chapter III, Section 8 for the precise definition): in this way we get the pairing
HY(Ky, E,) x HY(Kx, E,) — H*(Kx, tp).

Finally, by (3.1]) and we have that H?(Kj, u,) = Br(K)), = %Z/Z & 7./ pZ; therefore the
pairing becomes

HY(K\, Ep) x H' (K, E,) — F,,. (3.2)
By [15], Chapter I, Corollary 2.3, this pairing is alternating and non-degenerate.
The last result we invoke is one of the most important of class field theory.

Theorem 3.1.5. For any number field K, the sequence

=

0 —— Br(K) 1% @ Bi(k,) Q/Z 0 (3.3)

is exact. This sequence is called Fundamental exact sequence of global class field theory.
Proof. See [16], Chapter VII, Section 4, Theorem 4.2. O
Remark 3.1.6. Notice that @, Br(K,) = @, Q/Z by 3.1.2}

We now apply these results to our case of interest.

Proposition 3.1.7. The pairing defined in (3.2]) induces a non-degenerate pairing of Z/pZ-vector
spaces:
(,): B(K))/pE(K)) x H'(K\,E), — Z/pZ. (3.4)

Proof. Recall that the pairing defined in (3.2)) was
HY(K\, E,) x H'(K\, E,) = F,.

The key point is that the subspace E(K,)/pE(K\) < H'(K, E,) is isotropic for pairing (3.2);
therefore, (3.4)) is defined as
([P],d) = ([P],d) == ([P], ), (3.5)

for c € a71(d) ¢ H'(K, E,). For the detailed proof we refer the reader to [4], Proposition 7.5. [
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Proposition 3.1.8. (1) The eigenspaces (E(K))/pE(Ky))* and H' (K, E); for the action of
Gal(K/Q) are Z/pZ-vector spaces of dimension one.
(2) The pairing (3.4)) induces two non-degenerate pairings of Z/pZ-vector spaces:

(,): (B(K))/pE(K\)* x H (Kx, E)y — L/pL.

Proof. (1) See [4], Proposition 8.1.

(2) To show non-degeneracy, it is enough to prove that the eigenspaces relative to different
eigenvalues are othogonal: in this case, for a fixed x € (E(K))/pE(K)))T, (z,y) = 0Vy €
H' (K, E)F implies (z,y) = 0Vy € H' (K, E), and so 2 = 0. Since the pairing is equivariant
for the action of 7, we have

(Ter, Tea) = T{c1,c2) = {c1,c2) Y(e1,c2) € E(Ky))/pE(K)) % Hl(KME)p;

the last equality holds because the action of 7 on F,, is trivial. Then, for ¢; € (E(K))/pE(K)))*
and ¢; € H' (K, E);} we have

(c1,c0) = (Tc1,Tea) = (£e1, Fez) = —(c1,¢2)
in Fp; since p # 2, this implies (c1, c2) = 0. O
The main result of this section is the following.

Proposition 3.1.9. Assume that a class d € H'(K, E)f is locally trivial for all places v # A of
K, but is not trivial at A: d, = res,(d) = 0 for all v # X, but dy = resx(d) # 0. Then, for any
s € Sel? (E/K)* C HY(K, E,)*, we have sy = 0 in H'(Ky, E,)*.

Proof. By definition of the Selmer group, sy is an element of (E(K,)/pE(K,))*: we may thus
apply Proposition and so, to show sy = 0, it suffices to show that (s, dy) = 0.
To do this, choose a class ¢ € H (K, E,) which is mapped to d through «.. Applying Proposition
to the Weil pairing
E, x B, —
first with G = Gal(Q/K) and then with G = Gal(K,/K,) we obtain the following commutative
diagram:

H'(K, Ey) x H'(K, E,) " Br(K),

J{( res,;res,) lresv

HY(K,, E,) x H'(K,, E,) =% Br(K,),

(we denote the global pairing as (,)x and the local pairing as (,),). The commutativity of the
diagram implies ((s, )k )y = (Sy, Cy)» for each prime v. Combining this with the Fundamental
exact sequence of global class field theory (3.3) we have

S (surc)e = > ({(5,¢)x)0 = 0.

