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Abstract

In the presence of a new generation of large-scale structure surveys, this thesis aims to dis-
cuss the method to probe the fundamental physics of inflation from galaxy distribution. In
particular, the thesis reviews the introduction of the inflation model. The state-of-the-art pre-
diction of the initial condition from inflation is computed with the cosmological perturbation
theory based on the theory of General Relativity (GR). The thesis focuses on two fundamen-
tal features. Firstly, Non-Gaussianity (NG) is discussed as an indicator of physics beyond the
free-single-scalar field model. Observationally, NG is realized by the non-zero bispectrum of
the primordial conserved curvature perturbation. The local, equilateral, enfolded and orthog-
onal types of bispectrum are introduced with the associated inflation models and their mode
dependence. Secondly, the parity symmetry is recognized as a fundamental discrete symmetry
of the standard GR, hence the property that one would expect from the observational conse-
quence of inflation. Essentially, the reflection of space should not alter the mechanism gener-
ating perturbations during inflation. The thesis then discusses the theory of LSS distribution,
particularly how the fluctuation from inflation evolves throughout different epochs. Standard
Perturbation Theory (SPT) density perturbation is employed as a method to solve the nonlin-
ear evolution of matter fluid. The theory of biased tracer is introduced as a description of the
galaxy population. The tracer number density contrast is written as an expansion of bias pa-
rameters and their corresponding physical operators representing the quantity that affects the
population. This thesis shows how the list of operators up to the third order is inferred from
the gravitational evolution of the tracer. The relation between the statistics of tracers as discrete
objects and the statistics of continuous density field are also discussed. With this complete con-
nection from the essence of inflation to observable LSS, the prediction of the tracer’s statistics
and the bias parameter can be established. The thesis reviews how theNG from inflation intro-
duce some scale dependence to the dark matter (DM) halo bias parameter. In particular, the
Matarrese-Lucchin-Bonometto (MLB) approach is reviewed. The thesis discusses the forma-
tion theory of DMhalo as a virialized object enclosing smaller structure clusters of galaxies. As
its position can be inferred from the clustering of galaxies, the statistics can be probed from
which the bias parameters can be inferred. Therefore, such measurement can be used to con-
strain the level of NG in the initial condition. The dependence on the sample’s halo mass and
the window function based on the MLB approach is also illustrated. Lastly, the parity viola-
tion (PV) of the galaxy’s four-point correlation (4PCF) function is considered. In the presence
of two independent analyses [1, 2] findings, this thesis assesses whether the redshift space dis-
tortion (RSD) effect can mimic the PV in the observed 4PCF. While the parity-odd mode
of trispectrum (the Fourier-counterpart of 4PCF) has been studied in the literature [3], this
thesis extends the result by considering the wide-angle effect and properly correcting the local
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line-of-sight (LOS) for each galaxy with Taylor’s expansion. It is shown in this thesis that the
averaging over survey volume completely removes the PV introduced by RSD, suggesting that
the isotropic 4PCF estimator used in [1, 2] are free of such contamination. Some fundamental
sources of PV and caveats are commented on.
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1
Introduction

The pursuit of understanding the dynamics of the universe is one of the main goals of Cos-
mology. Throughout decades of research, many discoveries have been brought to the eye of
the community. Each one demonstrates how nature regulates itself in different scenarios and
leaves uswith the next openquestion invoking further exploration. For example,measuring the
redshift factor of distant astrophysical objects unveils that the universe is expanding [4, 5, 6].
The surveys found that the electromagnetic waves from an object are subjected to a redshift
factor proportional to the distance from us. Such a large-scale phenomenon is explained by
the stretching of space causing the wavelength of the light to extend, regarded as the cosmolog-
ical redshift. Moreover, Dark energy was popularized as one of the few physical objects that
can accelerate the expansion. Such a radical concept has always been around in the scientific
community, waiting to be unmasked and understood more about. Crucially, the detection of
CosmicMicrowave BackgroundRadiation (CMB) is the lighthouse that exposes the universe’s
climate at an early stage, providing a window to probe the physics of the early universe. These
primordial electromagnetic waves were emitted around 13.7 billion years ago as electrons and
protons were cooled down enough to first combine into Hydrogen atoms, the recombination
[7]. The process is exothermic and the ionization energy is discarded into space as the first
light, free-streaming across the cosmos, redshifted by the expansion, curved by some structure,
and eventually reaches us as an observer. Along with the redshift observations, CMB helps
us understand the universe’s expansion and predict the energy contribution of each compo-
nent, including ordinary matter, dark matter, radiation, and dark energy. In particular, the
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universe’s content nowadays consists of 70% of dark energy, 25% of dark matter, only 5% of
ordinary matter and < 1% radiation [8, 9]; the ΛCDM model being the best model of the
universe up until now, supporting the existence of dark matter, a hypothetical matter that in-
teracts gravitationally only. Up until now, it has yet to be detected directly and remains an
unknown object of the cosmos. With the expansion of the universe being confirmed and the
early time snapshot fromCMB, the expansion history can be interpolated. It is natural to start
considering the thermodynamics of such a system to reveal the universe’s status at different
periods. The study is interesting since the state of matter should change with evolving back-
ground. In particular, the study of thermal history describes how elementary particles evolve as
the universe dilutes and cools down by the expansion. Also, this standardHot Big Bangmodel
describes how the elementary particles are produced. These studies forced the fundamental
theory of particle physics like the standard model into a consistency test with the observation,
as many processes rely on the standard model physics such as the production of CMB intro-
duced above. The study of Big Bang Nucleosynthesis describing the production of primordial
nuclei abundances such as Hydrogen, Deuterium, Helium and Lithium is also highly depen-
dent on the standard model. The ratios between these nuclei’s abundances are determined by
the parameters related to the standard model, e.g. neutron lifetime, weak interaction coupling
constant, etc. Not to mention the existence of dark matter and dark energy regarded as be-
yond standardmodel physics. Another recent example is themeasurement of BaryonAcoustic
Oscillation (BAO), thematter density bumps exist across the universe with a characteristic sep-
aration length called the sound horizon [10, 11]. This peculiar structure is a consequence of
baryon and photon coupling in the early times which stopped and stained the density with per-
manent density wave. The sound horizon is completely determined by early-time physics, i.e.
baryogenesis. The measurement of such a length scale is a direct constraint to the correspond-
ing physics [9]. Moreover, the estimator of BAO signature at different redshifts tells us step by
step how the expansion rate changes across the evolution of the universe. The recent data anal-
ysis of Dark Energy Spectroscopic Instrument (DESI) [12] show the potential of unveiling the
time-dependent equation of the state of dark energy. These are just a few examples of things
we have learned from cosmological probes in the past few decades.

One of the most unknown fields in cosmology is the theory of inflation, the accelerated
expansion period at the beginning of the universe. Despite being the solution to the shortcom-
ings of standard Hot Big Bang Theory, i.e. the horizon problem, the flatness problem, and the
magneticmonopole problem,most of its details remain unidentified andmany possibilities are
yet to be eliminated. However, understanding the mechanism of such a period will unfold the
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physics that was never achieved in any experiment. In particular, the energy level of inflation is
extremely high (> 100GeV while LHC can achieve∼ 10 TeV) since the space is compressed
at the beginning of the expansion. On such an energy scale, new physics that has never been
discovered may be active. For example, General relativity as an effective theory of gravity may
receive some modifications only at high energy [13, 14]. Furthermore, the hypothetical domi-
nating scalar field during inflation, the inflaton, is constrained by just a handful of properties,
just enough to maintain the accelerated expansion and satisfy the cosmological principle, i.e.
isotropy and homogeneity on a large scale. The details such as interaction structure, mass, or
the speed of propagation are yet to be determined. However, the nature of GR allows those
high-energy properties to imprint some perturbation on space-time which will be conserved
on a large scale after inflation ends. These signatures later become the initial condition for the
universe’s structure formation, the physical objects we can observe nowadays. Therefore, the
fundamental physics during inflation can be probed through those observable. In particular,
the statistics of late time structure can be used to infer the statistics of the primordial fluctua-
tion.

This thesis focuses on two features of inflation: the non-Gaussianity (NG) and the parity
violation (PV). The prior is the attempt to understand the model of inflation beyond the free-
field approximation of a single field. The quantum fluctuation of a free field is known to be
Gaussian through the quantumfield theory. Specifically, the action is quadratic and there is no
interaction part tomix the perturbationmodes. Hence, eachmode is an independentGaussian
stochastic process. The Gaussianity of field fluctuation resonates quite well with the CMB ob-
servation where the temperature fluctuation is also very close to Gaussian [15]. However, even
in the simplest single-fieldmodel, the self-interacting term is needed to end inflation. Therefore,
a departure fromGaussianity, theNG, is expected to some degree in the observation, reflecting
a slight modification from the free-field approximation. In the literature, several models of in-
flation are investigated to identify the NG signature they might have left behind in primordial
statistics [16, 17, 18, 19, 20, 21, 22]. The latest CMB observation by Planck collaboration [23]
succeed to put a tight constraints on each kind of NG. However, the existence of them in the
primordial statistics is still inconclusive. Now, CMB is closing towards its physical limitation.
In particular, smaller perturbation modes are suppressed by the so-called silk-damping effect
and the signal is flooded by other physical emission. Therefore, it is complementary to reach
for another source. In recent years, Large-scale Structure (LSS) has been one of the competing
sources that could constrain NG to CMB [24, 25, 26]. One key advantage of LSS over CMB
is the three-dimensional field of data rather than two-dimensional, allowingmore sample to be
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extracted. It has been confirmed in the literature that discrete astrophysical objects like galaxies
are biased tracers of the underlying matter distribution [27] (see also a comprehensive review
[28]). Hence, it is possible to extract the primordial statistics by understanding this bias rela-
tion. Recent works [29, 30, 31, 32, 33] demonstrated an approach to probingNG through the
scale-dependent bias which will be reviewed in this thesis.

Another fundamental aspect one can learn about inflation is the governing symmetry of the
theory. In particular, this thesis will discuss the consistency check of parity symmetry, essen-
tially a spatial reflective symmetry of the theory. If the fundamentalmechanismworks the same
under the flipping of spatial direction, we would expect the resulting structure to respect the
symmetry as well. However, recent analyses of galaxy four-point correlation function (4PCF)
[1, 2] have found a parity violation in the LSS distribution. In particular, they use the CMASS
and LOWZ galaxy catalogues from the Baryon Oscillation Spectroscopic Survey (BOSS) as a
part of the Sloan Digital Sky Survey (SDSS) twelfth data release (DR12). Essentially, the mir-
rored configuration of four galaxies is unique and cannot be achieved by three-dimensional ro-
tation. Hence, the parity violation property is realised by the different numbers of the pair of
reflected configurations. This is highly radical since the elementary theory of gravity likeGR in-
herits parity symmetry. If this asymmetric property is confirmed to be of primordial origin, an
expansive list of inflationmodels would be ruled out, leaving us with just parity-violatingmod-
els. However, the complexity of LSS required us to properly investigate any potential physics
process that may introduce PV to the sample. Also, the fact that the observed LSS is the projec-
tion on the two-dimensional sky inevitably introduces some observer-related effects. One of
which is the Redshift Space Distortion (RSD) effect, deceiving the real radial position of the
galaxy. Since the galaxy’s position is estimated from the cosmological redshift factor as men-
tioned before, the peculiar movement of the emitter would introduce an additional redshift by
the relativistic Doppler effect resulting in the distorted distribution of galaxies [34, 35, 36, 37].
Recently, [3] have pointed out that the GR correction in the RSD effect can mimic the parity-
violating signature in the galaxy trispectrum (Fourier counterpart of the four-point correlation
function) without being primordial. This thesis will extend the matter by including the line-
of-sight (LOS) correction due to the wide-angle effect [38] (see also [39] and reference therein).
Moreover, we will demonstrate the consequence of the light-of-sight averaging procedure per-
formed in [1, 2] on the PV introduced by RSD.

The thesis is organized as follows. In chapter 2, the fundamental physics including GR,
the theory of inflation, and their predictions are reviewed. The chapter aims to provide the
role of NG and PV in building the model of inflation as the fundamental feature that can be
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Figure 1.1: A Projection slice of the galaxies distribution observed in the SDSS in a range of redshift.

probed from the galaxy distribution. Chapter 3 will walk the reader through the development
ofLSS from the initial conditionprovidedby inflation. Thenonlinear evolutionofmatter fluid
and the theory of biased tracer will be revised along with the basics of galaxy statistics. Then,
the fundamentals from those two chapters are exploited in the discussion of the next chapters.
The probing of NG with scale-dependent halo bias will be discussed in chapter 4. Lastly, the
investigation of PV in 4PCF due to RSD effect is discussed in chapter 5.
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2
Fundamental Physics

2.1 General Relativity and the Universe’s Model

The current standard theory of gravity is the General Relativity (GR) proposed by Albert
Einstein in the early 20th century [40]. The theory has been tested through a series of observa-
tions and experiments, such as the precession of mercury orbit and the existence of gravitation
waves. Bounded by those validation results, the modification of such a theory becomes harder
and harder, and GR stands firmly as a fundamental description of gravity. In the context of
cosmology, GR is foundational for building the model of the universe. The interaction be-
tweenmatter and the geometry of the cosmos is described based on the so-called Einstein Field
Equation. Hence, the behaviour and the entire history of the universe, as a prediction from the
cosmological study, depends on the theory of GR. In this section, let us briefly introduce GR
and its role in cosmology.

The master equation of GR is the Einstein Field Equation,

Gµν = 8πGTµν , (2.1)

where Gµν is the Einstein tensor and Tµν is the energy-momentum tensor. Here, we use the
convention, c ≡ 1 for convenience. In GR, the effect of gravity is interpreted as the influence
of the geometry of space and time on the trajectory of an object living on it. The equation de-
scribes the relation between the geometry, represented by the Einstein tensor, and the matter
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living inside that geometry, represented by the energy-momentum tensor. Geometry dictates
how the cosmic content moves through space and time, and the matter responds by curving
the geometry in its vicinity. The interplay between these two members is the core function
that creates the interaction between astrophysical objects, forming patterns of many-body sys-
tems from planetary orbits and galaxies’ profiles, to cosmic structures like the cosmic web. In
particular, the Einstein tensor is defined from the object trajectory, the line element, as

Gµν = Rµν −
1

2
gµνR, (2.2)

where

Rµν = ∂σΓ
σ
µν − ∂νΓσµσ + ΓσµνΓ

ρ
σρ − ΓσµρΓ

ρ
νσ

R = gµνRµν

(2.3)

are Ricci tensor and Ricci scalar. The Christoffel symbols are defined as

Γσµν =
1

2
gσρ(∂µgρν + ∂νgµρ − ∂ρgµν) (2.4)

where the metric tensor, gµν , defines the line element,

ds2 = gµνdx
µdxν , (2.5)

which is the infinitesimal space-time displacement of an object.

In the matter side of the equation, we have Tµν that is a bit more challenging to define since
it has to capture all of the characteristics of matter, such as interactions, creation, and annihila-
tion. Typically, we can impose some assumption to the cosmic content we are dealing with to
simplify the description.

2.1.1 Friedmann-Lemaître-Robertson-Walker (FLRW)Geometry

On a cosmological scale, the following simplifications are made. We assume that the uni-
verse is homogeneous and isotropic on the background level where the unperturbed tensors
are position- and directional-independent. The standard choice of the metric tensor is the
Friedmann-Lemaître-Robertson-Walker metric (FLRW metric) defined in Cartesian coordi-
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nates as,

gµν =

á
1 0 0 0

0 −a2(t) 0 0

0 0 −a2(t) 0

0 0 0 −a2(t)

ë
, (2.6)

which is motivated by the fact that we are confident that the universe is expanding. This is ev-
ident from the redshift observation of astrophysical objects, the first of which was the Nebula
receding velocity observed by Edwin Hubble in 1929. In particular, the expansion of space
is captured by the time-dependent scale factor, a(t). This gives rise to the concept of the ex-
panding physical coordinates compared to static coordinates (which we are going to refer it as
comoving coordinates),xphys = a(t)xcom. Let us also realize that we have the freedom to fix a(t)
at one specific time since we only care about the expansion ratio of space; the standard choice
is unity at present, a(t0) ≡ 1.

Since isotropy is assumed, spherical symmetry of 3D space is expected. Along with homo-
geneity, the universe can be imagined as a time ordering of 3D spatial hypersurface. Therefore,
representing the line element in polar coordinates is useful where it is clear that the spherical
symmetry constrains the geometry of the hypersurface to be of particular kinds. In cosmology,
we can characterize space with 3 different geometrical (global) curvatures: Euclidean (flat uni-
verse), Spherical (closed universe), andHyperbolic (opened universe). The line element of each
case can be generalized as

ds2 = dt2 − a2(t)γk,ij(r)dxidxj

= dt2 − a2(t)
ï

dr2

1− kr2
+ r2dΩ2

ò
; k =


−1 Hyperbolic

0 Euclidean

+1 Spherical

,
(2.7)

where γk,ij is the spatial part of the static metric and k is the curvature parameter. These three
cases are still consistent with the observational data up until now. However, the standard as-
sumption is a flat universe since, as we will see later, from observation, this global curvature
gives a negligible contribution to the background dynamics of the universe. Hence, the rele-
vance of the type of spatial geometry is suppressed in this scheme.
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2.1.2 Perfect Fluid and Friedmann Equations

On the other hand, matter on a cosmic scale is assumed to be a perfect fluid. Namely, the
objects and particles are collectively viewed as a homogenized fluid where heat conduction, vis-
cosity, and other dissipative processes are negligible. In a general frame of reference, the tensor
then takes the form of

Tµν = (ρ+ P )uµuν − Pgµν , (2.8)

where ρ and P are the energy density and pressure of the fluid. uµ is the co-variant form of
the observer’s four-velocity. In cosmology, we define different cosmic content by the ratio
w = ρ/P , the equation of state. Pressureless matter, radiation, and dark energy (cosmologi-
cal constant) correspond tow equals 0, 1/3, and−1, respectively. These numbers come from
the fact that the energy density of each type dilutes with expansion differently. In particular,

ρ ∝ a−3(1+w). (2.9)

Intuitively, the matter dilutes with the 3D volume expansion while the radiation picks up an-
other degree of a(t) from the cosmological redshift effect. The cosmological constant stays the
same by definition. With all of these ansatzes, we can find the solution to Einstein equations
and obtain the Friedmann equations,

H2 =
1

3M2
pl

ρ− k

a2
(2.10)

Ḣ +H2 = − 1

6M2
pl

(ρ+ 3P ). (2.11)

The constantMpl = (8πG)−1/2 is the Planck mass. The Hubble parameterH is introduced
to represent the expanding rate of the scale factor compared to itsmagnitude defined asH ≡ ȧ

a
.