By assumption, (s,,¢y)e = (S, dv)y = (84,0), = 0 for all v # X\ (we used equation (3.5))).
Therefore, also (sx,cx)x = (sx,dx) is zero. O

Remark 3.1.10. We stress that this Proposition guarantees the local triviality of all s which
belong to the eigenspace Sel® (E/K)ﬂE of the same sign as the eigenspace H'(K, E)pi which
contains the class d.

38



3.2 Towards the computation of the Selmer group

In this section we prove some auxiliary results in view of our main goal, which is to give a concrete
description of the Selmer group Sel” (E/K) < HY(K, E,); remember that we are working under
the assumptions that p # 2 and Gal(Q(E,)/Q) = GLy(F)).

L= K(E,)
Q(E,) \
GL2(]FP) K
Q

Since Q(E,) N K = Q by 2.2.4] we have Gal(L/K) = GLy(F,). Write G = Gal(L/K).

Remark 3.2.1. E, is a simple G-module: if W < E, satisfies W7 = W for all o € G, then
W =0 or W = E,. This is the irreducibility of the representation G = GLy(F,) — Aut(E,).

Proposition 3.2.2. We have H"(G, E,) = 0 for all n > 0. The restriction of classes gives an
isomorphism of Gal(K/Q)-modules:

Res: H'(K, E,) — H'(L, E,)° = Homg(Gal(Q/L), E,(L)).
Proof. See [4], Proposition 9.1. O

From Proposition |3.2.2| we obtain a pairing:

[,]: HY(K,E,) x Gal(Q/L) — E,(L), (3.6)

(s,p) = [s,p] = Res(s)(p),

which satisfies [s7, p°] = [s, p?] = [s,p]” for all s € H'(K, E,), p € Gal(Q/L) and 0 € G =
Gal(L/K). If [s,p] = 0 for all p € Gal(Q/L), then s = 0 by the injectivity of the restriction map
Res.

Let S < H'(K, E,) be a finite subgroup, and define

Gals(Q/L) = { p € Gal(Q/L) | [s,p] =0Vs €S }; (3.7)

finally, let Lg be the fixed field of Galg(Q/L), so that Gal(Q/Ls) = Gals(Q/L).

Remark 3.2.3. Notice that Lg is a finite Galois extension of L, because Galg(Q/L) is an open
normal subgroup of Gal(Q/L): if we write

s=[s,—]: Gal(Q/L) — E,, prs s, p]
we have

Galg(Q/L) = ﬂ s~ 1H0),

ses

which is a finite intersection of open normal subgroups of finite index.

39



Remark 3.2.4. If & < § < H'(K, E,), then Gals/(Q/L) > Gals(Q/L), i.e. Gal(Q/Lgs/) >
Gal(Q/Ls) SO7 LS' < Ls.

Proposition 3.2.5. Pairing induces a non-degenerate pairing
()1 $ x Gal(Ls/L) - E,(L),
which in turn induces an isomorphism of G-modules,
Gal(Ls/L) — Hom(S, E,(L)), (3.8)

pr (s = [s,p])
and an isomorphism of Gal(K/Q)-modules

S — Homg(Gal(Ls /L), E,(L)), (3.9)

s (p = [s,p]).

Proof. The definition of the pairing is the following: for (s,p) € S x Gal(Lg/L), choose a lift
p € Gal(Q/L) of p, and define [s, p] = [s, p] = Res(s)(p) (see (3.6)). The definition is well-posed:
if p € Gal(Q/Ls), [s,p] = [s,p] = 0 by the very definition of Galg(Q/L) = Gal(Q/Lgs). The map
is an injection because the restriction map Res is injective (see the comments below (3.6));
the map is also an injection because [s, p] = 0Vs € S implies (by definition of the group
Galg(Q/L)) p € Galg(Q/L) = Gal(Q/Ls), i.e. p=0¢€ Gal(Lg/L).

Recall that S = Sel” (E/K) is a finite-dimensional [F,-vector space: write 7 = dimg,S.
Then, Hom(S, E,) = Hom((F,)", Ep) & E}; by what we have just seen, Gal(Ls/L) injects into
Hom(S, E,) = E}. E, is a simple G-module (see , so [} is semi-simple (direct sum of simple
modules). Any submodule of a semi-simple module is semi-simple, so

Gal(Ls/L)=E, 3s<r. (3.10)

Then we have

Homg(Gal(Ls/L), E,) = Homg(E,, E,) =T, (3.11)
(where the last isomorphism follows from the fact that Homg(E,, E,) is isomorphic to F,). From
the above-proven fact that S = F) injects into this group, we find r < s. Therefore, s = r and

both the injections (3.8) and (3.9)) are isomorphisms.
O

We are going to apply Proposition to the finite subgroups S = Sel® (E/K) and
S" = (0yk). Recall that, in the hypotheses of we are assuming that yx is not divisible by p
in E(K), so that dyx # 0.