The dotted variable is the time derivative of that variable. These are basic ideas of the expanding
universe model (FLRW universe) which explains the background evolution of the universe. It
is useful to introduce a lowercaseh as a parameter related to the present timeHubble parameter
H0 as

H0 = 100h km/s/Mpc. (2.12)

The latest measurement by Planck CMB observation [9] point out that h = 0.674 ± 0.005.
There are alsomeasurements from other sources like Cepheids [41] h = 0.732±0.013which
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are in tension with the CMBmeasurement. This is called theHubble tensionwhich wewill not
discuss in this thesis but rather lead the reader to nice reviews [42, 43].

ConformalMetric

Before continuing to the next topic, it is convenient to introduce the conformal metric. It is
defined such that both space and time are expanding together. Therefore, the angle of a distance
in space-time is preserved under the expansion. Thus, the metric is conformal and comoving
with the expansion. This is a handy way of seeing things that evolve in the expanding universe
since we do not have to worry about the disparity between the scale of time and space. This
metric is written as

ds2 = a2(τ)
[
dτ 2 − γk,ij(r)dxidxj

]
. (2.13)

Conformal time is introduced and defined as dτ ≡ dt
a(t)

. The original time scale twill be called
physical time fromnowon. TheHubble parameter also changes its form in the conformal time
scale to

H ≡ a′

a
. (2.14)

The primed variable denotes the conformal time derivative of that variable. This Hubble pa-
rameter in conformal time scale is related to the Hubble parameter in physical time scale such
thatH = aH . In brief, the change in time scale will adjust the look of some equations but will
not affect the physics of it whatsoever.

2.1.3 The StandardModel of Cosmology: (Flat)ΛCDMModel

Based on the FLRW model, we can assume a list of cosmic content that made up our uni-
verse. This gives us a variety of models, each of which predicts a different expansion history
of the universe. For example, the Einstein-de Sitter (EdS)model assumes that the universe con-
tains pressureless matter only. Nowadays, the model that best fits the observational data (see
[9] for example) is the ΛCDM Model. The model assumed 4 major components of the uni-
verse, ordinary matter, cold dark matter (CDM), radiation, and cosmological constant as dark
energy (Λ). The name came from the fact that energy-wise, the universe nowadays is occupied
mainly by dark energy and cold dark matter. In particular, the Friedmann equation 2.10 can
be manipulated with equation 2.9 into

H2(a) = H0

ï
Ωr,0

(a0
a

)4
+ Ωm,0

(a0
a

)3
+ Ωk,0

(a0
a

)2
+ ΩΛ,0

ò
, (2.15)
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where the density parameters are defined as

Ωi =
ρi
ρcrit

; ρcrit =
3H2

8πG

Ωk = −
k

(aH)2
,

(2.16)

where i is the species of cosmic content: radiation,matter, or dark energy (Λ). The subscript ”0”
indicates that the quantity is evaluated at present. Notice that the sum of density parameters is
unity at all times by definition. With this model, the density parameters, which are the energy
contribution of each species to the expansion rate, can be estimated from cosmological surveys
at different redshifts. As a result, the estimated present energy budget shares are roughly 70%,
25%, 5%, and <1% for dark energy, CDM, ordinary matter, and radiation, respectively. The
contribution from global curvature is found to be negligibly small, Ωk,0 ∼ 10−3 [9]. This
fulfilled the point that wasmentioned earlier whenwe discussed the geometrical type of spatial
hypersurface. The choice of curvature parameter k is almost insignificant to the expansion
rate. Judging from the dependence on a, its contribution toH has always been suppressed by
other components throughout the history of the universe. Therefore, it is convenient andwell-
justified to simplify the geometry of space to be flat (Euclidean) in which there is no intrinsic
curvature of the universe; the unperturbed geometry of the universe is assumed to be flat.

Another feature of this mixed-componentmodel is the expansion history divides into differ-
ent epochs, depending on the dominating component. Due to the difference in the equation
of states, each type of cosmic content will evolve and induce an expansion rate differently. For
instance, the energy density of ordinary/dark matter dilutes as a−3 and induces decelerated
expansion, a(t) ∝ t−2/3, while the dark energy (Λ) stays constant and induces accelerated ex-
pansion, a(t) ∝ eHt. By sequence, the universe underwent the radiation-dominated, matter-
dominated, and currently in thedark energy-dominated era. Deep in each epoch, the expansion
of the universe can be approximated by

a(t) ∝ t
2

3(1+w) and a(t) ∝ eHt forw = −1. (2.17)

Notice that the matter-dominated epoch is well-approximated by the EdSmodel since the uni-
verse energy budget is mainly contributed by matter. We will return to this point later when
we discuss the evolution of matter fluid and tracers.
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2.2 Cosmic Inflation Paradigm

In the last section, we discuss the basics of GR and how it is used to describe our universe’s
expansion history. Furthermore, it is responsible for forming structures that we can observe
nowadays. Therefore, the large-scale structure is a direct probe to the theory of GR. How-
ever, the late time process is not the only source for the observed features. Those features of
interest may lie within the initial condition of the universe itself before the late time evolution
took place. This leads to the possibility to learn more about the physics before the Big Bang,
the physics of inflation. In particular, the discovery of certain qualities of the universe’s struc-
ture may help us constrain the possible model of inflation, telling us more about fundamental
physics at a high energy scale. Before introducing the relevant characteristics, let us discuss
some key aspects of inflation.

Inflation is the model of the universe’s beginning introduced to explain the plotholes of the
standard Hot Big Bang theory. The theory then proves itself by explaining the observational
consequence and became one of the default assumed models of the very early phase of the uni-
verse. In the upcoming section, the motivation for the inflation proposal will be introduced.

2.2.1 The StandardHot Big Bang: Explained and Unexplained

Basedon the expansionhistoryofΛCDMmodel,we candiscuss the thermodynamics through-
out the cosmic timeline and infer the evolution of particles in the standard model. This study
of thermal history gives rise to the so-called Standard Hot Big Bang Theory. Essentially, we
have the explanation for the birth of particles in the standardmodel as the universe cools down.
In particular, the universe starts with a high-temperature state, hence the ’hot’ Big Bang, where
all particles are tightly coupled together as a homogenized fluid, the particle soup. In the begin-
ning, we suppose that there is somemechanism that produced asymmetry of baryonic number;
there aremore baryons than anti-baryons. Those two annihilate each other and are leftwith the
baryon deficit that is what we observe nowadays. This is the process we call the Baryongenesis
that provides us with the ingredients to form our universe. The expansion of the universe grad-
ually cools down the temperature from which the universe underwent some phase transitions.
At T ∼ 100GeV, the particles gain their masses via the Higgs mechanism including the weak
interaction mediators, W± and Z bosons. This turned on the strength of the weak interac-
tion; this process is called the electroweak phase transition. Below T ∼ 100MeV, the universe
experienced the QCD phase transition where the strong interaction becomes important and
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confined quarks together with gluons to form Hadrons. Down to around T ∼ 1 MeV, the
weak interaction between neutrinos and the rest of the particles becomes inefficient andmuch
less than the expansion rate. This forced neutrino abundance to move out from the thermal
equilibrium. This is the phenomenon called the freeze-out, decoupling the particle from the
primordial plasma. Shortly after the neutrino decoupling, electrons and positrons annihilate
each other and inject the energy into photon abundance through electromagnetic interaction,
but not into the decoupled neutrinos. This causes the disparity between the photon and neu-
trino temperatures we observed. At T ∼ 100 keV, Big Bang nucleosynthesis (BBN) is initiated
where nuclei of elements lighter thanHelium are created with protons and neutrons. The pro-
cess filled the universe with free nuclei and electrons until T ∼ 1 eV when they combined in
the event called Recombination. At that time, the photon was no longer energetic enough to
constantly ionize the Hydrogen atom so the abundance of free electrons dropped drastically.
Inevitably, theThomson scattering becomes disfavored and the photondecouples from the rest
of the particle, free-streaming until now and got observed as the cosmic microwave background
(CMB) radiation.

From this point, it is natural to think that the temperature of CMB should reflect the back-
ground temperature of the universe since the time of decoupling, after accounting for the cos-
mological redshift. The legacy of CMB observations concludes that the CMB temperature
is very uniform with an effective average temperature of 2.73 Kelvin and one part in a hun-
dred thousand of fluctuation. This suggests that the whole universe, at least in the observable
patch, in that time is in thermal equilibrium as we have assumed when inferring the thermal
history above. However, the expansion history fitted from the redshift observations constrains
the age of the universe precisely, CMB is emitted around redshift z ∼ 1100 (around 380 kyr
after the Big Bang). Concerning the last scattering surface of CMB, it is impossible for light
to travel around and cover the whole horizon, from the beginning to before the photon decou-
pling. This is contradictory since the heat transfer cannot go beyond the speed of light in a
vacuum and the universe’s thermal equilibrium is not secured. In other words, without any
modification, we must live with the assumption that the universe starts with a homogeneous
temperature state, which may appear unnaturally specified. This is the so-calledHorizon Prob-
lem of the Standard Big Bang cosmology. One way to resolve this is to propose a mechanism
that initially distributes the temperature. Therefore, inflation was proposed as a solution by
assuming that the universe underwent accelerated expansion in the beginning which inflated
the space rapidly. In this way, the region of thermal equilibrium can be arbitrarily stretched
to the size of the CMB horizon just before the Hot Big Bang kicks in. This solves the horizon
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problem without altering any of the Hot Big Bang storylines.
TheHorizon Problemwas not the only problem solved by inflation. Also, the flatness of the

universe observed nowadays introduces the fine-tuning problem of the initial condition, the
Flatness Problem. According to ΛCDM evolution discussed in section 2.1.3, the density pa-
rameter of intrinsic curvature,Ωk, grows with the comoving Hubble horizon, rH = (aH)−1.
Since the horizon has grown over time and inflated enormously from then to now, we expect
an even flatter universe in the beginning. Considering how small Ωk, 0 is now, the initial cur-
vature contribution must be very small. Moreover, the curvature nowadays must be very sen-
sitive to the initial curvature energy fraction. Even a small change in initial Ωk could alter the
universe outcome drastically. Therefore, the initial condition must be carefully fine-tuned in
order to arrive at the universe presently observed. Nicely, the accelerated expansion of inflation
shrinks the Hubble horizon down in the beginning, suppressing Ωk naturally. Conveniently,
the amount of expansion we need to explain the Horizon Problem is sufficient to avoid this
fine-tuning problem as well.

The last problem solved by inflation is theUnwantedRelic Problem. This issue is also known
as the magnetic monopole problem since magnetic monopole is one of those unwanted relics.
The story concerns the abundance of topological defects produced by the hypothetical spon-
taneous symmetry breaking (SSB) at a high energy scale. For example, the t’Hooft-Polykov
magnetic monopole [44, 45] is a by-product from SSB of Grand Unified Theory (GUT) with-
out U(1) symmetry to theory with U(1) symmetry. Other examples that can be found in the
literature are cosmic strings, Domain Walls, and Textures. The existence of any of these can
make the universe highly anisotropic and inhomogeneous. This is, again, mismatched with
the observed isotropy of CMB. Inflation explained this with the iconic rapid expansion. The
energy scale at which those SSBs occur was achieved deep in the inflationary period. Thus, the
topological defects abundance is suppressed drastically by the expansion and becomes as less
than one particle per one observable universe patch if they are ever produced at all.

All of these motivate the proposal of inflation by Alan Guth in 1981 [46] where he explains
how the accelerated expansion merely solves all of the three problems mentioned above. How-
ever, Guth’s model suffers from the Graceful Exit Problem; inflation cannot end with a high-
temperature state for the Hot Big Bang, the super-cooling problem, or a sizable homogeneous
region since it relies on the bubble nucleation mechanism to randomly occur in space. Shortly
after, the problem is mitigated by the proposal of a new inflation model by two independent
groups [47, 48]. The new model introduces the second-order phase transition which pushes
theuniverse out of the false vacuumstate. Thus, inflation is forced to end simultaneously across
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the universe and does not occur randomly like the bubble nucleation anymore. However, the
model is still stuck with the super-cooling problem and now has an additional problem in es-
tablishing the thermal equilibrium after the phase transition. This is because the interaction
of the field in this model must be small. Hence, the inefficient heat transfer made the thermal
equilibrium hard to establish. This problem is solved by the subsequent proposal of chaotic
inflation by Linde in 1983 [49]. This model is robust for the fact that it does not rely on any
phase transition. Hence, a strong interaction to distribute the heat across the space is unneces-
sary. This model is the first of the Large-field inflation kind where the field starts off at a high
value and rolls towards a lower value. Another example of such a kind is the power-law infla-
tion proposed by Lucchin andMatarrese in 1985 [50]. The hybridmodel of inflation [51] was
proposed following the supersymmetric model in particle physics theory where multiple fields
existed simultaneously. This allows us to be more creative with the scenarios, for example, we
canmix features of the phase transition (small-field) and the large-field models into one model.
Other honourable mentions include natural inflation [52] and R2 inflation [53] which have
their pros and cons as a suitable model of inflation.

2.2.2 Kinematic Requirement of Inflation

The key property of inflation is that the expansion must be accelerated for a long enough
time, at least to solve the Horizon and Flatness problem. This characteristic requires us to
establish some condition to the matter equation of state dominating during the epoch. Let us
consider the Friedmann equation 2.10 alongwith the evolution of energy density 2.9 to obtain
the time dependence of the scale factor,

a(t) = a0

ï
1 +

3(1 + w)

2
H0(t− t0)

ò 2
3(1+w)

, (2.18)

by assuming that there is a sole species of cosmic content that dominates during inflation. Letus
be aware that the case ofw = −1 is excluded from this formula and will give us an exponential
growth scale factor instead. It is straightforward from this formula that the condition for the
accelerated expansion ä > 0 isw < −1

3
. However, we expect inflation to end at some point so

the third-order time derivative of a(t)must be negative. This put the lower constraintw > −1
for the finite duration of this accelerated epoch.
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2.2.3 Dynamic of Inflation

The expansion of space is driven by some kinds of matter as explained by the Friedmann
equations 2.10 and 2.11. In turn, the kinematic of space affects the evolution ofmatter and this
complete cycle forms a dynamical system hosted by inflation. Following the particle physicist
approach, one may propose a field responsible for the accelerated expansion. A proper choice
must respect the homogeneity and isotropy observed nowadays since the field must terminate
and leave us with an appropriate initial condition for the Hot Big Bang, at least on the back-
ground level. One possible, perhaps the simplest, proposal is that inflation is dominated by a
scalar field, called the inflaton, φ. This is because scalar is naturally directional-independent
and we can require the field to be position-independent to respect the characteristics men-
tioned above. The dynamics of this field are presented by its action, which is written as

S =

∫
dτd3x

√
−g
[1
2
gµν∂µφ∂νφ− V (φ)

]
, (2.19)

where V (φ) is the potential term of this field and g ≡ det(gµν). Note that we use the confor-
mal metric here. Through the Euler-Lagrange equation, the equation of motion can be found,

φ′′ + 2Hφ′ + a2V,φ= 0, (2.20)

which is noother than theKlein-Gordon equation. The expressionV,φ≡ dV
dφ

is the derivative of
the potential with respect to the field. FromNoether’s theorem, the symmetry of a Lagrangian
corresponds to a conserved quantity. In this case, it is the energy-momentum tensor which is
written as

Tµν = ∂µφ∂νφ+ gµν

Å
1

2
gαβ∂αφ∂βφ− V (φ)

ã
. (2.21)

Since the field is homogeneous on the background level, the terms with the spatial derivative
of the field vanish. Assuming that the inflaton field behaves like a perfect fluid, we can identify
the background energy density and the pressure by comparing with equation 2.8,

ρφ = T 0
0 =

1

2

(φ′

a

)2
+ V (φ), (2.22)

Pφ = T ii =
1

2

(φ′

a

)2
− V (φ). (2.23)
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Here, we have a simple background scalar field that represents the matter in space-time. Next,
we are going to discuss the conditions of the scalar field that drive the rapid expansion.

2.2.4 Slow-roll Conditions

Supposing that the inflaton field dominates the universe during inflation, some specifica-
tions must be imposed for the field to be responsible for the accelerated expansion. One way
to achieve such an environment is to equip the field with slow-roll conditions. Essentially, the
field ismanipulated to develop slowly, a small kinematic term, compared to the latent potential
energy that drives the expansion of space. As a result, inflation can occur with 1) accelerated
expansion, and 2) a substantial period to solve the shortcomings of the Hot Big Bang theory.
Let us introduce the parameters corresponding to those conditions. Firstly, we introduce the
change in the expansion rate,

ϵ ≡ d lnH

d ln a
= − Ḣ

H2
. (2.24)

The first slow-roll condition is ϵ ≪ 1 to keepH varying slowly. In this way, the expansion is
accelerated. On top of this, the first conditionmust be kept for a long enough time. Thus, it is
required that

∣∣ d ln ϵ
d ln a

∣∣≪ 1. This leads to an introduction to the second parameter,

η ≡ − φ̈

Hφ̇
, (2.25)

where the second condition is satisfied when ϵ, |η| ≪ 1. By incorporating the Klein-Gordon
equation 2.20, we can understand the parameter ϵmore as a fraction of kinetic energy over the
total energy of the field. Thus, the first condition acts as a regulator that keeps the field rolling
down the potential slowly, hence the name slow-roll inflation, whereas the second condition
makes sure that the slow rolling is maintained for a while. Alternative definitions can be estab-
lished with the help of Klein-Gordon equation 2.20 and Friedmann equations 2.10 and 2.11,

ϵV ≡
M2

pl

2

(V,φ
V

)2
, (2.26)

|ηV | ≡M2
pl

|V,φφ |
V

, (2.27)

which controls the shape of the potential itself to achieve the same dynamical conditions. We
have defined V,φφ≡ d2V

dφ2 , representing the change of the potential term to the field. The slow-
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roll potential requires ϵV ≪ 1 to keep the potential approximately constant and |ηV | ≪ 1 to
keep ϵV small. Keep in mind that these parameters are not the same as the previous ϵ and η
which are often called theHubble slow-roll parameters. Those parameters are used to represent
the condition that keeps theHubble parameter changing slowly. But, the parameters ϵV andηV
are used to create the condition that keeps the potential approximately flat. These parameters
are called the Potential slow-roll parameters, judging if the given potential can lead to slow-roll
inflation or not. These parameters can be related to each other as ϵV ≈ ϵ and ηV ≈ ϵ + η

during slow-roll inflation.

Figure 2.1: An illustration of the inflaton, ϕ, potential that drives the slow-roll inflation. In the context of slow-
roll, the potential must be approximately flat to maintain an exponential expansion corresponding to small ϵV
and ηV .

2.3 Cosmological Perturbation Theory

In the following discussion, inhomogeneity as a seed of cosmic structure will be introduced.
In particular, perturbation of field and space-time geometry will play the main role and must
be treated properly. This requires us to be careful about the number of degrees of freedom
introduced into the system and their representation. In this section, we will discuss different
ways to characterize those perturbative degrees of freedom in the context of GR.

One question that we can naturally ask before the discussion is ”Why dowe have to treat the
perturbation in the GR regime?”. The change in density is generally small in the perturbative
regime and itwould be significantly easier to treat our system in theNewtonian limit. However,
the fact that we consider the situation on a large scale compared to the Hubble horizon makes
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the GR effect significant. Let us consider the Poisson equation,

∇2Φ = 4πGρ, (2.28)

where Φ is the gravitational potential. Recall that this equation can be derived from the 00-
component of the Einstein Field Equation 2.1 with the help of the equivalence principle. Note
that the gravitational potential Φ and energy density ρ are treated as a perturbation from the
background space. In the case of the FLRW background metric, we can develop the equation
with the First Friedmann equation 2.10 on a flat geometry (k = 0) into

∇2Φ =
3

2
H2δ, (2.29)

where δ = δρ
ρ0

is the density contrast. ρ0 is the background energy density responsible for the
background expansion while δρ is a perturbation on it. From this equation, a scaling analysis
can be done by considering

Φ

c2
∼
Å
λphys

λH

ã2
δ where λH ∼

c

H
, (2.30)

where λphys is the mode wavelength of Φ, corresponding to the scale on which we consider
the system. λH is the Hubble Horizon radius. From the CMB observation [54], the density
fluctuation in the early phase is in the order of δ ∼ 10−5. However, as we will see later, the
perturbationwill be consideredup to a scalemuch larger than theHubble radius at the so-called
ssuperhorizon limit, λphys

λH
≫ 1. This requires us to describe the perturbation with GR.

2.3.1 The Gauge Problem

An issue has to be addressed when dealing with perturbation in GR. The theory is covari-
ance which means that a solution is identical under general diffeomorphism. In other words,
the perturbation may manifest in different forms, depending on how the degree of freedom is
represented, despite being of the same origin. This non-uniqueness of the solution is known
as the Gauge Problem, the formal expression depends on how we represent the perturbation
on the real spacetime. Mathematically, let us consider two manifolds: the background FLRW
manifold,M0, and the real (perturbed) manifold,M. Let ψ be a diffeomorphism one-to-one
map of a point onM0, p, to ψ(p) onM. This corresponds to the gauge choice; ψ provides
a certain representation of the perturbation onM with respect to the backgroundM0. We
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can define another gauge choice φwhich maps the same point, p, to a different point φ(p) on
M. These maps can be transformed into each other through the gauge transformation. In
GR, since these correspondences are diffeomorphism, the solution of perturbation is identical
regardless of the choice of gauge. Hence, the freedom to choose these maps sources the ambi-
guity of the perturbation’s formal expression. There are two solutions to this problem. Firstly,
we stick to a particular gauge and work with it until the end. This is called gauge fixing, after
which the gauge transformation can be applied to have the results in different representations.
Alternatively, we construct the gauge-invariant expression for the perturbation (degree of free-
dom) of interest. In this way, the expression is invariant under any gauge transformation, hence
unambiguous.

Figure 2.2: Gauge choices correspond to the diffeomorphismmaps ψ and φ. These correspondences are one-
to-one between the background FLRWmanifold,M0, and the real (perturbed) manifold,M.

A subtlety worthmentioning is that the choice of gauge is not the same as the choice of coor-
dinates. Likewise, the gauge transformation is not a coordinate transformation. In particular,
a gauge is chosen by specifying ψ : M0 −→ M, whereas the choice of coordinates is the
map from a point on a manifold to a point on the real coordinate space, X : M −→ Rn.
The transformations gauge and coordinate are the change of mapsψ andX , respectively. This
is important to stress since it may lead to some misinterpretation. The gauge transformation
deals with the representation of perturbations only while the coordinate transformation trans-
forms the way we measure the whole quantity, both background and perturbation. A general
quantity that is invariant under coordinate transformationmay host a perturbation that is not
invariant under gauge transformation.

2.3.2 Gauge Transformation

We wish to explore what gauge transformation does to a mathematical object, like a tensor,
defined on the manifolds. For generality, let us consider a tensor, T . Let us define the value
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Figure 2.3: Comparison between the gauge and coordinate choices, ψ andX , as maps between points in the
background and real manifolds, and in manifold and real coordinate space.

of it on the FLRWmanifold,M0, to be the background value, T0, at every point. Then, the
tensor gauged to the real spacetime manifold,M, will be perturbed with, ∆T , correspond-
ing to the chosen gauge. Now, let us consider a single point onM. A tensor realized on this
point comprises the background value plus perturbation introduced by the gauge. However,
this quantity can be the product of different gauges from different points inM0. But, since
the tensors subjected to different gauges will arrive at the same point onM, their real quantity
(on real spacetime) can be compared to show the difference between gauges. For example, we
can think of two gauges, ψ and φ, that map point p and q onM0 to the same point onM,
ψ(p) = φ(q). Therefore, the gauge transformation can be realized as a one-to-one correspon-
dence of different points in the background manifold. In particular, we will have to quantify
the transformation, q = φ−1(ψ(p)).

To measure this transformation, we take the coordinate choiceX . We will discuss how to
transport from p to q by exploiting the infinitesimal transformation on the chosen coordinate
with a transformation parameter, λ. In linear order, it is written as

Xµ(q) = Xµ(p) + λξµ|p +O(λ2). (2.31)

This is called the active coordinate transformation since the point on the manifold has been
changed in this case. The transformation vector is defined by ξµ(X) = dXµ

dλ
. Equivalently, the

transformation can be represented as a change in coordinate choice,

Y µ(q) = Xµ(q)− λξµ|q +O(λ2), (2.32)
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which is called passive transformation. These two definitions are useful for discussing the trans-
formation of T . The idea is we expect that the components of this tensor must be the same if
it is transformed actively to another point onM0 and passively transform back with the same
transformation vector and parameter, ξµ andλ. In particular, let T be a rank (m,n) tensor then
the statement invokes T µ1...µmν1...νn(X(p)) = T̃

µ1...µm
ν1...νn(Y (q)). This transportation al-

lows us to compare the tensor associated with two background points, p and q. Exploiting
chain rule leads to the first-order gauge transformation,

T̃
µ1...µm

ν1...νn(X(p)) = T µ1...µmν1...νn(X(p)) + LξT µ1...µmν1...νn,α, (2.33)

where the Lie derivative is defined as

LξT µ1...µmν1...νn,α =T µ1...µmν1...νn,αξ
α

− Tαµ2...µmν1...νnξµ1 ,α · · · − T µ1...µm−1α
ν1...νnξ

µn
,α

+ T µ1...µmαν2...νnξ
α
,ν1 · · ·+ T µ1...µmν1...νn−1αξ

α
,νn ,

(2.34)

and the parameter λ is absorbed into ξ for simplicity. Here, we note that the coordinate deriva-
tive is shorthanded,A,α ≡ dA

dXα , and the tilde tensor, T̃ , is the one that got transformed actively
and passively. Notice that both T and T ′ in the formula are evaluated at the same coordinate
X(p). To discuss the perturbation of T in different gauges, we define the background value,
T0, onM0. This value can be passed through different maps to reach the point onM; they
are subjected to different gauges, ψ and φ. Mathematically, we can write the mapping as

ψ :T0 −→ T |ψ(p) = T0 +∆T,

φ :T0 −→ T̃ |φ(q)=ψ(p) = T0 +∆T̃ .
(2.35)

We can link T |ψ(p) and T̃ |φ(q)=ψ(p) together with the gauge transformation obtained earlier
with the coordinateX . Hence, the gauge transformation of the perturbation is implied,

∆T̃ = ∆T + LξT, (2.36)

where the tensor indices are omitted for the clarity of the expression. With this transformation,
we can write the expression of perturbations from one gauge to the other. Let us remind our-
selves that the transformation is induced by the infinitesimal vector, ξ. This is a crucial point
which determines the degree of freedom we can remove by gauge fixing. In particular, ξ is a
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4-vector. Therefore, we can remove 4 degrees of freedom. We will discuss this in more detail
shortly.

Figure 2.4: Summary of maps associated with the gauge transformation. X and Y are the coordinates where ψ
and φ are the gauges. T0 is the background value of the tensor where∆T and∆T̃ are the perturbations associ-
ated with each gauge. In this picture, the gauge transformation can be viewed as a one-to-one correspondence
between background point p and q which can be measured by mapping the points ontoRn and writing down
the active and passive coordinate transformations.

2.3.3 Metric, Matter Perturbations, and SVT decomposition

Now that we have obtained the tool to control the perturbation in GR, we proceed to per-
turb the Einstein Equation. Let us start by generally perturbing each component of themetric
tensor concerning the FLRW background,

g00 = a2(τ)

[
1 + 2

∞∑
r=1

1

r!
ψ(r)(x, τ)

]
,

gi0 = a2(τ)
∞∑
r=1

1

r!
ω
(r)
i (x, τ) = g0i,

gij = a2(τ)

{[
−1 + 2

∞∑
r=1

1

r!
ϕ(r)(x, τ)

]
δij +

∞∑
r=1

1

r!
χ
(r)
ij (x, τ)

}
,

(2.37)

where ψ(r) and ϕ(r) recalled the lapse and shift functions and χ(r)
ij is a traceless tensor pertur-

bation, i.e. χijδij = 0. For convenience, let us collect all orders of perturbation into single
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functions,

ψ(x, τ) =
∞∑
r=1

1

r!
ψ(r)(x, τ),

ϕ(x, τ) =
∞∑
r=1

1

r!
ϕ(r)(x, τ),

ωi(x, τ) =
∞∑
r=1

1

r!
ω
(r)
i (x, τ),

χij(x, τ) =
∞∑
r=1

1

r!
χ
(r)
ij (x, τ),

(2.38)

For the following discussion, it is useful to decompose the perturbation into the scalar, vector,
and tensor parts entirely. In particular, the Helmholtz and Hodge theorems are applied to
separate the divergence and solenoidal parts of vectors and tensors,

ωi(x, τ) = ω,i(x, τ) + ω⊥
i (x, τ),

χij(x, τ) = Dijχ(x, τ) + χ⊥
i,j(x, τ) + χ⊥

j,i(x, τ) + χTTij (x, τ),
(2.39)

whereDij ≡ ∂i∂j − 1
3
δij∂

2. Here, the divergence parts are separated and described by scalar
fields ω and χ for vector and tensor perturbations, respectively. Then, we are left with a di-
vergenceless vector field ω⊥ by the Helmholtz theorem, i.e. ∂iωi = 0. For the tensor, the
divergenceless part can be separated further into the longitudinal and transverse parts follow-
ing theHodge theorem. Namely, we have the longitudinal vector fieldχ⊥

i , i.e. χ⊥ i
,i = 0, and

the transverse-traceless (TT) tensor field χTTij , i.e. δijχTTij = (χTT )ij ,i = 0. Finally, we have
pure scalar (ψ, ϕ, ω, χ), vector (ω⊥ i, χ⊥ i), and tensor (χTT ) perturbation modes. This is the
so-called SVT-decomposition of the perturbation, which is useful to organize the perturbative
degrees of freedom into scalar, vector, and tensor kinds. A nice thing about this categorization
is each kind of metric perturbation is induced by the matter field of the same kind only. For
example, the perturbation on the inflaton field, which is a scalar field, will activate the scalar
metric perturbations ψ, ϕ, ω, χ at most.

Let us stop and check if we drop any degrees of freedom (d.o.f.) in the decomposition. Since
the metric tensor is a symmetric 4× 4matrix, it has 10 degrees of freedom. These are initially
represented by 2 scalars (ψ, ϕ), 1 vector (ω), and 1 symmetric and traceless tensor (χ). After
SVT-decomposition, we split the generic vector and tensor into parts, subject to some con-
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straint equations. In particular, the divergenceless vector field carries 2 degrees of freedom,
having one removed by the constraint ∂iωi = 0. The removed degree of freedom transforms
itself into the scalar field ω responsible for the divergence part. Similarly, 5 degrees of free-
dom of χ got split into 1 scalar (1 d.o.f.), 1 longitudinal vector (2 d.o.f.; 1 d.o.f. removed by
χ⊥ i

,i = 0), and 1 TT-tensor, (2 d.o.f.; 1 d.o.f. removed by δijχTTij = 0 and 3 d.o.f. is re-
moved by (χTT )ij ,i = 0). In summary, the number of degrees of freedom stays the same; the
representations differ.

On the background level, thematter source field is assumed to behave like a perfect fluid (see
equation 2.8). Let us rewrite the definition as

Tµν = ρuµuν − Phµν + πµν , (2.40)

wherehµν = gµν−uµuν is themetric tensor on a hypersurface orthogonal to the fluid velocity,
i.e. hµνuν = 0. As a departure from the perfect fluid, πµν is the anisotropic stress tensor. Let
us perturb each component of the fluid, including 2 scalars (ρ and P ), a 4-vector (uµ), and a
tensor (πµν), around the FLRW background. For scalars, we write

ρ(x, τ) = ρ0(τ) + δρ(x, τ) ; δρ(x, τ) =
∞∑
r=1

1

r!
ρ(r)(x, τ),

Px, τ) = P0(τ) + δP (x, τ) ; δP (x, τ) =
∞∑
r=1

1

r!
P (r)(x, τ),

(2.41)

where the background quantities are denoted by a subscript ”0” and related through the equa-
tion of state, P0 = wρ0. Assuming that the universe is a thermodynamics system charac-
terised by density (ρ), pressure (P ) and entropy (S), the pressure can be written as a function
P = P (ρ, S). Thus, the perturbation can be described as

δP =
∂P

∂ρ

∣∣∣∣
S

δρ+
∂P

∂S

∣∣∣∣
ρ

δS = c2sδρ+ δPnon-ad, (2.42)

where c2s ≡ ∂P
∂ρ

∣∣∣
S
is the speed of sound and δPnon-ad ≡ ∂P

∂S

∣∣∣
ρ
δS is the non-adiabatic pressure

term. A typical choice is δPnon-ad = 0; the universe is assumed to be an adiabatic system, having
zero heat exchange with the environment which leads to a constant entropy. The fluid velocity
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is perturbed around the static case in the comoving frame,

uµx, τ) =
1

a(τ)
δµ0 + δuµ(x, τ) ; δuµ(x, τ) =

vµ

a(τ)
=

1

a(τ)

∞∑
r=1

1

r!
vµ(r)(x, τ). (2.43)

Let us discuss the degrees of freedom in δuµ. A generic 4-vector would have 4 degrees of free-
dom for each component. However, the on-shell condition, uµuµ = 1, removes 1 d.o.f., e.g.
we can express v0 in terms of the metric perturbations and the spatial components vi. Hence,
3 d.o.f. are left. We can apply the SVT decomposition to vi,

vi(x, τ) = v,
i(x, τ) + v⊥ i(x, τ), (2.44)

where v is a scalar fieldwhose spatial derivative is the divergence term and v⊥ i is a divergenceless
vector field, v⊥ i

i = 0. The anisotropic stress tensor is zero on the background level as isotropy
is assumed in the FLRW universe. By construction, πµν can be chosen to be traceless and or-
thogonal to the fluid velocity, i.e. πµµ = πµνu

ν = 0. This is because its trace and flux parallel
to uµ can be absorbed by ρ and P . Therefore, πµν inherits 5 degrees of freedom (10− 5 from
the constraints). The total number of perturbative d.o.f. is 10 as it should be for Tµν which is
a symmetric 4× 4matrix.

At the linear order of perturbation, we can fix the components π0µ = 0 without losing
generality. This can be obtained by considering the orthogonality constraint πµνuν = 0 and
neglecting the second or higher-order term of perturbations. Hence the perturbation from π

is only in the spatial part πij which can be SVT-decomposed further into

πij(x, τ) = Dijπ(x, τ) + π⊥
i,j(x, τ) + π⊥

j,i(x, τ) + πTTij (x, τ). (2.45)

Also, the on-shell condition on the linear level gives a direct correspondence between perturba-
tions in the zeroth component of fluid velocity and the 00-th component of the metric tensor,
v0 = ψ.

2.3.4 Library of Gauges

The generic perturbations on the metric and matter sectors are composed of 10 d.o.f., dis-
tributed in the form of scalar, vector, and tensor fields. The ambiguity of perturbations in the
GR framework allows us to adjust the value of those perturbations by transforming the gauge.
In particular, the infinitesimal transformation of the gauge is translated into the language of
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continuous coordinate transformation, altering the perturbation quantitatively. Such a trans-
formation leads to different representations of the d.o.f. where one can choose which perturba-
tions introduced generically to the metric and energy-momentum tensor can be removed. As
a result, one will have diverse choices of gauges to fix, each associated with a different picture
of how the universe is disturbed from its background.
Let us recall that the gauge transformation 2.36 is invoked by the infinitesimal transforma-

tion vector ξµ. This translation will be applied to each perturbation introduced in the last
section. Mathematically,

δg̃µν = δgµν + Lξgµν (2.46)

for the metric and
δT̃ µν = δTµν + LξTµν (2.47)

for thematter sectors. Each choice of ξµwill lead us to a different gauge. A convenient exploita-
tion is to fix some perturbations to zero by this transformation so fewer perturbations are to
be dealt with. Hence, let us discuss howmany SVT-decomposed perturbative variables we can
remove. The transformation source ξµ can be decomposed as

ξµ = (ξ0, ξi) ; ξi = ξ,
i + ξ⊥ i. (2.48)

The time component is a scalar (ξ0) and the spatial component is a 3-vector that can be sepa-
rated into the derivative of a scalar (ξ) and divergenceless vector field (ξ⊥). Therefore, the gauge
transformation can remove up to 2 scalar and 1 divergenceless vector perturbations in the SVT-
decomposed picture. The following examples of gauges are characterized by the perturbations
that were removed correspondingly.

Poisson Gauge

This gauge is also known as longitudinal or Conformal Newtonian gauge. The choice of
this gauge is

ω̃ = χ̃ = χ̃⊥
i = 0. (2.49)

This gauge removes somemetric perturbations. Inparticular, thedivergencepart of0µ-components
and the divergence and solenoidal parts of ij-components. In other words, the perturbations
to the 0µ and ij blocks of the metric are purely (divergenceless) vector and (TT-) tensor, re-
spectively. A useful fact is the geometrical shear, σ = −ω + χ′

2
, is zero. Also, the 00- and

0i-components of the Einstein field equation 2.1 gives us the Poisson equation in FLRW uni-
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verse,
∇2ϕ = 4πGa2ρ0∆m, (2.50)

where ρ0∆m = ρ0δ − 3H(ρ0 + P0)v. The source of gravitational potential is the comoving
density perturbation∆which is a gauge-invariant variable (we will come back to this later).

Synchronous Gauge

The choice of this gauge is
ψ̃ = 0. (2.51)

This gauge removes ametric perturbation. Inparticular, the scalar perturbationon00-component.
Thus, the proper time of an observer at fixed spatial coordinates coincides with the cosmic time
of the background FLRWmetric. This gauge is often used with the Orthogonal Gauge which
choose

ω̃ = ω̃⊥
i = 0, (2.52)

additionally. Together, these two gauges create a picture where a constant-τ (spatial) hypersur-
face is always orthogonal to the line element of a stationary observer on background FLRW. In
particular, the unit time-like vector yieldsNµ = 1

a
(1,0). This gauge suffers from the residual

gauge degree of freedom where the gauge transformation does not fix the degree of freedom
completely; more than one choice of ξ0 leads to ψ̃ = 0. Accordingly, it is required to choose
an initial function to fix the choice of ξ0 and keep it inmind throughout the usage of this gauge.