S" < S implies Ls: < Lg, so L5,y < Lg.

Lemma 3.2.6. L, = L(%yK). Moreover, Gal(L(%yK)/L) ~E,(L)=E, 2 Z/pZ x Z/pZ.

Proof. Write Q = %yK. We are going to show that Gal(Q/L(Q)) = Gal(Q/Lsy,)- By (3.7), an
element p of Gal(Q/L) lies in Gal(Q/Lsy,)) = Gal(sy,y(Q/L) if and only if [§yx, p] = 0. We
know that dyk is the class of the cocycle o0 — Q7 — Q, so [dyk, p] = 0 if and only if Q* = Q, if
and only if p fixes L(Q) pointwise. For the second assertion, notice that

Gal(L5y,y/L) = Hom((dyx), Ep) (3.12)
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by the latter group is isomorphic to Hom(Z/pZ, E,) = E,. Notice that (3.12)) is explicitly
given by
Gal(L(Q)/L) = Ey, o= Q7 —Q. (3.13)

O

Write now M = Lg, H = Gal(M/L), I = Gal(M/L(%yK)). We have the following field
diagram.

M=Lg
/
Lisyie) = L(5yx) H
\Ep
L= K(B,) (3.14)
‘QEGLQ(FP)
K
Q

Remark 3.2.7. Notice that H is an abelian group, since it is isomorphic to Hom(Sel® (E/K) , E »)

by 13 - In fact, we know a lot more: Sel® (E/K) is a finite-dimensional [Fp-vector space by
what we said in and E, = IF2 then, H is itself a finite-dimensional [Fp-vector space. In
particular, the order of the abehan group H is a power of p.

Let 7 be a fixed complex conjugation of Gal(M/Q); T acts on the normal subgroups I and H:
as always, write H+ and IT for the +1-eigenspaces for 7.

Proposition 3.2.8. (1) We have the equalities
Ht={(th)* |heH}, IT={(ri)*|iel}.

Moreover, H* /I = 7 /pZ.
(2) Recall that, for S = Sel” (E/K), the pairing defined in Proposition is

[,]: Sel® (E/K) x H — E,(L). (3.15)

Let s € Sel™ (E/K)*. The following are equivalent:
(a) [s,p] =0 for all p € H;

(b) [s,p] =0 for all pe HT;

(c) [s, ]—OforaullpeHJr\IJr

(d)

S:

Proof. (1) We claim that p # 2 implies Ht = H™+! where the latter group is by definition
{h™-h|heHY}. First of all, the inclusion “D” is straightforward: (h™h)™ = h™ h™ = hh™ =
h™h (remember that 72 = 1 and H is abelian). To prove the equality, write any h € H as
h=+vh-h"- \/h - (h7)~1. This is possible: the map h + h? is an isomorphism, being H an
abelian group of odd order . Writing w = vVhh™ € HT and v = /h(h™)~L € H~, we
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see that h = uv satisfies h™ = h if and only if v"v™ = ww, if and only if v = v. This means
veEHTNH™ =1 (v?> =1 implies v = 1). Now we are done, because

Ht=H ™ ={hh|heH}={rhth|he H}={(th)> |h€H }.
The same argument works for I, so the first assertion of (1) is proved. For the second one:
HT/IT = (H/)t = Ef 2 7/pZ,

and this concludes the first part of the proposition.

(2) we have (d) = (a) = (b) = (c¢), and (d) < (a) by the non-degeneracy of the pairing
(3.15); for the remaining implications:

(¢) = (b). The map s: H" — E,, h — [s, h] is a group homomorphism; I* has index p in
H*,so s(HY ~ I") = 0 immediately implies ker(s) = H+.

(b) = (a). Since the pairing is equivariant for the action of () and s € Sel® (E/K)i, 5
induces a G- homomorphism H — E, such that s(H") C Ef and s(H~) C Ef. If s(H') =0,
then s(H) C s(H™) C Ef; but s(H) is a G-submodule of the simple G-module £,. So from
s(H) # E, we necessarily have s(H) = 0. O

Let now A< Ok be a prime ideal that is unramified in M; we assume further that A splits
completely in L. Let A\p; be a prime factor of A in M.

Lemma 3.2.9. The Frobenius substitution of A\j; in Gal(M/K) actually lies in the subgroup
H = Gal(M/L):
M/K
(/> € H=Gal(M/L).
AM

Proof. Write m: Gal(M/K) — Gal(L/K) for the canonical projection (restriction map), and
AL = Ay N Op. Since A splits completely in L, we have

()= ()

ie. (M—/K) € ker(m) = H. O

Am

Remark 3.2.10. Recall that H is an abelian normal subgroup of Gal(M/K), so the factor group
Gal(M/K)/H = G acts naturally on H: for g € G and h € H, lift g to an element g of Gal(M/K)
and set hY = h9.

We as usual denote by Frob(\) the orbit of (%) under the conjugation action of Gal(M/K)
(recall that this orbit only depends on A, and not on Aps); we have of course Frob(A) C H since
H is normal, and this set Frob()) is equal to the orbit of (M

T ) under the above defined action
of Gon H.
Write now [s, Frob(\)] = 0 if [s, p] = 0 for all p € Frob(\).

Proposition 3.2.11. Let s € Sel® (E/K) c H(K, E,). The following are equivalent:
(a) [s,p] = 0 for p = (52 € H;

Am
(b) [s,Frob(X)] = 0;
(c) sx =0€ HY(Ky, E,).
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Proof. (a) < (b) follows immediately from the equivariance of the pairing (see (3.6)), i.e. [s, p?] =
[s,p]?, for any o € G.
(a) < (c). Take s € S = Sel® (E/K) c HY(K, E,) and consider the following diagram.

E(K)/pE(K) —— HY(K,E,) —*— H'(K,E),

J lresx lresx

E(Ky)/pE(Ky) —2— HY(Ky, E,) —2—» H'(K,,E),

| e |

é (e
E(M)\M)/pE(M)\JW) (ﬂ) Hl(MAM’E;D) % Hl(M/\M7E);D'

By definition of the Selmer group, 0 = resy(a(s)) = ax(resx(s)), so sy = resy(s) € ker(ay) =
im(dy): write sy = d5[Py] for a point Py € E(K)). Remember that this means, by the definition
of the Kummer map J,, that s, is represented by the cocycle

Gal(?,\/K,\)%Ep, UHQC)/:_QA,
where Q) = %P)\ € E(K)) is a fixed p-th root of Py. Therefore,

sx=0 < Qf =Q\Vo € Gal(K)/K)) < Qi € E(K)). (3.16)

We claim that @ is rational over M),,. This is equivalent to the condition

Res(sy) = 0 € HY(Kx/My,,, E,), (3.17)

because Res(sy) = dx,, (Px + pE(M),,)) is trivial if and only if Py lies in pE(M,,, ), if and only
if Qy = I%P,\ is in E(My,,).
Consider the restriction maps

HY(Q/K,E,) —— HYQ/M,E,) —— HYKx/My,,, Ep); (3.18)

since My,, > M > L = K(E,), M and My,, contain all the p torsion FE,. So E,, is a trivial
Gal(K »/My,,)-module and a trivial Gal(Q/M )-module; hence, by |1.4.4] we may actually rewrite

EIS) as

H'(Q/K, E,) — Hom(Gal(@/M),Ep) —— Hom(Gal(K »/My,,), E,); (3.19)

This means that the image of s in H'(M, E,) is the homomorphism Gal(Q/M) — E,,
o [s, o]
Remember that M = Lg and S = Sel® (E/K), so by definition (3.7) we have
[s,0] =0 forall o € Gal(Q/M). (3.20)

In other words, s is trivial in H'(M, E,). But then we see that it is trivial also in H'(My,,, E,),

which is claim (3.17).
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Consider now the following field diagram (recall that Ly, = K because A splits completely

in L).
K
/
Q
My,
/
M 0]
H Ky
/
.
Remember that we defined p = (K—{f) € H < Gal(M/K); by what we saw in the proof of Lemma

p extends uniquely to a Ky-automorphism p of My,,, and actually Gal(M»,,/Kx) = (p).
So, _ _
Q\€EEK)) <= Q{=0Q\ < Q—-Q\=0. (3.21)