Spatially Flat Gauge

This gauge is also known as the uniform curvature gauge. The choice of this gauge is

ϕ̃ = χ̃ = χ̃⊥
i = 0. (2.53)

This gauge removes some metric perturbations. In particular, the entire perturbation of ij-
components except the TT-tensor is removed. Thus, the spatial part of the metric resembles
the one of the flat FLRWbackgroundmetric. Let’s consider the 3D-Ricci scalar compute with
the first-order-perturbed metric,

R(3)(x, τ) =
6k

a2(τ)
+

12k

a2(τ)
ϕ̂(x, τ) +

4

a2(τ)
∇2ϕ̂(x, τ), (2.54)
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where ϕ̂(x, τ) = ϕ(x, τ)+ 1
6
∇2χ(x, τ) and k is the global curvature parameter introduced in

section 2.1.1. In this gauge, ϕ̂ = 0 andR(3) is a constant on a constant-τ hypersurface, hence
the name uniform curvature gauge.

Comoving Gauge

The choice of this gauge is
ṽ = ṽ⊥i = 0. (2.55)

This gauge removes some perturbations in the matter sector. In particular, the spatial compo-
nents of the fluid velocity are unperturbed. This can be equipped further with

ω̃ = 0 (2.56)

to have the comoving orthogonal gauge. In this picture, the fluid 4-velocity is orthogonal to the
constant-τ hypersurface. In other words, since the energy density flux (or momentum density)
is proportional to vi+wi, the divergence part of the flux is set to zero by the condition v+w =

0. Under this condition, the gauge-invariant comoving density perturbation introduced earlier
takes the same form as the density contrast,∆ = δ = δρ

ρ0
. Hence, the name comoving density

perturbation to the gauge-invariant variable.

UniformDensity Gauge

The choice of this gauge is
δρ̃ = 0. (2.57)

This gauge removes the density perturbation in the matter sector. Notice that another scalar
and vector can be fixed to exploit the gauge transformation fully.
These gauge conditions may be limited to fixing 2 scalars and 1 divergenceless vector, but

they can also be used with other dynamical requirements that further constrain the system.
For example, in the orthogonal comoving gauge, both v⊥ and ω⊥ cannot be removed simulta-
neously but the transformation. However, it can be a dynamic condition that suppresses the
vector perturbation entirely. In particular, the absence of dissipation effect by anisotropic ten-
sor implies that the vorticity, i.e. the perpendicular vector perturbations v⊥ + ω⊥, conserves
along the fluid trajectory. Hence, it is suppressed by the universe’s expansion and becomes
negligible in the matter-dominated epoch. Another example is the application of the Poisson
gauge. Typically, the vector and tensor perturbations are neglected from the picture. This is
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possible since the vorticity is suppressed as explained earlier and the TT-tensor perturbation is
uncoupled with the scalar part on the linear level. Therefore, with these features, the metric is
simplified and perturbed only in the diagonal part with scalars. The anisotropic tensor is ne-
glected (dynamical requirement) and only the divergence part of the fluid velocity exists with
the density and pressure perturbations.

2.3.5 Gauge-Invariant Variables

As anticipated, anotherway tomitigate the gauge problem is to use gauge-invariant variables
insteadof thebare ones. Let us remindourselves once again that this discussion is at linear-order
gauge transformation. Thus, the variables introduced here are gauge-invariant only up to first-
order transformation. The expressions discovered by Bardeen in 1980 [55] are the following.

Scalar Quantities

Let us start with the geometrical variables. The same logic follows where 4 d.o.f. can be
reduced to 2 d.o.f. by gauge transformation. Hence, 4 scalar fields are combined into 2 expres-
sions,

2ΨA ≡ 2ψ + 2ω′ + 2
a′

a
ω − χ′′ +

a′

a
χ′,

2ΦH ≡ −2ϕ−
1

3
∇2χ+ 2

a′

a
ω − a′

a
χ′.

(2.58)

These are often called the Bardeen potentials. Notice that, in the gauge where ω = 1
2
χ′, the

potentials reduce to ΨA = ψ and ΦH = −ϕ − 1
6
∇2χ ∝ R(3) which are the lapse function

and proportional to the spatial curvature, respectively.

Alternatively, more gauge-invariant expressions are constructed with the perturbations in
the matter sector. The simplest form of velocity potential is

2Vs ≡ 2v + χ′. (2.59)

Agauge-invariant expressionofdensityperturbation canbe constructedby imagining a constant-
τ hypersurface on which the matter lives. For example, we can require that the normal unit
vector of the hypersurface, Nµ, always parallel to the fluid worldline; the metric is comoving
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with the fluid trajectory. This is the same as writing v = −ω. The expression can be invoked,

∆m ≡ δρ+ ρ′0(v + ω), (2.60)

which is called the comoving-gauge density perturbation since the expression reduces to the bare
density perturbation in the comoving gauge. Notice that this is the same object introduced in
the section 2.3.4 butwithout the Poisson gauge condition. The interpretation is that∆m is the
perturbation amplitude in the (local) rest frame of thematter fluid. Alternatively, we can think
of a hypersurface with no geometrical shear, as close as possible to the Newtonian-like time
slicing. For the density perturbation induced on this surface, the gauge-invariant expression is

2∆g ≡ 2δρ+ ρ′0(2ω + χ′). (2.61)

The question of to whether use the first or the latter depends on the preferred interpretation
of the density perturbation; δρ can be applied in the comoving gauge or orthogonal zero-shear
gauge.

Vector Quantities

The divergence-free vectors can be removed by 1. Hence, the 2 geometrical vector perturba-
tions can be combined into one,

Ψi = ω⊥
i − χ⊥

i , (2.62)

which represents the ”frame-dragging” present in the Lense-Thirring effect for example. An-
other possibility which involves fluid velocity is

V i
c = vi⊥ + (χ′

⊥)
i
, (2.63)

which is associated with the vorticity tensor of the fluid,

ωµν ≡
1

2
hµ

ρ(uρ;σ − uσ;ρ)hσν , (2.64)

where ”;” denotes the covariant derivative and h is the metric tensor of a hypersurface orthog-
onal to the fluid velocity.
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Tensor Quantities

Since the background metric has no TT-tensor part and the background perfect fluid is
isotropic, the gauge transformation in linear order does not change the perturbations. Hence,
χTTij and πµν are already gauge-invariant variable on the linear level.

2.4 Initial Condition From Inflation

One of the crucial predictions of inflation is the generation of initial inhomogeneity. This
cosmic density fluctuation served as a seed for gravity to form the subsequent structure in our
universe. The lack of this unevenness would result in a homogenized universe which is highly
contradictory to the observation nowadays. Inflation explains that the quantum behaviour
of the inflaton field is responsible for this initial perturbation. The ground-state fluctuation
of the field was invoked in the early stage and stretched by the accelerated expansion later on.
At that point, the field transits from quantum to classical state while preserving the quantum
mechanically generated perturbation. These classical modes encoded themselves in the form
of spatial curvature perturbation and became the seed of the Hot Big Bang era later on. This
major process allows us to learn about inflation from the large-scale structure probe we can
perform these days. This section will show how these fluctuations are produced.

2.4.1 Inflaton Perturbation On Flat Space-time

Let us recall the inflaton action 2.19 minimally coupled with gravity,

S =

∫
dτd3x

√
−g
[M2

pl

2
R +

1

2
gµν∂µφ∂νφ− V (φ)

]
. (2.65)

The key idea is to perturb the field with a small inhomogeneity, δφ(x, τ), on top of the homo-
geneous background field, φ0(τ), as

φ(x, τ) = φ0(τ) + δφ(x, τ). (2.66)

Then, we will study the dynamics of the perturbation during inflation to quantify the fluctu-
ation once the field is quantized. However, GR requires us to equally perturb the space-time
since any change in the matter sector will induce some variation in the geometry as well. In
particular, the metric perturbations must be taken into account. Let us recall the metric per-
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turbations under SVT decomposition (see equation 2.37 and 2.39),

g00 = a2(τ) (1 + 2ψ) ,

gi0 = a2(τ)
(
ω,i + ω⊥

i

)
= g0i,

gij = a2(τ)
[
(−1 + 2ϕ) δij +Dijχ+ χ⊥

i,j + χ⊥
j,i + χTTij

]
,

(2.67)

where the argument (x, τ) is omitted for clarity. As discussed in the section 2.3.4, we can
choose a gauge to simplify the calculation in a way that suits our focus. Here, we want to study
the quantum behaviour of the inflaton field. For this purpose, it is convenient to work in the
spatially flat gauge so that the scalar and the solenoidal vector perturbations in the spatial part
of the metric are zero, ϕ = χ = χ⊥ = 0. Additionally, more dynamical requirements are
imposed in this simplest inflationmodel with one scalar field. First of all, the anisotropic stress
is absent in this model, i.e. πµν = 0; the only matter source is the inflaton field. Hence, the
vector perturbations die quickly with the rapid expansion and are negligible. Then, the metric
is reduced to

g00 = a2(τ)(1 + 2ψ) , gi0 = g0j = 0 , gij = a2(τ)
(
−δij + χTTij

)
. (2.68)

For simplicity, we will assumeψ = 0 for now. This gives us a completely flat space-time which
is an oversimplification. However, the resulting equation of motion will be the same with a
slight modification which we will explain later.

Finally, in a linear regime, the equation of motion obtained for the TT-tensor is decoupled
from the scalar part and propagates freely without the source term. Therefore, its presence is
irrelevant to the discussion of scalar field dynamics. So, we neglect it for now. In conclusion,
we have a flat FLRWmetric in this gauge which is practically the same as the background space-
time. Let us now proceed to perturb the action 2.65 and define a new variable, u(x, τ) =

a(τ)δφ(x, τ). The result up to the second order in action is

S = S(0) + S(1) + S(2)

S(0) =

∫
dτd3x

[1
2
a2(φ′

0)
2 − a4V (φ0)

]
S(1) = −

∫
dτd3x a

[
φ′′
0 + 2Hφ′

0 + a2V,φ

]
u

S(2) = −
∫
dτd3x

[
(u′)2 − (∇u)2 +

Å
a′′

a
− a2V,φφ

ã
u2
]
,

(2.69)
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where we have neglected the gravity action term for simplicity. Since space-time appeared un-
perturbed in this gauge, the metric has no perturbative dynamic to be discussed. If we include
M2

pl

2
R and vary the action concerning the scale factor, a(τ), the usual Friedmann equations

2.10 and 2.11 will be obtained. The zeroth-order action S(0) leads to the Klein-Gordon equa-
tion 2.20 as expected for the background dynamics. Consequently, the first-order action S(1)

becomes zero. The linearized equation of motion of u can be obtained by varying the second-
order action. The result is

u′′(x, τ)−∇2u(x, τ)−
Å
a′′

a
− a2V,φφ

ã
u(x, τ) = 0. (2.70)

As a classical field, we can write the Fourier transformation of u(x, τ) as

uk(τ) =

∫
d3x u(x, τ)eik·x, (2.71)

and the equation of motion in Fourier space reads

u′′k(τ) +

Å
k2 − a′′

a
+ a2V,φφ

ã
uk(τ) = 0. (2.72)

Note that the 3D Fourier transform is applied only to the spatial coordinates since the metric
varies with time. The fact that we are working in the spatially flat gauge allows us to have flat
spatial hypersurfaces at each constant time. In this case, expanding the perturbationwith plane
waves is possible. Otherwise, itmust be replacedwith the generalized solutionof theHelmholtz
equation,

∇2
covOk + k2Ok = 0, (2.73)

where ∇2
cov is the Laplacian from covariant derivative. Notice that the operator reduces to

ordinary Laplacian with flat space where the general solution would be plane waves as antici-
pated. This is one of the reasons why working in the spatially flat gauge is convenient for this
discussion.

2.4.2 Classical Solutions of Inflaton Perturbation

Before translating the discussion into the context of the quantumfields, let us solve the equa-
tion of motion to understand the behaviour of the perturbation at different limits. In particu-
lar, the terms in the parenthesis of equation 2.72 suggest distinct behaviours of the field with
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large and small wave numbers. From now on, we address 2 limiting scales; the superhorizon
limit is where k ≪ H and the subhorizon limit is where k ≫ H. To understand how these
limits approximate the equation, let us manipulate it into a simpler form. The definitions of
the slow-roll parameter ϵ and the (conformal) Hubble parameter (see equation 2.24 and 2.14)
leads to

ϵ = −H
′

H2
= − 1

H2

Å
a′

a

ã′
−→ a′′

a
= H2(2− ϵ). (2.74)

Furthermore, the second derivative of the potential with respect to the field is associated with
the (potential) slow-roll parameter ηV (see equation 2.27) as

ηV =M2
pl

V,φφ
V

=
V,φφ
3H2

(
1− ϵ

3

)−1

−→ a2V,φφ = H2ηV (3− ϵ), (2.75)

where the Friedmann equations and scalar field energy density and pressure (2.10, 2.11, 2.22,
2.23) are implicitly used. An important remark is the second derivative of the potential is in-
terpreted as an effective mass of the field, V,φφ = m2

φ. Thus, the exact manipulation of the
equation results in

u′′k(τ) +
[
k2 −H2(τ)(2− ϵ+ 3ηV − ηV ϵ)

]
uk(τ) = 0. (2.76)

During inflation, we expect the absolute value of the slow-roll parameters to bemuch less than
1. Therefore, the scale of the second term in the parentheses is pretty much determined byH.
The dependence on time is explicitly shown forH to emphasize that the presence of it makes
the solution non-trivial.

Subhorizon limit

Let us consider the equation at the subhorizon scale, to begin with. In this case, the wave
number dominates the size of the horizon, k ≫ H, and the equation can be approximated to
the case of free-propagating plane waves,

u′′k(τ) + k2uk(τ) = 0. (2.77)

The normalized solution of this equation is well-known; it is

uk(τ) =
1√
2k
e−ikτ , (2.78)
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where only the positive frequency solution is kept for the reason that will become clear when
we quantize the field. This solution is simple also for the fact that the frequency is the same
as the wave number; the field is effectively massless on a small scale seeing from the dispersion

relation,ω2
k = k2+�

�>
0

m2, regardless of the detailed structure of the field’s potential. Hence, this
solution holds for various models of inflation as long as the field is slow-rolling.

Superhorizon limit

For the superhorizon limit, the time-dependent part of the equation dominates the constant
wave number. For a rough analysis now, let us go back to the previous form of the equation
of motion 2.72. We know that the second derivative of the potential is at least the first order
of the slow-roll parameter while a′′

a
term is directly scaled as the horizon size. Thus, we ne-

glect the potential term and the wave number and limit this discussion to the flat potential and
superhorizon limits. In this case, we have

u′′k(τ) +
a′′

a
uk(τ) = 0. (2.79)

The solution of this equation can be found in the power-law form of a(τ) as

uk(τ) = A(k)a(τ) +B(k)a−2(τ), (2.80)

where A(k) and B(k) are functions of wave number as coefficients of growing and decaying
modes, respectively. Recall that this perturbation relates to the actual field perturbation as
uk(τ) = δa(τ)φk(τ). Hence, the superhorizon evolution of the inflaton field perturbation is

δφk(τ) = A(k) +�������:decays
B(k)a−3(τ) ≈ A(k). (2.81)

The expansion suppresses the decayingmode rapidly and the field perturbationbecomes frozen
in time. This result can be explained intuitively by the fact that the large-scale perturbation
cannot be interfered with by any local physics going on within the horizon. The causality of
physics requires that the interaction range between physical bodies must be well-contained in
the Hubble sphere. Therefore, the perturbation on a scale much larger than that will remain
unaltered regardless of what is happening within the horizon. However, as mentioned before,
this is true only in the flat potential case and a more detailed analysis will show us that the
solution can be slightly time-dependent up to the correction by the slow-roll parameter.
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2.4.3 General Solutions in Quasi de-Sitter Spacetime

To find a general time-dependent solution to the perturbation, we have to write the coef-
ficient of the equation 2.76 in terms of τ . In particular, the time evolution of the Hubble
parameter during inflation can be written up to the linear order of the slow-roll parameter as

H(τ) ≈ − 1

(1− ϵ)τ
−→ H2(τ) ≈ 1

τ 2
(1 + 2ϵ). (2.82)

Therefore, the equation of motion can be approximated up to the linear order as

u′′k(τ) +

ï
k2 − 2

τ 2

Å
1 +

3

2
ϵ+

3

2
ηV

ãò
uk(τ) ≈ 0. (2.83)

Before proceeding from this point, the oversimplification must be lifted. As we have men-
tioned before, this analysis is oversimplified by the fact that we assume ψ = 0. The instalment
of such a perturbative variablewould havemodified the action and given a different equation of
motion for the inflaton perturbation. However,ψ is not a new degree of freedom but depends
on δφ′ through the energy constraint from Einstein’s Equation. Hence, the coupling term(s)
between ψ and the inflaton field can be reorganized to obtain the usual form of the second-
order action. The resulting modification is in the effective mass term, changing the coefficient
of the slow-roll parameters.

Indeed, one canfind the same equationofmotionby choosing a different gauge. [17] decom-
posed the metric with Arnowitt–Deser–Misner (ADM) formalism instead of SVT formalism
we used here and chose the comoving gauge. There, the scalar degree of freedom is parame-
terized with the spatial curvature perturbation, ζ (equivalent to ϕ in this thesis), and the field
perturbation is gauged out. The equation of motion took the same form along with the fol-
lowing predictions. Alternatively, perhaps the most general, a gauge-invariant variable can be
constructed. [56, 57] introduced theMukhanov-Sasaki variableQφ that mixes the scalar field
perturbation and spatial curvature perturbation,

Qφ ≡ δφ+
φ

H
ϕ. (2.84)

Then we can define uk(τ) ≡
Qφ

k(τ)

a(τ)
in Fourier space and find the equation of motion of it like
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before. The result would be

u′′k(τ) +

ï
k2 − 2

τ 2

Å
1 +

9

2
ϵ− 3

2
ηV

ãò
uk(τ) ≈ 0, (2.85)

where the only difference from the previous result is the expression in the parentheses. This
gauge-invariant representation ismore compromisedwhenwediscuss the translation of pertur-
bation out of inflation. We expect the energy in the inflaton to decay into the standard model
sector and reheat the universe after inflation. However, the perturbation on a superhorizon
scale remains constant without decaying as explained before (see section 2.4.2). Hence, it is
more feasible to think that the classical perturbation is saved as curvature perturbation after
crossing the horizon and becomes the universe’s inhomogeneity even if the inflaton field does
not contribute to the energy budget anymore. Therefore, theMukhanov-Sasaki variable is not
only working on the subhorizon limit where the space is effectively flat and the field is fluc-
tuating by quantum mechanics but also on the superhorizon limit where it becomes classical
curvature perturbation.