Now, lift p to p € Gal(Q/K) and p to p € Gal(Ky/K)), asking ?\@ = p. Evaluating s at these
automorphisms we get

QY — Qv = Q% —Qx =[5, = [s,7] = [5,]- (3.22)
Putting together equations (3.16), (3.21) and (3.22)) we obtain
sx=0 < [s,p] =0,

which is what we needed to prove. O

3.3 Proofs of the main results

Remember that [yx] = [P1] € (E(K)/pE(K))¢ by and so dyx € (Sel® (E/K)). We are
going to analyze separately the eigenspaces (Sel® (E/K))~¢ and (Sel® (E/K))¢, using in a
substantial way Propositions [3.2.8 and [3.2.11]

Proposition 3.3.1. Sel® (E/K)™° =0.

Proof. Fix an element s in Sel® (E/K)™ . To show s = 0 it is enough, by the second part of
Proposition to show that [s,p] = 0 for all p € H* ~\ IT. These elements have the form
p=(Th)?, for h € H \. I: let such an h be fixed.
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Choose now a prime number l;, = [ which is unramified in M and has a prime factor Ay, in
O\ satisfying
(M /Q

o ) = 7h € Gal(M/Q).

Such primes exist and have positive density by Cebotarev’s Density Theorem.

Lemma 3.3.2. Under these assumptions, [ is inert in K: write as usual (I)Og = \; moreover, A
splits completely in L. Finally, we have

(25

%y ) = (th)* € H.

Proof. Since the restriction of 7h to Gal(K/Q) is 7, [ is inert in K; the restriction of 7h to
Gal(L/Q) is an element of order 2, so 2 = f(AL/l) = f(AL/N)f(A/1): we deduce f(Ap/A) = 1.
Since the extension is unramified at A, we obtain that X\ splits completely in L. For the last point,

recall that the Frobenius automorphism (Ai—{f) is characterized by the property of being the

unique o € Gal(M/K) satisfying
o)==z *  mod Ay Vo € Oy

the element (7h)? indeed satisfies this: (7h)2(z) = Thrha = tha! = (thz)! = (2!)! = 2!, since
rh = (M2). 0

By the last part of the lemma and by Proposition [3.2.11} to prove [s, p] = 0 it suffices to show
that sy =0 € H'(K), E,): we are going to deduce this by using3.1.9}

Let ¢(l) € H'(K, E,) be the Kolyvagin class associated with the prime number I, and d(l)
its image in H'(K, E),. Remember their properties: ¢(I)™ = —¢(l) and d(I)™ = —d(l) by
from [2.5.6] we know that d(l), # 0 for all primes v of K different from A, i.e. d(l) is locally trivial
except perhaps at A. We are going to show that d(I), # 0; in other words, d(l) isn’t always locally
trivial (this will enable us to apply [3.1.9). Again by we know that d(1), is equal to 0 if and
only if P; = yk is divisible by p in E(K)), i.e. if and only if yx € pE(K)). This last assertion
holds if and only if A splits completely in the field L(%y;{) (see diagram ):

1 1 1
A splits completely in L (yK) ~— L (yK> =K, < -yx € E(K));
p p A p
the first equivalence follows from Lemma (with an abuse of notation, we use the subscript
A also for the completion of the bigger field). Suppose, by contradiction, that A indeed splits
completely in L(%yK): this would be equivalent, by the same argument we employed in Lemma

o o - (Y15 c (s (1)) 1

But then (7h)? € HY NI = I'", against the hypotheses on h € H* . I'". Therefore, A does not
split completely in L(%yK), so d(l)x # 0.

We are thus in position to apply Proposition which gives us that sy = 0. Therefore, by
Proposition we obtain that [s, p] = [s, (7h)?] = 0. If we now repeat this argument for any
h in the finite set H™ . IT, choosing each time a suitable prime [ = [;,, we obtain that s = 0, by
the second part of Proposition [3.2.8|

O
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Proposition 3.3.3. Assume that yx ¢ pE(K); let [ be a prime integer which is unramified in
M/Q and has a factor Ay in Oy satisfying (M/Q) =7h, for h € H. Then [ is inert in K, and

A = (I)Ok splits completely in L. Moreover, the following are equivalent:
c(l)=0€ HY(K, E,)
c(l) € Sel” (E/K) ¢ HY(K, E,)

(1)

(2)

(3) B

(4) d(l) =0€ H'(K, E),
(5) d(

(6)

(7)

Proof. The assertions on the behaviour of [ in K and in L were already proved in Lemma [3.3.2
(1 & 2) We have that ¢(l) € H'(K, E,)~¢ by Proposition and Sel® (E/K)™° =0 by
Proposition so, if ¢(1) lies in Sel® (E/K), it is trivial.