With this level of approximation, the slow-roll parameters will be treated as constants. This
is because their runnings are at the next order of perturbation. Hence, the equation can be
written as Bessel equation,

u′′k(τ) +

ñ
k2 +

ν2 − 1
4

τ 2

ô
uk(τ) ≈ 0, (2.86)

by letting ν2 = 9
4
+ 9ϵ− 3ηV . To be precise, the usual form of the Bessel equation,

z2y′′(z) + zy′(z) +
(
z2 − ν2

)
y(z) = 0, (2.87)

is obtained by letting z = kτ and y(z) = uk(τ)/
√
τ . Therefore, the exact solution is the

linear combination of the Hankel functions of the first and second kinds,H(1)
ν andH(2)

ν ,

uk(τ) =
√
−τ
î
c1(k)H

(1)
ν (−kτ) + c2(k)H

(2)
ν (−kτ)

ó
, (2.88)

where c1 and c2 are the coefficients that are found by matching to the subhorizon solution.
Looking at the time evolution of theHubble parameter discussed above, the parameter shrinks
as inflation proceeds (conformal time increases from−∞). Hence, this generic solution must
return the subhorizon solution at the limit−kτ −→ ∞, when the fluctuation is deep in the
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horizon. In this case, the Hankel functions are approximately

H(1)
ν (−kτ) ≈

…
2

−πkτ
e−i(kτ+

π
2
ν+π

4 ) & H(2)
ν (−kτ) ≈

Ä
H(1)
ν (−kτ)

ä∗
. (2.89)

The fact that we chose only the positive frequency solution for the subhorizon limit enforces
c2 = 0. Then, only c1 is fixed with the normalization factor. The final solution reads

uk(τ) =

√
π

2
(−τ)

1
2 ei

π
2 (ν+

1
2)H(1)

ν (−kτ). (2.90)

While we are at it, let us explore this exact solution’s superhorizon limit and compare it to our
previous analysis. Opposing to the subhorizon case, wewill now consider the limit−kτ −→ 0.
In this limit, the Hankel function of the first kind is approaching the form,

H(1)
ν (−kτ) ≈

…
2

π
e−i

π
2 2ν−

3
2

Å
Γ(ν)

Γ(3/2)

ã
(−kτ)−ν , (2.91)

where Γ is the gamma function. This leads to the superhorizon solution,

uk(τ) =
1√
2k

(−kτ)
1
2
−ν
Å
ei

π
2 (ν−

1
2)2ν−

3
2

Å
Γ(ν)

Γ(3/2)

ãã
. (2.92)

We can reinstall the scale factor to obtain the actual inflaton perturbation. We can exploit the
approximation 2.82 to trade a(τ) with the (physical) Hubble parameter and conformal time
while neglecting the correction from ϵ, i.e. τ ≈ −(aH)−1. Recall that ν2 = 9

4
+ 9ϵ− 3ηV so

that ν = 3
2
+ 3ϵ − ηV +O(2). Hence, the leading order of this solution can be obtained by

assuming 2ν− 3
2 ≈ Γ(ν)

Γ(3/2)
≈ 1. Thus, the leading perturbation amplitude is

|δφk(τ)| =
√
u∗kuk

a
=

H√
2k3

Å
k

H

ãη−2ϵ

, (2.93)

where we trade τ with H and ν back to the slow-roll parameters to associate this prediction
with the features of inflation. Let us also recall the relation ηV ≈ ϵ + η. It is clear how the
characteristics of space and field influence this prediction, the expansion rate and the mass of
the inflaton field in particular. First of all, the fluctuation magnitude depends directly on the
Hubble parameter, which reflects the energy scale of inflation (see Friedmann equation 2.10).
Second of all, the running of the amplitude with the ratio k

H is introduced by the non-zero
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slow-roll parameters. In the simplest case, one may assume a massless inflaton in perfect de Sit-
ter space where the space eternally and exponentially expands. The amplitude loses the sense
of comparison between itself and the Hubble horizon since the potential is flat and the space-
time is conformal. Therefore, the dynamics are unchanged and the fluctuation becomes scale-
invariant1. Nevertheless, this case is oversimplified since the expansion cannot be perfect de
Sitter, otherwise the inflation will not end. Instead, a slight deviation is allowed where the uni-
verse slowly moves away from perfect de Sitter space; we have quasi-de Sitter expansion where
the slow-roll parameters are small but nonzero. In this case, we retrieve the scale-dependence
in the form of

(
k
H

)−3ϵ.

2.4.4 Quantum Fluctuations of Inflaton Field

The previous section has explained the evolution of the field fluctuations at different limits.
The next question would be the origin of it. As alreadymentioned, the quantum behaviour of
the field is significant in inflation. In this case, the fluctuation is probabilistic due to quantum
uncertainty [58, 59, 60, 61]. Therefore, one should consider the statistics of the field rather
than the deterministic classical picture. Intuitively, the rapid expansion stretched the quan-
tum fluctuation of the field out. Then, these fluctuations curve the space-time creating the
curvature perturbations. Thus, the quantum fluctuations of the field are the origin of the pri-
mordial fluctuations in inflation. As we mentioned before, the fluctuations are fully frozen at
the superhorizon limit. These fluctuations should become classical at this limit. Thus, they
become the classical fluctuations that seed the structure of the universe. Here, the statistics of
the quantum fluctuations will be computed and show that it indeed becomes classical before
inflation ends.

Field Quantization

To discuss the quantum behaviours, we must translate the classical description of the field
into the language of quantum field theory. In particular, the inflaton field is promoted to a
field operator and expanded with the creation and annihilation operators,

û(x, τ) =

∫
d3k

(2π)3

î
uk(τ)ake

ik·x + u∗k(τ)a
†
ke

−ik·x
ó
, (2.94)

1Notice that the k-dependence in the normalization factor is because the field is in Fourier space. The resulting
variance in real space is scale-invariant.
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where uk(τ) and u∗k(τ) are the classical solution obtained in the last section and its complex
conjugate. The actual inflaton fluctuation is also promoted to an operator parallel to this by
δϕ̂ = û/a(τ). Notice that the subscript turns to k to indicate that the solution depends only
on the magnitude of the wave vector and not the direction of it. We also define the conjugate
momentum field by

π ≡ ∂L
∂u

= u′, (2.95)

whereL is the inflaton lagrangian (see action 2.19), and promote it to a quantum operator,

π̂(x, τ) =

∫
d3k

(2π)3

î
u′k(τ)ake

ik·x + (u′k(τ))
∗a†ke

−ik·x
ó
. (2.96)

For canonical quantization, we invoke the commutation relations of creation and annihilation
operators,

[ak, a−k′ ] = [a†k, a
†
−k′ ] = 0 ; [ak, a

†
−k′ ] = (2π)3δ

(3)
D (k + k′), (2.97)

where we use the convention ℏ ≡ 1. We can choose the normalization of the fields to satisfy
the equal-time commutation relations,

[ûk(τ), π̂k′(τ)] = iδ
(3)
D (k + k′). (2.98)

where the fields in Fourier space are written as

ûk(τ) = uk(τ)ak + u∗k(τ)a
†
−k,

π̂k′(τ) = u′k(τ)ak + (u′k(τ))
∗a†−k

(2.99)

which means we must have theWronskian of the mode functions that satisfies

W [uk(τ), u
∗
k(τ)]× [ak, a

†
−k′ ] = δ

(3)
D (k + k′), (2.100)

where
W [uk(τ), u

∗
k(τ)] = −i(uk(τ)(u∗k(τ))′ − u′k(τ)u∗k(τ)). (2.101)

For the chosen commutation relations 2.97, it is required thatW [uk(τ), u
∗
k(τ)] = 1 which

fixes the normalization of the mode function uk(τ). Notice that the positive-frequency-only
solution (see equation 2.78) satisfies this normalization condition but is not the only one.
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Ambiguity and Choice of The Vacuum State

To build a system of energy level, the ground state must be defined. For a quantum field,
the interpretation is the vacuum state is the ground state, havingminimal excitation. Typically,
the vacuum state is defined as a state that vanishes upon the application of the annihilation
operator,

ak |0⟩ = 0. (2.102)

Then, the excited quantum states in the Fock space are constructed by repeatedly applying the
creation operators on the vacuum state,

|mk1 , nk2 , . . .⟩ =
1√

m!n! . . .

îÄ
a†k1

äm Ä
a†k2

änó
. (2.103)

However, there is an ambiguity in the definition of creation and annihilation operators. Let us
consider the mode expansion of the field operator 2.94 once again. We can define a new set of
operators, bk and b†k, that can be written as linear combinations of ak and a†k,

bk = αkak + β∗
ka

†
−k,

b†k = α∗
ka

†
k + βka−k.

(2.104)

Since the mode functions uk(τ) is a solution from a linear differential equation, its linear com-
bination is also a solution. Therefore, the field operator can also be expanded with this new set
of creation and annihilation operators with a newmode function,

vk(τ) = αkuk(τ) + βku
∗
k(τ), (2.105)

where theWronskian condition,W [vk(τ), v
∗
k(τ)] = 1, fixes thenormalization factor to |αk|2−

|βk|2 = 1. Notice that even if uk(τ) is chosen to have positive frequency only, the new mode
function can be a mixture between both positive- and negative-frequency modes. As a result,
we translate ourselves to a new set of mode functions and operators, from ak and uk to bk and
vk, while keeping the field operator invariant. This is the so-called Bogoliubov transformation
where αk and βk are the Bogoliubov coefficients. The issue is different creation and annihi-
lation operators lead to different vacuum states which are not a vacuum of each other. For
example, 〈

0(b)
∣∣ b†kbk ∣∣0(b)〉 = 0 while

〈
0(a)
∣∣ b†kbk ∣∣0(a)〉 ∝ |βk|2. (2.106)
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Hence, the vacuum state of such a system is ambiguous and must be chosen as the system’s
ground state.

However, this is not the only issue. The fact that the dynamics of the field are discussed
on a time-dependent background makes the definition of the vacuum state ambiguous. In
particular, the amplitude of the general solution 2.88 is time-dependent thus the normalization
conditionW [vk(τ), v

∗
k(τ)] = 1 does not hold for everymoment. Hence, wemust also choose

the time slice on which the normalizedmode function and its associated annihilation operator
are used to define the vacuum state of the system.

With this freedom, the preferable choice is the so-called Bunch-Davies vacuum [62] where
the vacuum state at the beginning of inflation, τ −→ −∞. This corresponds to the subhori-
zon scale evolution where the space is approximately flat. For simplicity, we also keep only the
positive frequency mode for the solution. These choices completely fix the vacuum state as a
ground state of inflation where the normalized mode function is given by the solution 2.78
obtained previously.

Zero-pointMean and Variance of The Field

Now that we have the quantized field operator and its ground state, the expectation values
can be computed that will characterise the statistics of the classical perturbation arising from
this quantum behaviour. Let us start with the mean of this fluctuation, ⟨δφ̂⟩. It must be zero
by definition since the perturbation is defined as a deviation around themean value of the field.
Indeed, if one computes the expectation value, one finds the result,

⟨0| φ̂(x, τ) |0⟩ = 1

a(τ)
⟨0| û(x, τ) |0⟩ = 0, (2.107)

by the definition of the vacuum state and the orthogonality of the quantum state. However,
the variance is nonzero. It is defined as var [δφ̂] =

〈
δφ̂2
〉
−⟨δφ̂⟩2. Since the mean is zero, the

variance is directly equal to the expectation value of the squared field operator. For generality,
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let us compute the expectation value of a product field at separation r,

ξδφ(r) ≡ ⟨0| δφ̂†(x, τ)δφ̂(x+ r, τ) |0⟩

=
1

a2(τ)

∫
d3k

(2π)3

∫
d3k′

(2π)3
eik·(x+r)e−ik

′·xuk(τ)u
∗
k′(τ) ⟨0| [âk, â

†
k′ ] |0⟩

=
1

a2(τ)

∫
d3k

(2π)3

∫
d3k′

(2π)3
ei(k−k′)·x|uk(τ)|2(2π)3δ(3)D (k − k′)eik

′·r

=
1

a2(τ)

∫
d3k

(2π)3
|uk(τ)|2eik·r.

(2.108)

From this expression, the power spectrum can be defined asPu(k, τ) = |uk(τ)|2 which relates
to the power spectrum of δφ as

Pδφ(k, τ) = |δφk(τ)|2 =
Pu(k, τ)

a2(τ)
. (2.109)

The quantity ξδφ(r) is the two-point correlation function of the inflaton field where we have
found that its Fourier counterpart is the power spectrum Pδφ(k). Alternatively, the power
spectrum can be defined through the correlation function in Fourier space,

⟨δφkδφ
∗
k′⟩ = ⟨0| δφ̂kδφ̂

†
k′ |0⟩ = (2π)3δ

(3)
D (k − k′)Pδφ(k). (2.110)

Notice that both functions are isotropic in each space; they depend on the magnitude of r and
k only. This is because inflaton is a scalar field so its perturbation has no preferred direction.
Thus, the mode function uk(τ) is isotropic, hence the power spectrum and the two-point cor-
relation function. The variance of inflaton fluctuation is the two-point functionwith zero sep-
aration, r = 0. Hence, it is just a Fourier-space-volume integration over the power spectrum,

var [δφ̂] =
〈
δφ̂2
〉
=

∫
d3k

(2π)3
Pδφ(k) =

∫
d ln k∆δφ(k), (2.111)

where the dimensionless power spectrum is defined as ∆δφ(k) ≡ k3

2π2Pδφ(k) which reflects
the scale dependence of the field’s variance. Let us compute the quantity at different times
during inflation. From the solutions 2.78 and 2.93, the power spectrum on the subhorizon
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and superhorizon scales areÅ
H

2π

ã2
−kτ−→∞←−−−−− ∆δφ(k, τ)

−kτ−→0−−−−−→
Å
H

2π

ã2 Å k
H

ã2η−4ϵ

. (2.112)

To relate this prediction to the observable nowadays, it is useful to translate this into the statis-
tics of curvature perturbation through the definition of a gauge-invariant variable, Mukhanov-
Sasaki variable (see definition 2.84). In particular, the field fluctuation in spatially flat gauge is
related to the curvature perturbation in comoving gauge as

ϕ = −H
φ′
0

δφ. (2.113)

With this, a new gauge-invariant variable can be constructed; the conserved curvature pertur-
bation is defined as

ζ ≡ −ϕ−Hδρ
ρ′0

= −ϕ− H
φ′
0

δφ. (2.114)

This quantity is more direct for interpreting the fluctuation that translated out of inflation
since the curvature is where the perturbation got imprinted after inflation ended. The power
spectrum of this quantity is then related to the field in spatially flat gauge as

∆ζ(k, τ) =

ÅH
φ′
0

ã2
∆δφ

−kτ−→0−−−−−→
Å
H2

2πφ0˙

ã2 Å
k

H

ã2η−4ϵ

. (2.115)

Horizon-Crossing Formalism

The solutions at subhorizon and superhorizon scales in 2.112 match at k = H. This is
the point of horizon-crossing where the fluctuation scale k−1matches the horizon scaleH−1.
After crossing the horizon, the mode function stops oscillating and decays by the scaling fac-
tor (k/H)η−2ϵ. Hence, k = H is a checkpoint where the fluctuation amplitude is fixed and
conserved while living outside the horizon. After inflation, the horizon expands and the per-
turbation evolves and becomes relevant to physical processes within the Hubble sphere again
after re-entering the horizon. We rely on this exact mechanism to learn about the physics of
inflation since the transportation of unmodified fluctuation is ensured, playing an important
role in the birth of the universe’s structure.

Let us consider the horizon-crossing formalism inmore detail. Schematically, as theHubble
sphere shrinks, each mode of perturbation becomes frozen from the large to small scale. After
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every mode of interest reaches the superhorizon limit, their amplitudes (or the power spec-
trum) are different by the scaling factor. Hence, the power spectrum of each mode is typically
evaluated at the horizon-crossing time of the pivot mode and multiplied by the mode ratio,

∆ζ(k) =

Å
H2

2πφ̇

ã2 ∣∣∣∣
τ=k−1

∗

Å
k

k∗

ã2η−4ϵ

, (2.116)

where k∗ is the pivot mode. Another alternative interpretation is that the fluctuation is scale-
invariant before crossing the horizon and the power spectrum equal to

Ä
H2

2πφ̇

ä2
for every mode.

But then, eachmode exits the horizon asynchronously and the frozen amplitude picks the value
at a different moment of inflation, depending on its scale. Since the power spectrum is time-
dependent, the frozen modes of fluctuation at the superhorizon limit differ by the ratio be-
tween their scales, owing that they exit the horizon at different times. The two interpretations
give the same prediction in the end andwhich one to be preferred completely depends on one’s
taste.

2.4.5 Scale-dependent Power Spectrum

The prediction of the power spectrum gives some hint of the scale dependence in the curva-
ture perturbation, relating the slow-roll parameters to the observable. A typical parameteriza-
tion for measuring primordial scalar-mode power spectrum is

∆ζ(k) = As

Å
k

k∗

ãns−1

, (2.117)

where k∗ is the pivot scale and As is the amplitude of the fluctuation at the length scale k−1
∗ .

ns is the scalar spectral index, indicating the tilt of the power spectrum. The case where the
power spectrum grows with k is denoted as blue tilt (ns > 1) and the case where it declines
with increasing k is denoted as red tilt (ns < 1). By comparing this formula with the result of
inflation 2.116, we have the predictions,

As = ∆ζ(k∗) =

Å
H2

2πφ̇

ã2 ∣∣∣
τ=k−1

∗
and ns − 1 = 2η − 4ϵ, (2.118)
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From the latest CMB power spectra analysis [63], the parameters are estimated,

ns = 0.9649± 0.0042 (68% CL.)

ln (1010As) = 3.044± 0.0042 (68% CL.) at k∗ = 0.05 Mpc−1
(2.119)

A crucial finding here is the spectrum is red-tilted with around 8σ confidence from ns = 1.
However, the dimensionless power spectrum ∆ζ is often assumed to be scale-invariant for
the fact that ns is fairly close to 1. Hence, the power spectrum is often assumed to have k-
dependence as Pζ(k) ∝ k−3 for simplicity.

2.4.6 Summary of The Process

Beforemoving on, let us review the whole process of initial condition generation once again.
The simplest model of inflation suggests that the accelerated expansion was driven by a scalar
field that dominates the energy budget of the universe, inflaton. For the slow-roll scenario, the
kinematics of inflation and the dynamics of the field are regularized by the slow-roll parameters,
quantifying the expansion rates and the shape of the field’s potential. In the beginning, when
space wasminuscule, the quantum phenomenawere relevant to the evolution of inflaton. The
uncertainty of the observables invokes fluctuations in the homogeneous inflaton background
field, producing a scale-invariant perturbation across the space (subhorizon limit). This per-
turbation induces some disturbance on the spatial curvature and the combination of both is
gauge-invariant and hence a measurable physical quantity in linear order. They started to pick
up some scale dependence while being stretched out by the expansion and became frozen once
their length scale grew larger than theHubble sphere (superhorizon limit). After inflation ends,
the inflaton field loses its energy to the standardmodel sector. However, perturbations outside
the horizon still prevail as curvature perturbations, encoding features of inflation. This has al-
lowed us to study the physics of the early universe via the statistics of the structure we observe
nowadays like the Cosmic Microwave Background or tracers like galaxies and dark matter ha-
los. Until now, the CMB fluctuations are found to be Gaussian distributed agreeing with our
simplest model.

But recently, primordial non-Gaussianity (PNG) has been the topic in the spotlight. The
detection of it can reveal some new information about inflation beyond the linear theory. The
ongoing efforts of PNG hunting exist in the next generation of surveys like CMB-S4 [64] and
SPHEREx [24]. In the following sections, the relevance of PNG to the physics of inflationwill
be discussed and the method of detection via the statistics of tracers will be reviewed. Further-
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Figure 2.5: A schematic summary of the initial condition generation by inflation.

more, two independent studies have recently found a parity-violation signature in the statistics
of galaxies, i.e. the four-point correlation function. The radical feature can widely rule out
parity-conserving models of inflation if the detection is confirmed to be of a primordial ori-
gin. In the following section, the observational effects that may mimic such a signature will be
quantified, clearing the path to the detection of primordial parity violation.

2.5 Primordial Non-Gaussianity from Inflation

The description of cosmological perturbation in inflation up until now is on the linear level.
In particular, the second order in perturbations or more terms in the equations of motion are
neglected and the discussed gauge transformation is valid up to the first order only. With this
level of precision, the description of fluctuations’ dynamics is limited at the free field level since
the interaction terms are at least second-order in perturbations. Going beyond would require
us to perturb the inflaton action to the third order, which will give an equation of motion in
the second order, and the gauge descriptionmust be extended to the second order. The second-
order equations of motion have been first obtained by [16]. In that paper, the production of
non-Gaussianity (NG) by nonlinear dynamics has been discussed; Including the second-order
perturbations allows the production of skewness in the fluctuations’ statistics. Alternatively,
[17] introduce the in-in formalism, borrowing the language of particle physics to compute the
n-point correlation function of the fluctuations. The formalism allows us to split the Hamil-
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tonian into the free and interaction parts. Since the state is evolved by using the free part of
Hamiltonian, the linear solution can still be used along with the interaction Hamiltonian to
compute the statistics higher than the variance. Therefore, NG is the probe of the fundamen-
tal interactions during inflation which allows us to describe the high energy physics beyond
the free-field limit. This section will show different kinds of NG that can be produced from
various models and some consistency relations that can be checked with the observation.

2.5.1 Gaussianity of Free Field

Let us recall some characteristics of Gaussian distribution. The probability distribution
function (PDF) with zero mean is written as

G(ζg) =
1

σ
√
2π
e−

ζ2g

2σ2 , (2.120)

where ζg and σ are a Gaussian variable and the standard deviation of the distribution. In real
situations, like in CMB or galaxies surveys, we expect that the fluctuation around the mean at
eachpointwas drawn from theunderlying distributiondictated by the physics that generated it.
To gain access to the true distribution function of such data, one of the ways is to measure the
statistical moments from the spatially distributed perturbations, averaging over the survey vol-
ume. In other words, we can learn about the true PDF by interpreting the n-point correlation
functions measured from the surveys. Fundamentally, the correlation function is computed
from the PDF by

⟨ζn⟩ =
∫
dζ ζnG(ζ). (2.121)

Notice that the PDF is characterised by variance only. One of the properties of Gaussian dis-
tribution is it can be fully characterized by just two quantities: mean and variance. All higher-
order statistical moments can be specified with those two quantities and the distribution curve
is symmetric about the mean. However, since the mean of perturbation is zero by definition,
we expect only variance in the game and the distribution is symmetric around zero. Therefore,
vanishing odd moments are expected. For example, there will be no skewness since the distri-
bution is symmetric. Hence, if the theory gives the same feature, the distribution would be
Gaussian around zero mean.

These statistical functions can be predicted by the theory of cosmological perturbation dur-
ing inflation. The mean and variance of inflaton perturbation up to the linear order have been
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computed in the last section by acting the vacuum state with the field operator. There, we find
that the mean is indeed zero respecting the definition of field perturbation and the variance re-
flects the amplitude of the fluctuation. To obtain higher-order statistics in principle, the same
procedure can be followed with more field operators. Let us consider the 3-point function,

ξ
(3)
δφ (r1, r2; τ) ≡ ⟨0| δφ̂(x, τ)δφ̂(x+ r1, τ)δφ̂(x+ r2, τ) |0⟩ = 0, (2.122)

by using the linear solution 2.94. The function vanishes by the orthogonality of the quantum
state. Notice that, for the same reason, the results can be extended to the higher-order ones. If
the number of field operators is odd, its expectation value vanishes. Alternatively, the higher-
order statistics can be distributed into lower-order ones byWick’s theorem,

T [δφ̂(x1, τ)δφ̂(x2, τ) . . . δφ̂(xn−1, τ)δφ̂(xn, τ)] =∑
all possible contractions

δφ̂(x1, τ)δφ̂(x2, τ) . . . δφ̂(xn−1, τ)δφ̂(xn, τ),
(2.123)

where T is the time-ordering operator. The full formula of the theorem would have included
the normal-ordered termwithoutmaximal contraction. However, they have vanished since we
computed the expectation value with the vacuum state. Here, it is clear that an odd number
of fields would lead to a multiplication of the mean ⟨φ⟩ which is zero. If the number of fields
is even, the function can be described by products of two-point functions. These are the indi-
cations of a Gaussian distributed field which is exactly what one should expect from the free
field.

One may conclude that the simplest single-field inflation predicts Gaussian distributed per-
turbation. Indeed, the latest constraint on non-Gaussianity from Planck CMB observation
[23] agrees with this case, allowing deviation within a stringent boundary. However, this is
not the case in general. Gaussian distribution is predicted here merely because we restrict the
discussion to the linear order where the equation of motion is effectively free. Going beyond
the first order, the interaction terms such as φ3 are included in the action and will introduce
nonlinearity to the dynamics of fluctuation. It is emphasized that this is not a modification to
the simplest case; themodel is just being treatedmore accurately in the context of perturbation
theory. We will see the predicted amount of NG from the single-field model shortly.
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2.5.2 QuantifyingNon-Gaussianity: SmallDeviationfromGaus-
sianity

To understand why probing higher-order statistics is important beyond the linear theory
in a model-independent manner, let us consider a true PDF P(ζ) corresponding to the full
theory of inflation. This PDFwould be responsible for the statistics of initial fluctuations that
we can access through the observations. Knowing the true form of this PDFwould allow us to
reconstruct the exact theory of inflation. In particular, the partition function can be written
which is directly related to the action of the theory. We know from the CMB constraint [23]
that the departure from Gaussian is small. Hence, the true PDF can be written as the Taylor
series around the Gaussian PDF:

P(ζ) =
∞∑
n=0

an
dnG(ζg)

dζng
, (2.124)

where an is the nth-order Taylor coefficient. After evaluating all of the derivatives, the series
are chosen to be rearranged as2

P(ζ) = G(ζg)
[
1 +

∞∑
n=1

cnHen(ζg/σ)
]

(2.125)

for convenience. The special functionHen is the nth-orderHermite polynomial and cn is the
corresponding coefficient in front of it. In this arrangement, cn’s are conveniently determined
by using the orthogonalityHen(ζ),∫

dx Hen(x)Hem(x)e
−x2/2 =

√
2πn!δnm. (2.126)

From there, one finds that those coefficients are combinations of the statisticalmoments. Thus,
probing higher-order statistics is effectively putting more precise corrections to the PDF and
will unveil more insight into the full theory that sources this perturbation.

From now on, we will focus on how to model and predict the n-point correlation function
of the perturbation. The exact way would start by writing the action of inflation once again.
We wish to go beyond the linear theory and include interaction terms from the third-order or
higher in the action as well. As mentioned before, the next step is either to find the nonlinear

2In general, any power series can be rearranged to series of Hermite polynomial.
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equationofmotionby studying the (nonlinear) cosmological perturbation theory [16] or using
the in-in formalism to compute correlation functions directly from the interacting part of the
Hamiltonian [17]. However, for the sake of simplicity of this work, we will follow the effective
field redefinition. In general, we could write

ζ = ζg + FNL(ζg), (2.127)

where FNL is some nonlinear function of the Gaussian variable. This is equivalent to saying
that the real statistical variable drawn from the real PDF can be effectively described as the value
drawn from the Gaussian PDF plus a correction from the nonlinear function of the Gaussian
variable. s the deviation from Gaussianity is small, the nonlinear term is expected to be much
smaller than the Gaussian variable. The formal expression of FNL depends on the type of
expected NG from inflation models of interest. This approach to quantifying NG is robust
since it allows us to generalize the prediction of various inflationmodels into just a fewmodels
of field redefinition. For the first kind of NG, the model introduced in [19] is

ζ(x) = ζg(x) +
3

5
f locNL

[
ζ2g (x)−

〈
ζ2g
〉]

+ . . . , (2.128)

where ζ and ζg are the non-Gaussian and Gaussian variables. The time-dependent of the per-
turbation is omitted since the expression here is localised in time. f locNL is the so-called nonlinear
parameter since it captures the nonlinearity of the perturbation. This f locNL is also known as the
local nonlinear parameter for the fact that the expression is local on spatial coordinates. This
model can capture theNGsource by the local interaction in the action, e.g. φ3, during inflation.
From now on, theNG produced during inflation will be dubbed Primordial non-Gaussianity
(PNG) to distinguish them from the NG introduced later after inflation ended, e.g. by late-
time gravitational processes. As the deviation from Gaussianity is small, the nonlinear term is
expected to bemuch smaller than the Gaussian variable. For the fluctuation around 10−5 [63],
we then expect

∣∣f locNL∣∣≪ 105. We will use this model as an example to compute the prediction
on the n-point functions.

2.5.3 N-point Correlation Function: Reload

Back to the discussion of mean and variance of perturbation during inflation, the power
spectrum has been introduced as a Fourier counterpart of the two-point function. The same
mathematical structure works the same for the higher-point function. Since we will be using
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these functions as a main tool to compare theory with observation, let us revise the meaning of
them once again.

Cosmological surveys typically aim to capture the field of fluctuations in a large-scale region.
To obtain the n-point correlation function (NPCF), we effectively measure the fluctuations
from n points in space, find the product, and find the average value of this product over the
survey volume. For example, the two-point correlation function (2PCF) is the average of the
product of the fluctuations at a certain separation,

ξζ(x; r) = ⟨ζ(x)ζ(x+ r)⟩ , (2.129)

where x is the spatial position of the first fluctuation and the second one is located at r from
the first one. Let us apply the cosmological principles to the statistical functions, i.e. isotropy
and homogeneity. Homogeneity in this sense means that we expect the statistical properties of
the fluctuation to be the same regardless of the point in space we are observing from. Hence,
we can remove the dependence on x from the NPCF. The isotropy follows from the fact that
we consider a scalar-mode fluctuation that has no preferred direction fundamentally. Hence,
NPCF shall depend only on the size of the separation. In the end, we have the 2PCF as

ξζ(x; r)
isotropy & homogeneity−−−−−−−−−−−→ ξζ(r). (2.130)

Indeed, we observed the same properties when we computed the 2PCF from the linear theory
(see discussion in section 2.4.4). As discussed in section 2.4.4, the Fourier counterpart of 2PCF
is the power spectrum,

ξζ(r) =

∫
d3k

(2π)3
Pζ(k)e

ik·r, (2.131)

where the power spectrum can be computed through

⟨ζk1ζk2⟩ = (2π)3δ
(3)
D (k1 + k2)P (k1). (2.132)

and the Fourier transform and the inverse Fourier transform of the field are

ζk =

∫
d3xζ(x)e−ik·x,

ζ(x) =

∫
d3kζke

ik·x.

(2.133)
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This can be extended to the 3-point correlation function (3PCF) by including another field to
the correlation functions; the fluctuations at 3 points in space are computed. Essentially, this
is the lowest order of statistics indicating NG in the distribution since a Gaussian distribution
predicts zero-odd NPCF. 3PCF is defined as

ξ
(3)
ζ (r1, r2, ∥r1 + r2∥) = ⟨ζ(x)ζ(x+ r1)ζ(x+ r2)⟩ . (2.134)

An important characteristic of 3PCF is that it forms a triangle configuration in space. Asbefore,
there exists a Fourier counterpart of 3PCF.To find that, we insert the inverse Fourier transform
of the field into the ensemble average and gets

ξ
(3)
ζ (r1, r2, ∥r1 + r2∥) =

∫
d3k1
(2π)3

∫
d3k2
(2π)3

Bζ(k1, k2, ∥k1 + k2∥)
2∏

σ=1

eikσ ·rσ (2.135)

where the bispectrumBζ(k1, k2, k3) is computed from the correlation between three fields in
Fourier space,

⟨ζk1ζk2ζk3⟩ = (2π)3δ
(3)
D (k1 + k2 + k3)Bζ(k1, k2, k3). (2.136)

Notice that the statistical homogeneity and isotropy have already been assumed in the expres-
sions. The first point to realise is the mode vectors associated with the bispectrum also form
a triangle in Fourier space, similar to what 3PCF have in real space. Secondly. the bispectrum
vanishes if the fields ζk were drawn from a Gaussian distribution. As usual, the four-point cor-
relation function (4PCF) and its Fourier counterpart, the trispectrum Tζ(k1, k2, k3, k4), are
defined in the same manner,

ξ
(4)
ζ (r1, r2, r3, ∥r1 + r2 + r3∥) =∫

d3k1
(2π)3

∫
d3k2
(2π)3

∫
d3k3
(2π)3

Tζ(k1, k2, k3, ∥k1 + k2 + k3∥)
3∏

σ=1

eikσ ·rσ
(2.137)

and

⟨ζk1ζk2ζk3ζk4⟩ = (2π)3δ
(3)
D (k1 + k2 + k3 + k4)Tζ(k1, k2, k3, k4). (2.138)

These twoquantities forma tetrahedral geometry in real andFourier spaces. For this fact, 4PCF
is the lowest-order statistic that its reflected configuration in the 3-dimensional space is distin-
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guishable from the original configuration. Therefore, 4PCF is sensitive to the parity violation
that may exist in the observable statistics. This useful property will become important in the
upcoming chapter as a probe into a fundamental feature of gravity.

2.5.4 Local-Form Primordial Non-Gaussianity In Bispectrum

As anticipated, let us use the field redefinition 2.128 to compute the bispectrum of a non-
Gaussian perturbation. From the Fourier transform of the field 2.133, we can write the field
redefinition in Fourier space as

ζk = ζgk +
3

5
f locNL

∫
d3k′

(2π)3
[
ζgk′ζ

g
k−k′ −

〈
ζgk′ζ

g
k−k′

〉]
+ . . . . (2.139)

Then, by computing the 3PCF in Fourier space 2.136, we obtain the bispectrum,

Bloc
ζ (k1, k2, k3) =

6

5
f locNL [Pζ(k1)Pζ(k2) + 2 perm.] , (2.140)

where 2 perm. indicates other 2 similar term to Pζ(k1)Pζ(k2) but permute the pair of mode
vectors from the set {k1, k2, k3}. In the computation, we exploit Wick’s theorem 2.123 to dis-
tribute the correlation of 4 Gaussian fields into products of 2PCF. Then, we trade the Fourier
space 2PCF with the power spectrum through equation 2.132. This formula gives us an esti-
mator of the first kind of PNG, the local PNG, bymeasuring f locNL. Notice that f locNL = 0 corre-
sponds to the Gaussian fluctuations case; the bispectrum is zero. An important feature of this
kind of PNG is scale-independence. Namely, the resulting bispectrum picks the k-dependence
from the product of the power spectrum only while other kinds of PNG will introduce addi-
tional scale-dependence. For Pζ(k) ∝ k−3, we have Bloc

ζ (k1, k2, k3) ∝ P 2
ζ ∝ (k1k2)

−3 in
this case. Pictorially, the effect of NG bispectrum is equivalent to introducing skewness to the
distribution of conserved curvature perturbation (see figure 2.6).

2.5.5 The Squeezed Limit And The Single-Field Consistency Re-
lation

One of the important insights we can learn bymeasuring the local-form PNG is the number
of active fields in inflation. Namely, there exists a consistency relation that holds for single-field
inflationmodels only and the violation of it will rule out all single-fieldmodels regardless of the
details. To introduce that relation, let us discuss a certain limit of the local PNG Bispectrum.
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(a) Positive fNL (b)Negative fNL

Figure 2.6: The plot of probability density function when perturbed with parameter fNL. In this case, the
curves are (a) negatively skewed when fNL is positive, and (b) positively skewed when fNL is negative.

From the k-dependence discussed, we see that the power spectrum and bispectrum peak at a
small k limit. This is beneficial for boosting the signal-to-noise ratio when estimating the f locNL.
Moreover, we obtained an interesting relation in this limit.

Recalling that the mode vectors of bispectrum resemble a triangle configuration in Fourier
space, let us consider the case where one of the sides shrinks down and the other two sides
degenerate, say k3 ≪ k1 ≈ k2 ≈ k. This is the so-called squeezed bispectrum where the
local-PNG bispectrum 2.140 is approximately,

Bloc
ζ (k1 ≈ k, k2 ≈ k, k3 −→ 0) ≈ 12

5
f locNLPζ(k)Pζ(k3). (2.141)

The expression of the bispectrum can be computed from a selected inflation model as well
which we can take the same limit to compare with this effective field approach to NG. For
single-field slow-roll inflation, we would expect f locNL to depend on the slow-roll parameters
since the higher-order interactions that sourcedNGwouldbe included in the inflatonpotential
V (φ)which is parameterized by the slow-roll parameters. Indeed, [16] and [17] find the result,
fNL = 5

6
(η − 2ϵ). The result was extended to a general single-field model in [65] by relying

on the fact that frozen long-mode perturbation modified the short-mode fluctuations within
the horizon during inflation. This effect crucially requires the inflaton to be the only scalar
degree of freedom so that its fluctuation is directly proportional to the curvature perturbation,
whichmodified the short-mode power spectrum. If a new scalar field is introduced, the relation
wouldnot be direct and the followingfield correlationwouldnot be valid. Themethod is nicely
reviewed in [66] for more references. The result is

f locNL =
5

12
(1− ns). (2.142)
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Notice that the local PNG is sourced by the scale dependence of the power spectrum; the local
bispectrum vanishes for the scale-invariant primordial power spectrum (ns = 1). Since [63]
revealed the value of ns to be very close to one, we would expect tiny f locNL ∼ O(10−2) for
the single-field scenarios. The readers might wonder how can the prediction be confirmed if it
is too tiny to detect. But, in reality, the point of this condition is how easy and powerful the
violation of it is. Asmentioned before, the parameter f locNL can be large enough to be detectable,
taking the value f locNL ≪ 105. This means it is possible to find the squeezed bispectrum in the
observation. This will violate the condition and automatically rule out every single-fieldmodel,
despite its details. The latest constraint from Planck’s CMB observation [23] on f locNL is

f locNL = −0.9± 5.1 (68% CL.), (2.143)

which reduces the boundary to f locNL ∼ O(1). Thus, the consistency relation still holds. This is
the first reasonwhy an alternative probe ofNG is important; the additional constraint from an
independent source would complement the existing constraint on f locNL and might invalidate
the consistency relation eventually. The large-scale structure (LSS) probe like the galaxies’ dis-
tribution is one of the strong candidates for producing a constraint at the same precision as
CMB. Future surveys like SPHEREx [24] promise to constrain the parameter to around the
order of 1. The theory and method used to determine the parameter from the LSS probe will
be discussed in the next chapter.