(1 < 3) is Proposition [2.3.7) with n = [.

(1< 4) Recall that d(l) = a(c(l)), so sufficiency is trivial; if d(I) = 0, ¢(I) € ker(a) = im(§) =
6((E(K)/pE(K))™¢) =0 by -

(4 & 5) Again sufficiency is trivial, since d(I)x = Resy(d(l)). Suppose now d(l), = 0;
since we always have d(l), = 0 for all v # A, this is equivalent to d(I) € III(E/K),, or better
d(l) € II(E/K),¢; the last group is zero, again by

(5 & 6) is given by Theorem m again with n = [.

(6 < 7) Notice that h'*7 = hh™ = h(rht) = (thT)h = (Th)? = (Ai—{f), as we showed in
Lemma [3:3:2] In the proof of Proposition we obtained the equivalences

1
(th)?> € I <= X splits completely in L <pyK> — yi € pE(K)),

which is exactly our claim, given that h'*™ = (7h)? already belongs to H+. O
Proposition 3.3.4. Sel?) (E/K)* = Z/pZ - dy.

Proof. Remember that 6y is indeed in Sel® (E/K)° (see[2.4.4). Let s be a non-zero element
of Sel®® (E/K)°. To show that s is a multiple of dyg, it is enough to show that [s, p] = 0 for
all p € I. Indeed, if this is the case, the morphism s: H — E,, h — [s, h] factors through H/I:
s € Homg(H/I, E,) = Homg(E,, E,) = F,dyx (see (3.11))). Actually, by the same arguments we
used in the proof of Proposition it is enough to show that [s, p] = 0 for all p € I'T. These
elements have the form p = (7i)?, for i € I; let such an i be fixed.

Choose now a prime number ¢; = ¢ satisfying ¢(q) # 0 € H' (K, E,). By Proposition m
we may obtain this ¢ by asking that it has a prime factor qp; in M with Frobenius substitution

(M/Q> =71h e Gal(M/Q), heH.

am

We also know, again by Proposition that A't7 ¢ I and ¢(q) € HY(K, E,) ~ Sel® (E/K).

Notice that ¢ is inert in K, by Lemma [3.3.2; write (¢)Ox = q. Consider the field L' = L(q)y,
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which corresponds by Galois Theory to the subgroup Gali.(,)(Q/L) < Gal(Q/L) (see the
constructions in (3.7))).

Lemma 3.3.5. Gal(L'/L) =2 E,, and L' M = L.
Proof. The first assertion follows from
Gal(L'/L) = Gal(L(q)y/L) = Hom({c(q)), E,(L)) = Hom(F, E,) = E,,.

For the second assertion: F = L' N M is a Galois extension of L; G = Gal(L/K) acts both
on Gal(L'/F) < Gal(L'/L) and on E,. So, Gal(L'/F) is a G-submodule of the simple module
Gal(L’'/L) = E,. It follows that FF = L or F = L’: the latter case can’t happen, because
L' < M = Lg would imply Gal(Q/L’) > Gal(Q/Lg), i.e. Gal(o(g)(Q/L) > Galg(Q/L), which is
false since c¢(q) ¢ S.

O
We have therefore the following field diagram.
M=1Lg
/
Lisyy = L(5yx) H L' = Lig(q))
EP
K(E,)=L=MnL
E
K
()
Q
Le now [ = [; be a prime integer with the following properties :
M
Gal(M/Q) D (I/Q) 3711 FHel; (3.23)
li L//Q . . 12 Lol

Gal(L'/Q) D ; 575 3JjeGal(Ll'/L); 5777 #1. (3.24)