2.5.6 The Zoo of Non-Gaussianities in The Bispectrum

The form of PNG in bispectrum has more variety than just the discussed local form. Other
than the squeezed bispectrum, we can also have the bispectrum that is peaked at other config-
urations of mode vectors. For example, the equilateral bispectrum that peaks at k1 = k2 = k3

(see figures 2.7b and 2.8b) and the enfolded or flattened shape that peaks at k1 = k2 = k3/2

(see figures 2.7c and 2.8c) [67]. These signals are consequences of different inflationmodels in-
heriting different features and more than one model may produce the same kinds of bispectra.
Hence, instead of categorising PNGs with their sourcing models, it is more compact to differ-
entiate them by their peak limits. For instance, the bispectra from theDirac-Bold-Infeld (DBI)
model [68, 69] and the ghost inflation model [70] both peak at equilateral configuration. The
model with the modified initial state of inflation [20, 21] produces the enfolded bispectrum.
Also, some models produce a bispectrum that peaks at two configurations. For example, the
single-field inflationarymodel with theGoldstone bosonmay produce a bispectrum that peaks
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(a) Squeezed Bispectrum (b) Equilateral Bispectrum (c) Enfolded Bispectrum

Figure 2.7: Three examples of the mode vectors’ configurations where the bispectrum peaks. 2.7a The
squeezed bispectrum whose one of the mode vectors is squeezed down, k1 ≈ k2 ≫ k3 −→ 0. 2.7b The
equilateral bispectrum whose mode vectors are equal in size, k1 = k2 = k3. 2.7c The enfolded bispectrum
whose one of the mode vectors is double in length compared to the other two, k1 = k2 = k3/2.

positively at the equilateral configuration and negatively at the folded configuration [22]. Also,
the signal is orthogonal to both equilateral and squeezed forms, hence the name: orthogonal
bispectrum. These different peak behaviourswill introduce different kinds of scale dependence
on the bispectrum which is important for the discussion of their detectability in the observa-
tion later.

In the context of data analysis, the bispectra from the catalogue of inflationary models that
peak in the same configuration are generalised to a shape function. One shape function repre-
sents one kind of PNG regarding their peak limit. The following set of shape functions may
not be directly obtained from the models of inflation but they are designed to be efficient in
the numerical estimation of nonlinear parameters and are justified to be close to the bispectra
given by the proposed models [71].

Equilateral FormNG [72]

Bequil
ζ (k1, k2, k3) =

18

5
f equilNL

ï
−
(
Pζ(k1)Pζ(k2) + 2 perm.

)
− 2
(
Pζ(k1)Pζ(k2)Pζ(k3)

)2/3
+ P

1/3
ζ (k1)P

2/3
ζ (k2)Pζ(k3) + 5 perm.

ò
.

(2.144)
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Enfolded FormNG [20, 21]

Ben
ζ (k1, k2, k3) =

18

5
f enNL

ï
Pζ(k1)Pζ(k2) + 2 perm.

+ 3
(
Pζ(k1)Pζ(k2)Pζ(k3)

)2/3
− P 1/3

ζ (k1)P
2/3
ζ (k2)Pζ(k3) + 5 perm.

ò
.

(2.145)

Orthogonal FormNG [22]

Bortho
ζ (k1, k2, k3) =

18

5
f orthoNL

ï
− 3
(
Pζ(k1)Pζ(k2) + 2 perm.

)
− 8
(
Pζ(k1)Pζ(k2)Pζ(k3)

)2/3
+ 3
(
P

1/3
ζ (k1)P

2/3
ζ (k2)Pζ(k3) + 5 perm.

)ò
.

(2.146)

Notice that the chosen templates, when f equilNL = f enNL = f orthoNL , are related throughBortho
ζ =

Bequil
ζ − 2Ben

ζ .
Regarding the observational result, the amount of PNG of different kinds that exist in the

initial condition is indicated by the nonlinear parameter f equilNL , f enNL and f orthoNL indicated in the
functions above. Departure from zero of these parameters implies a non-zero bispectrum and
hence the existence of NG. Up until now, the most stringent constraints on this parameter are
provided by the CMB analysis where the latest result [23] indicates that

f locNL = −0.9± 5.1 , f equilNL = −26± 47 , f orthoNL = −38± 24

where theuncertainties are of 68% statistical confidence interval. The superscripts ”loc”, ”equil”
and ”ortho” indicate that the parameters represent the bispectrum of squeezed, equilateral and
orthogonal types respectively 3. Even though the existence of NG of any kind is still not con-
firmed by the observational data (the absence of those parameters is still within the confidence
interval), it cannot be denied as well. Therefore, it is beneficial to improve and find alternative

3It has been argued in [22] and [23] that the nonlinear parameter fenNL is directly proportional to −forthoNL

due to the similar behaviour of the shape function. Hence, the estimation of it is omitted.
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(a) Squeezed Bispectrum (b) Equilateral Bispectrum

(c) Enfolded Bispectrum (d)Orthogonal Bispectrum

Figure 2.8: The scale dependence of the shape functions for estimating the nonlinear parameter. Note that
the corresponding nonlinear parameter fNL’s are chosen to be 1 for visualization purposes. The squeezed bis-
pectrum grows up to infinity at k2/k3 −→ 0which corresponds to the squeezed limit. The equilateral and
enfolded bispectra peak at k1/k3 = k2/k3 = 1 and k1/k3 = k2/k3 = 0.5 respectively. The orthogo-
nal bispectrum has two peaks. The positive peak corresponds to the equilateral shape while the negative peak
corresponds to the enfolded shape.
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methods of estimation for these parameters. One suchmethod is through the LSS data analysis
such as the halo bias which will be discussed in this thesis.

2.5.7 Parity Symmetry of General Relativity

Let us spend a few words on the symmetry of this theory. One of the key features of GR,
which is one of this thesis’s main focuses, is parity symmetry. Generally, it is the symmetry of
the left and right sides. By construction, the standard GR is a parity-conserving theory. In
particular, the Einstein-Hilbert action is invariant under parity transformation, x −→ −x.
Let us recall the action,

SGR =
M2

pl

2

∫
d4x
√
−gR =

∫
d4x LGR. (2.147)

The quantity in this action that may depend on the spatial coordinates is the metric tensor
gµν . The parity-invariant line element squared, ds2, implies that 00- and ij-components of
the metric tensor are parity invariant but the i0- and 0j-components gain minus sign under
parity transformation. Essentially, the spatial index is subjected to parity inversion while the
time component is untouched. The Ricci scalar R is overall parity-conserving since it is con-
structed from the contraction of derivatives and metric tensors. Each parity-inverting spatial
index is contracted with its pair and becomes parity-conserving overall. In fact, this property is
already implied sinceR is a scalar4. Therefore, the standardGRLagrangian is parity-conserving,
P[LGR] = LGR.

Moreover, there has been no concrete evidence of parity violation (PV) up until now. In
particular, the clustering process of cosmological objects is expected to work the same even if
the left and right sides of space are flipped. Also, one of the main predictions of the theory is
the existence of gravitational waves (GW), transverse and traceless rank-2 tensor perturbation
on themetric. GWhas 2 degrees of freedom, corresponding to 2 polarizations by construction.
Thus, the parity violation of GR can alsomanifest itself as a rotating polarization of GW.With
the ongoing search, it is still undetermined if this circular polarization state of GW exists or
not.

That being said, two recent independent analyses of the galaxy survey, Baryon Oscillation

4Actually, one still has to check if the quantity is a pseudo-scalar or not. A pseudo-scalar does not have explicit
direction but gains a minus sign from the parity transformation. For example, a two-spinors contraction with
γ5 matrix, existing in weak interaction theory, is a pseudo-scalar. In this case, R is purely constructed from the
space-time indices contractions so it is an actual space-time scalar.
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Spectroscopic Survey (BOSS) DR12 LOWZ and CMASS, data claim the parity-violating fea-
ture in the galaxy distribution [1, 2]. In other words, they found evidence of parity violation in
the galaxy distribution which may lead to some modification of GR. For instance, the parity-
violating signature may exist in the universe’s initial condition. Since the description of the
fluctuation during inflation is based on GR, its modification could alter the production of the
initial perturbation. An example of one suchmodification is theChern-Simons gravity [13, 14]
where a parity-violating term is introduced to the GR Lagrangian (see also [73] and references
therein). However, before we conclude that the signature is of the fundamental origin, one
has to be cautious about other effects that could mimic the parity violation and trick us into
believing that the theory must be modified. This is one of the main discussions of this thesis;
we seek to comprehend the complexity of large-scale structures and how they are observed to
be able tomodel them correctly for the observation. This will be explained in detail later in the
thesis.
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3
Large Scale Structure Distribution

As the name of this thesis, we wish to probe the fundamental physics of inflation through
the late-time observable. It is possible because the superhorizon evolution allows the curvature
perturbation during inflation to become the initial condition of the universe in awell-preserved
way. These curvatures induced an over- and under-dense region of the matter field according
toGR.Hence, the information from inflation is imprinted on the distribution ofmatter in the
late time universe. Thesematter fluctuations do not stay still; they evolve with the dynamics of
space-time and their distribution pattern changes accordingly. Thus, the evolution of matter
fluctuationsmust be studied to infer the initial condition by observing the large-scale structure
(LSS) distribution. This chapter will start with the evolution of matter density before going
into the discussion of biased tracer, which we will explain the meaning of it later.

3.1 Linear Evolution of Fluctuations

After the initial condition set up by inflation, the energy from the inflaton flows into the
standardmodel sector and the universe is reheated. In the beginning, the universe is filled with
radiation while the expansion cools down the cosmic content gradually. Since the energy of
radiation dilutes the fastest, the matter becomes more important in the overall energy budget
where the expansion trend changes. Now, the universe is dominated by dark energy which
has not diluted during the whole history of the universe and the expansion is accelerated once
again. Due to the evolving background expansion, the dynamics of the fluctuation in each
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epoch are different. Moreover, the perturbations from inflation with different sizes re-enter
the horizon at different times. So, the fluctuations on each scale underwent different evolution.
This section will describe the evolution of fluctuations after the Big Bang on a large scale up to
a linear regime.

To find the equations of motion of perturbation, we once again resort back to the (per-
turbed) Einstein Field Equation. We will start by discussing the linear evolution of the fluctu-
ation which is well-approximated only when the fluctuation is still small. Further treatments
will be introduced later for the formation of structures that need beyond the linear description.
To study the gravitational evolution of matter density perturbation, it is convenient to use the
Poisson gauge. This is because the metric perturbation ψ is closely related to the Newtonian
gravitational potential. Moreover, we obtain a constraint equation which resembles the Pois-
son equation (see section 2.3.4). Let us recall the linearly perturbedmetric in the Poisson gauge,

g00 = a2(τ)(1 + 2ψ),

gi0 = g0j = 0,

gij = −a2(τ)(1− 2ϕ)δij,

(3.1)

where we neglect the pure vector perturbation according to the SVT decomposition,ω⊥, since
they are suppressed in the initial condition as discussed in section 2.4. A global rotation field
after inflation is needed to generate such a perturbation on a large scale. However, such a field
or effect that contributes a significant amount of energy to alter the universe’s structure has
not been found yet. For simplicity, we will continue to assume that the transverse vector per-
turbations are negligible and the gravitational potential is the dominant source of the structure
formation. With this simplification, the conformal part of the geometry resembles the weak-
field limit of GR about Minkowski space-time, close to the Newtonian description of gravity.

Thematter fluid is perturbed as in equation2.40. However, we further simplify the situation
by neglecting the anisotropic stress tensorπµν . This quantity is approximately zeromost of the
time; in that standard Big Bang theory, only neutrino fluid can induce a substantial amount of
πµν after decoupling but then gets suppressed in the MD epoch. Furthermore, the transverse
part of fluid velocity is assumed to be zero for the same reason as ω⊥. For density perturbation,
it is useful to define the density contrast,

δ ≡ δρ

ρ0
=
ρ− ρ0
ρ0

, (3.2)
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which is the perturbation compared to the background density. This quantity is dimensionless
and is more versatile in describing the relative size of the perturbation to the environment in
different epochs.

With this setup, the perturbed Einstein equations yield

Dij(ϕ− ψ) = 0

∇2ϕ = 4πGa2ρ0∆m,

ϕ′ +Hϕ = −4πGa2(ρ0 + P0)v

ϕ′′ + 3Hϕ′ + (2H′ +H2)ϕ = 4πGa2δP

(3.3)

whereρ0∆m = ρ0δ−3H(ρ0+P0)v is the comovingdensity perturbation expressed inPoisson
gauge. The first two equations are nondynamical and the latter describes the evolution of the
gravitational potential. Notice that, by the first constraint equation, ϕ and ψ are equal and in-
terchangeable, thanks to the absence ofπµν . This is whyϕ can also be interpreted as the gravita-
tional potentialψ. We continue by assuming the adiabaticity of the fluid, implying δP =

P ′
0

ρ′0
δρ.

For simplicity, we will consider the background dominated by a single component, i.e. deep
into RD andMD epochs. Therefore, we can insert the equation of stateP0 = wp0 to simplify
the relation where w is a constant. We have δP = wδρ where the speed of sound reflects the
background equation of state. After trading H2 and H′ with the Friedmann equations and
installing the equation of state, we obtain the equation of motion in Fourier space,

ϕ′′
k + 3(1 + w)Hϕ′

k + wk2ϕk = 0. (3.4)

SinceH = H(τ), this solution of this differential equation then depends on the background
assumed; H = 1

τ
for RD universe and H = 2

τ
for MD universe. However, notice that the

behaviours of ϕk changes concerning the comparison between the fluctuation’s wavelength
k−1 and the Hubble horizon sizeH−1. This suggests the disparity between superhorizon and
subhorizon behaviours.

3.1.1 Gravitaional Potential: Superhorizon Solution

For superhorizon limit, k ≪ H, the equation 3.4 is approximated to

ϕ′′
k + 3(1 + w)Hϕ′

k ≈ 0. (3.5)

67



w < 1 andH is positive for both RD and MD backgrounds. Hence, there are two solutions
to this equation: decaying and constant modes. We ignore the decaying mode since it would
already be negligible compared to the continuous mode. The key point here is gravitational
potential remains the sameoutside the horizon,whether the universe isRDorMD.This frozen
perturbation is exactly what carried the initial condition out from inflation. Let us reconsider
the definition of gauge-invariant conserved curvature perturbation 2.114 in the Poisson gauge.
By using the Poisson equation, Friedmann equations, and the equation of state, we obtain

ζ ≡ −ϕ−Hδρ
ρ′0

= −5 + 3w

3 + 3w
ϕ, (3.6)

where we see that the quantity ζ is related to the initial gravitational potential that will become
the initial condition of the universe after entering the horizon. Also, this implies that the initial
gravitational potential stored outside the horizon takes different values in different epochs,

ϕRD = −2

3
ζ and ϕMD = −3

5
ζ. (3.7)

A factor of 9/10 appears after the transition from RD toMD era, ϕMD = 9
10
ϕRD.

3.1.2 Gravitaional Potential: General solution

To describe the evolution from the horizon entry, we will keep all terms in the equation 3.4.
Thus, different background dynamics will alter the behaviour of the perturbation by changing
H andw.

RD background

In RD era,w = 1/3 andH = 1/τ . Hence, the equation of motion takes the form,

ϕ′′
k +

4

τ
ϕ′
k +

k2

3
ϕk = 0. (3.8)

This equation can be manipulated into the Helmholtz equation,

x2y′′(x) + 2xy′(x) +
(
x2 − n(n+ 1)

)
y(x) = 0, (3.9)
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by letting x = 1√
3
kτ and y(x) = xϕk(τ) with n = 1. Thus, the solutions of gravitational

potential on RD background are the spherical Bessel and the spherical Neumann functions,

ϕk(τ) = Ak
j1(x)

x
+Bk

n1(x)

x
, (3.10)

where the x-dependence is kept for clarity. The first-order of these special functions takes a
simple form of

j1(x) =
sinx

x2
− cosx

x
,

n1(x) = −
cosx

x2
− sinx

x
.

(3.11)

By matching the superhorizon solution, ϕRD(x −→ 0) = −2
3
ζin, we obtain the general

solution for RD background,

ϕk(τ) = −2ζin
Å
sinx− x cosx

x3

ã
. (3.12)

It is clear that, once the potential enters the horizon during the RD epoch, it oscillates and
decays by time as ∼ x−2 ∝ τ−2 ∝ a−2. The physical explanation is that radiation does
not cluster. Thus, when the universe is filled with radiation, the gravitational potential cannot
assemble the cosmic content since the radiation pressure keeps them away from each other. So,
the potential is solely diluted by the expansion.

MD background

InMD era,w = 0 andH = 2/τ . Hence, the equation of motion takes a simpler form,

ϕ′′
k +

6

τ
ϕ′
k = 0. (3.13)

The solutions of this equation are decay and constant power-law modes,

ϕk(τ) = Ck +Dkτ
−5. (3.14)

Neglecting the decay mode as usual, we have constant gravitational potential at all scales in the
MD epoch. This is because the pressure is zero for pressureless dust and the potential clus-
ters the cosmic content together which strengthens it in turns. Therefore, the potential can
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maintain its magnitude even in an expanding space.

3.1.3 Linear Evolution of Cold DarkMatter

We arrive at the main focus of this thesis: the evolution of matter. The distribution of this
fluid is the key to the formation of structure since it creates gravitational potential at the over-
dense region, pulling themselves together and forming a virialized object. In other words, the
structures observed nowadays are essentially tracers of underlying matter distribution. There-
fore, the dynamics in each epoch must be described to understand the distribution pattern at
eachmoment. We study cold darkmatter (CDM)here because it is the dominating component
ofmatter, owingmore than 5 timesmore energy than baryons. Also, its dynamics are relatively
easy tomodel since it is sensitive to gravitational interaction only, at least after decoupling deep
in the RD epoch.