Since M N L' = L, these two conditions may be satisfied simultaneously. We are now going to
apply Theoremmto n = lq. In this case, g, = ¢+ (=1)f» =¢-(=1)2 = ¢, s0 d(lq) € H(K, E);
by We claim that d(lq) is locally trivial for all places v # X of K, but that d(lg), # 0.
First case: v =00 or v{tn =lg, i. e. v # A,q. Then we have immediately d(lq), = 0 by the
first part of Theorem [2.5.2}
Second case: v = q. Consider the ring class field K, and recall that ¢ # [ splits completely in
K, by [I.7:4] The second part of Theorem [2.5.2] gives us that

d(gl)g =0 € H'(K,, E), < P, € pE((K;)q) = pE(K,) for one, hence all, Q over q in K;.
(3.25)
Since the prime [ satisfies ([3.23), Proposition with h = i gives h'*™ = i1*7 € It  hence
c(l) =0in HY(K, E,) and P, € pE(K;). Therefore, P, € pE((K;)q) = pE(K,), and we conclude
by
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Third case: v = A. As before, but switching the roles of [ and ¢, we know that [ splits
completely in the ring class field K, and

d(lg)y =0 € HY(K\,E), <= P, € pE((K,)¢) = pE(K)) for one, hence all, £ over \ in K.
(3.26)
Suppose by contradiction that d(lg)y = 0. Then P, € pE(K)). We claim that, in this case, A
would split completely in L.

Lemma 3.3.6. If P, is locally divisible by p in E(K), then A splits completely in L'.

Proof. We first show that L' < L (%Pq>: equivalently, that

Gal(@/L) > Gal ((@/L (;pq» .

Suppose o € Gal(Q/L) fixes %Pq: we shall prove that [c(g),0] = 0. Recall that c¢(q) was

represented by the cocycle
1 1 — 1P,
oHa(Pq) —qu—u
p p p

for any o € Gal(Q/K), and so also for any ¢ € Gal(Q/L) (see Lemma [2.3.6). Since our o fixes

%Pq, it fixes also Py; hence, [c(¢), 0] = 0.

L' = Lic(q)
Ky=Ly,
K(Ep) =L
K
Q




Assume now P, € pE(K,), ie. %Pq € E(K),). We are going to prove that A splits completely in

L (%Pq): this will imply that X\ splits completely also in L’ < L (%Pq).

Recall that Ky = Ly, because A is assumed to split completely in L; moreover, since A splits
completely in the ring class field K, we also have (K,)¢ = K for any prime £ of K, over A.
Then, P, € E(K,) < E(K)). Assume now the stronger condition %Pq € E(K)). In this case the

field K, which contains L, contains also L (%Pq>. Then L (%Pq)A = K, which occurs if and

only if A splits completely in L (%Pq) O

We proved that, under the assumption d(lg)y = 0, A splits completely in L’: this implies
that 7j has order 2 in Gal(L'/Q) (see (3.24)). But 1 = (14)* = 7(j7j) = (jrj)r = jj" = j**7
contradicts our assumption 577 # 1. We can conlcude that d(Ig), is not trivial.

We have shown that the class d(lg) is locally trivial at each v # X and d(lq)x # 0. We may
thus apply Proposition with d = d(lq) € H'(K, E); to conclude that sy = 0 in H'(Ky, Ep)*
(remember that s was an element of Sel® (E/K)%). By Proposition [s,p] = [s, (11)?] = 0.
If we repeat this argument for any 4 in the finite group I, choosing each time a suitable prime
[ = l;, we obtain that [s, (7i)?] = 0 for all i in I, which was we claimed in the beginning of the
proof. O

Propositions and give immediately the proof of Proposition [2.1.6]
Sel® (E/K) = Sel® (E/K)° & Sel® (E/K)™° = Sel® (E/K)® = (dyx).
We may finally prove Theorem [2.1.4]
Proof of Theorem[2.1.7} Consider again the exact sequence

0 —— E(K)/pE(K) —— Sel® (B/K) —* II(E/K), —> 0.

We proved Proposition which implies that § is an isomorphism: therefore III(E/K), =
coker(d) = 0, which was the second assertion. For the first, notice that

r =1kzE(K) = dimp, E(K) /pE(K).

Indeed we have

E(K) = E(K)tors S?) <P17' o >Pr> = E(K)tors EBZT
and multiplication by p is an isomorphism in the finite abelian group E(K )ors because E(K), = 0:
therefore, E(K)/pE(K) = Z"/pZ" = F}. Then we conclude, because dimp, E(K)/pE(K) =
dimeSel(p) (E/K) = dimp, (dyx) = 1, so that E(K) has rank 1 as claimed. O
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