Generally, we can trade the gravitational potential with the matter density contrast in the
equation 3.5 and obtain the equation ofmotion formatter perturbation. However, there is an-
otherway to obtain the equation ofmotion formatter; the conservation of energy-momentum
tensor gives 4 equations,

T µν ;ν = 0. (3.15)

By using the same setup, we obtain the relativistic continuity and Euler equations,

δ′ + 3H
Å
δP

δρ
− P0

ρ0

ã
δ =

Å
1 +

P0

ρ0

ã
(3ϕ′ −∇ · v)

v′ +Hv − 3HP
′
0

ρ′0
v = − ∇δP

ρ0 + P0

−∇ψ

(3.16)

This method is nice since we are sure that CDM does not interact with other fluids and its
conservation can bewritten independently. Thus, we have the decoupled dynamical equations
from the start. Let us substitute the characteristics of CDM: pressureless, P0 = δP = 0. The
equations reduced to

δ′m +∇ · vm − 3ϕ′ = 0

v′
m +Hvm = −∇ϕ,

(3.17)

where we also insert the zero gravitational slip constraint, ψ = ϕ. By taking the spatial deriva-
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tive of the Euler equation and substituting the continuity equation, we have

δ′′m +Hδ′m = ∇2ϕ. (3.18)

Wewish to trade the gravitational potentialwith the density fluctuations to obtain the equation
of motion for δm. From the Poisson equation, this potential is sourced by all species of cosmic
content, including radiation andmattermainly during theRDandMDperiod. Therefore, the
couplingwith radiation fluctuation δr is expected. However, the contribution of it is irrelevant
for the following reasons. During theRD epoch, we already see that the gravitational potential
sourced by the dominating radiation decayed like ∼ (kτ)−2. By taking the Laplacian to the
solution 3.12, we can infer through the Poisson equation that the radiation density oscillates
around zero in RD. In theMD era, the gravitational potential is constant. But, since the radia-
tion does not cluster, the fluctuation oscillates around a new equilibrium set by the stationary
potential. Thus, radiation on average would not contribute stably to gravitational potential
in a time scale much longer than the oscillation period; there is no long-living shift. All these
discussions can be explicitly shown by writing down the radiation fluid equations. Hence, the
Poisson equation can be practically written as

∇2ϕ ≈ 4πGa2ρ0,m∆m ≈
3

2
H2δm + 3H(ϕ′ +Hϕ). (3.19)

Notice that, at this point, we can already infer the superhorizon evolution of density contrast.
Since the potential is stationary outside the horizon and k ≪ H, we can neglect the Laplacian
and time derivative of ϕ. Then, one finds that δm ∝ −ϕ remains constant in time at super-
horizon limits, both in the RD and MD epochs. However, the magnitude of the comoving
density contrast ∆m grows like (kτ)2 outside the horizon. In the subhorizon limit k ≫ H,
we see earlier that the potential either decays like (kτ)−2 during RD or stays constant during
MD. Therefore, we can neglect 3H(ϕ′

k +Hϕk)when comparing to k2ϕk,

∇2ϕ ≈ 4πGa2ρ0,mδm ; Subhorizon limit. (3.20)

An interesting implication is the density perturbation in the Comoving and Poisson gauges are
the same on a scale deep in the horizon. This shows that the gauge ambiguity is lifted when we
translate froma large scale, where theGReffect is important, to a small scale, whereNewtonian
gravity is effective enough, as we have discussed at the beginning of section 2.3. In this case, the
evolution of δm and∆m coincide. The following discussion will be dedicated to the behaviour
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inside the horizon. The final equation of motion yields

δ′′m +Hδ′m − 4πGa2ρ0,mδm ≈ 0. (3.21)

For a two-component universe, we can use the Friedmann equation 2.10 to write the time-
dependent conformal Hubble parameter as

H2 = H2
0

Ω2
m,0

Ωr,0

Å
1

y
+

1

y2

ã
, (3.22)

where y = a/aeq and aeq is the scale factor at ρm = ρr. Insert this into the equation and
change variables to give us the so-calledMészáros equation [74],

δ′′m(y) +
2 + 3y

2y(1 + y)
δ′m(y)−

3

2y(1 + y)
δm(y) = 0. (3.23)

The solutions of this equation are

δm ∝

2 + 3y

−(2 + 3y) ln
Ä√

1+y+1√
1+y−1

ä
+ 6
√
1 + y

. (3.24)

This solution smoothly describes the evolution of matter density from the RD to the MD
epochs. Let us focus on the growing mode in each era. The solution in deep RD can be found
by considering y ≪ 1; thematter perturbation growingmode is logarithmic, δm ∝ ln (a/aeq).
In the MD epoch (y ≫ 1), the perturbation grows linearly, δm ∝ a/aeq. This disparity of
evolution in theRD andMDperiods implies scale dependence in the observedmatter distribu-
tion in the deepMD epoch. This follows from the fact that the fluctuations at each scale enter
the horizon at different times. Recalling the horizon crossing criterion, k = H, we can define
the scale that enters at a = aeq as keq.

To understand how this post-process introduces scale dependence, let us indicate the time
stamps in perturbation evolution withmode k. Initially, the density perturbation lives outside
the horizon where it stays constant in time (but depends on k). Then, the perturbation en-
ters the horizon at k = H corresponding to some scale factor a = ak. From this point, the
perturbation starts to grow, with the trend depending on the epoch in which the perturbation
crosses the horizon. Then, the perturbation reaches the time of observation; let us say we are
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observing the structure at a = aobs. The summary of evolution would be

k3/2ϕk = constant
Horizon-crossing−−−−−−−−→ δk=H ∝ ϕk=H ∝ k−3/2 time evolution−−−−−−→ δk(aobs), (3.25)

where the subhorizon evolution is divided into two cases,

δk(aobs) =

ln
Ä
aeq
ak

ä Ä
aobs
aeq

ä
δk=H ;Enter in RDÄ

aobs
ak

ä
δk=H ;Enter in MD

. (3.26)

Notice that we assume a scale-independent dimensionless power spectrum of ζ so that k3|ζk|2

is constant which is equivalently ζk ∝ ϕk ∝ k−3/2. The relation between ϕ and δ is given
by the Poisson equation. To recognize the dependence on k of δk, we recall that the horizon
crossing time ak depends on k from the relation k = H. It can be inferred from the growing
rate of H that ak is proportional to k−1 and k−2 for the mode entering in the RD and MD
epochs, respectively. Hence, the final k-dependence can be written as

δk(aobs) ∝

k−3/2 ln
Ä

k
keq

ä
;Enter in RD

k1/2 ;Enter in MD
. (3.27)

This is the so-calledMészáros effect, the post-process that introduces dependence on k to the
scale-invariant initial condition. By computing the matter power spectrum, we obtain the fa-
mous prediction,

Pm(k) ∝

k−3
Ä
ln
Ä

k
keq

ää2
; k > keq

k ; k < keq
, (3.28)

where keq = 0.073Ωmh
2 Mpc−1 is the scale entering the horizon at matter-radiation equality

time. The proportionality shows that the amplitude of density fluctuation on a small scale
grows as the cubic length scale (1/k)3 but decreases inversely (1/k)−1 after passing the scale
1/keq on a larger scale (see figure 3.1)

Typically, this effect is captured by introducing the transfer function, T (k), whichmay have
various definitions throughout the literature. In this thesis, a certain definition is adopted,

ϕk =
3

5
T (k)ζk

1. (3.29)

1The factor 3
5 is there for historical reasons, It came from the relation between the primordial Bardeen poten-
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Figure 3.1: Scale dependence of matter density power spectrum. The thick black line presents the prediction
by linear theory as being done here. The red dashed line is the prediction with non-linear corrections. This plot
is taken from the Cosmology Part IIIMathematical Tripos lecture note, D. Baumann.

The relation describes the modification of the gravitational potential ϕ rather than the density
fluctuation. This is the effect discussed above without passing the potential through the Pois-
son equation. In particular, the solutions 3.12 tells us that ϕk ∝ k−7/2 and solution 3.14 tells
us that ϕk stays constant after crossing the horizon, suggesting that it keep the k-dependence
like ϕk ∝ k−3/2 from the primordial perturbation. It is important to stress that this is not ex-
actly an equal-time relation;Φk is the value in thematter-dominated epochbut ζk is a stochastic
value provided by inflation. The transfer function here is merely a separation of scale depen-
dence caused by theMészáros effect from thewholemodification. To complete the description,
the linear growth factorD(a), encoding the linear evolution part to an arbitrary observation
time, must be included. In the MD epochs, D(a) ∝ a (see solution 3.24 and the following
discussion). The Poisson equation is then used to translate from potential to density contrast.
The final form is

δk(a) =
2

5

k2T (k)D(a)

ΩmH2
0

ζk. (3.30)

Notice that the formula returns identical asymptotic k-dependence as solution 3.27. This will
be the starting point for the formation of the structure in the following section.

tial and the curvature perturbation that enter the horizon during the matter-dominated era [75].
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3.2 Nonlinear Evolution of the Cold DarkMatter

The linear evolution of dark matter density on the superhorizon and subhorizon scales has
been discussed in the last section. There, the Mészáros effect is found which is the first mod-
ification on density perturbation introduced by the dynamics after inflation we see. Ending
the discussion, we conclude that the linear density perturbation is growing linearly with the
scale factor in theMD epoch (see solution 3.24). This suggests one important issue: the linear
perturbation will become inaccurate at some point in the late time universe. Later on, we will
discuss the structure formation during the MD era which will require the nonlinear descrip-
tion of perturbation evolution. Hence, let us focus on the universe with the MD background.
Generally, we write

δk(τ) =
∞∑
n=1

δ
(n)
k (τ),

θk(τ) =
∞∑
n=1

θ
(n)
k (τ),

(3.31)

in Fourier space. From this point, the subscript ”m” is dropped from thematter background
density and density contrast for clarity. Here, we see the appearance of fluid velocity perturba-
tion: θ = ∇ ·v is the fluid velocity divergence. Previously, the fluid velocity was not explicitly
discussed because its divergence is directly proportional to the density contrast as a linear solu-
tion on the MD background, δ′m = −∇ · vm. In other words, we expect the same solution
for δ(1)k (τ) and θ(1)k (τ). The nonlinearity starts from the second-order and beyond which are
the aim of this section.

3.2.1 Collisionless Self-Gravitating CDM Fluid Equations

To do so, let us write the fluid equations for CDMagain, but this time in a nonlinear regime.
It is hard to follow the previous procedure; fully nonlinear cosmological perturbation theory
would require us to consider the gauge problem and derive the equation of motion from Ein-
stein’s equationor conservation of energy-momentum tensor order by order. Hence, we follow
a simpler analysis. We have seen the gauge ambiguity vanish on the subhorizon limit where the
Poisson equation takes the same form as in Newtonian gravity (see equation 3.20 and the dis-
cussion above it). Hence, Newtonian gravity is not a bad approximation as we will consider
structures much smaller than the horizon scale. Furthermore, CDM is assumed to interact
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only with gravity. We see from the previous section that the source of gravitational potential is
matter (see equation 3.19 and the discussion above it). Since CDM is the major contributor of
matter in our universe, CDM fluid is effectively gravitating itself. These assumptions reduce
our description of CDM perturbation to a collisionless self-gravitating fluid on an expanding
background. With a non-relativistic space-time, the Lagrangian of such a particle can be easily
written as

L =
1

2
m
∥∥ẋphys(x, t)

∥∥2 −mΦ(x, t), (3.32)

wherem is the mass of the CDMparticle andx refers to comoving coordinates. The potential
Φ is different fromϕ encountered previously. This quantity is rather defined as the background
potential responsible for the expansion with the perturbation part,

Φ = Φb + ϕ ; Φb =
2

3
πGρ0∥x∥2. (3.33)

The background potential is matched from the Friedmann equation 2.10 as an energy con-
straint of the static object on comoving coordinates. As in Newtonian gravity, the potential is
constrained by the Poisson equation,

∇2Φ = −4πGa2ρ, (3.34)

where the Laplacian is constructed from the spatial derivative on the comoving coordinates.
With the defined potential, the background part of the Poisson equation vanishes. So, the part
can be removed and the equation is left with the perturbation part,

∇2ϕ = −4πGa2ρ0δ, (3.35)

Recall that xphys = a(t)x so that the Lagrangian can be written as

L(x, ẋ) = 1

2
ma2(t)∥ẋ∥2 −mϕ(x, t), (3.36)

where we exploit the symmetry of Lagrangian and use the canonical transformation, L −→
L + dΨ

dt
withΨ = 1

2
maȧ∥x∥2, with the help from the Friedmann equation 2.10. With this

Lagrangian, we can the conjugate momentum of the system as

p = ∇ẋL = mav, (3.37)
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where the peculiar velocity is v = ẋ. The equation of motion is the Euler-Lagrange equation,

ṗ = ∇L −→ dv

dt
+Hv = −1

a
∇ϕ, (3.38)

which is the Euler equation in the Lagrangian picture of fluid. Alternatively, we can discuss the
Hamiltonian mechanics. By Legendre transformation, we can change the dynamical variables
(x, ẋ) −→ (x,p) and write a Hamiltonian define on phase space,

H(x,p, t) =
p2

2ma
+mϕ(x, t), (3.39)

and the equation of motion can be computed from the Hamilton equations.

The situation can also be analysed statistically since we are interested in the collective phe-
nomena of CDM particles rather than the motion of a single particle. Generally, we can now
consider the phase space evolution of the distribution function. Let us recall the evolution
equation in phase space,

L̂[f ] = Ĉ[f ], (3.40)

where f is the phase space distribution. The left-hand side of the equation is the Liouville
operator L̂, returning is the change along the phase space trajectory. The right-hand side is
the collision operator, encoding the change due to particle interactions. In the case of CDM,
the collision is assumed to vanish since it only interacts with gravitational potential, causing a
change in momentum. Hence, the situation falls into the case of Louisville theorem; the phase
space distribution function is conserved along the phase space trajectory,

L̂[f ] =
df

dλ
= 0, (3.41)

where λ is the affine parameter of the trajectory curve. For f = f(x,p, t), we obtain the
so-calledVlasov-Poisson equation,

df

dt
+

p

ma2
·∇f −m∇ϕ ·∇pf = 0, (3.42)

where the potential ϕ is sourced through the Poisson equation 3.35. It is hard to solve for the
distribution function exactly from this equation. Luckily, we donot have to do so to obtain the
statistical quantities. Those characteristics can be obtained by finding the moment solutions
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of this equation. Namely, the mass density and fluid velocity are defined as

ρ(x, t) =
m

a3

∫
d3p f(x,p, t)

v(x, t) =
1

ma

∫
d3p pf(x,p, t)∫
d3p f(x,p, t)

(3.43)

Notice that the fluid description also changes from the Lagrangian picture to the Eulerian pic-
ture since we are no longer tracking the motion of each particle. Rather, we define statistical
quantities on a static coordinate through moments of the distribution function. For instance,
the fluid velocity is not the time-derivative of the coordinates like in the Lagrangian picture
but rather a vector field defined on phase space. Before proceeding, let us assume isotropy of
the distribution function f = f(x, p, t) since we do not expect the distribution of particles
to depend on the direction of its momentum. The equation of motion of the zeroth moment
can be obtained by integrating the Vlasov-Poisson equation over the momentum volume,

∂ρ

∂t
+ 3Hρ+

1

a
∇ · (ρv) = 0, (3.44)

which is the continuity equation of fluid on an expansion coordinate. We neglect
∫
d3p∇pf

by the isotropy of f . The density in this equation can be split into the background and pertur-
bation parts, ρ = ρ0(1 + δ). The background matter density is expected to dilute as a−3 (see
equation 2.9) so we have the background part as ρ0̇ + 3Hρ0 = 0. Therefore, the continuity
equation above is left with just the perturbation part,

∂δ

∂t
+

1

a
∇ · [(1 + δ)v] = 0 (3.45)

The first moment can be found by
∫
d3p p (3.42),

∂vi

∂t
+Hvi +

1

a

Å
vi

∂

∂xi

ã
vi = −1

a

∂ϕ

∂xi
− 1

aρ

∂

∂xi
[
ρΠij

]
, (3.46)

where the velocity dispersion tensor is defined as

Πij =

∫
d3p pipjf(x,p, t)∫
d3p f(x,p, t)

− vivj, (3.47)

and the indices notation for 3D vectors and tensors is used here. Notice that the velocity dis-
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persion is sourced by the pressure of the fluid in the isotropic case,Πij = Pδij , which is zero
for pressureless CDM. Hence, the last term is neglected. Considering the equations 3.44 and
3.46, the scale factor always appears where the spatial derivative is. This is because fluid is on
an expanding coordinate. The factor can be absorbed by rescaling the time into the conformal
time so the coordinate is conformal to a static flat (Minkowski) space-time. The final set of
fluid equations is

∂δ

∂τ
+∇ · [(1 + δ)v] = 0,

∂v

∂τ
+ (v ·∇)v +Hv = −∇ϕ,

∇2ϕ =
3

2
ΩmH2δ,

(3.48)

where the last equation is non-dynamical and comes from the Poisson equation 3.19 modified
with the Friedmann equation 2.10. It is important to emphasize that no linear approximation
has been done in this derivation. These equations are obtained by separating the background
and disturbance parts. The existing and well-known background dynamics are used to remove
the background part of the equations and all nonlinear terms of inhomogeneous quantity are
well-kept.

Another worthmentioning is the continuity and Euler equations in this case can be written
in terms of convective time derivative, D

Dτ
= ∂

∂τ
+ v ·∇,

Dδ

Dτ
+ θ(1 + δ) = 0,

Dv

Dτ
+Hv = −∇ϕ.

(3.49)

Notice that the Euler equation matches the equation of motion 3.38 obtained earlier if we
go back to the physical time scale and reduce the convective derivative to the partial derivative.
Indeed, the convective time derivative in the Euler description turns into the partial time in the
Lagrangian fluid description.

The Euler and Poisson equations can be combined to remove ϕ from the picture. To do so,
we take a spatial derivative to the Euler equation. The result is

∂θ

∂τ
+Hθ + 3

2
ΩmH2δ = −vi∂iθ − ∂ivj∂jvi. (3.50)
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Then, we have a system of two nonlinear fluid equations with 2 degrees of freedom: the fluid
density and velocity. From this point, we can solve the system order by order of perturbation
to obtain the nonlinear evolution of CDMfluid. It is useful to move to the Fourier space since
it is easier to order the structure by its scale. So, the (inverse) Fourier transformation of the
quantities are

δ(x, τ) =

∫
d3k

(2π)3
δk(τ)e

−ik·x,

v(x, τ) =

∫
d3k

(2π)3
vk(τ)e

−ik·x,

θ(x, τ) =

∫
d3k

(2π)3
θk(τ)e

−ik·x.

(3.51)

Notice that the relation θ = ∇·v implies thatvk = i k
k2
θk in Fourier space. These transforma-

tions can be plugged into the first equation of 3.48 and equation 3.50 to obtain the equations
in Fourier space,

∂δk(τ)

∂τ
+ θk(τ) =

−
∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)α(k1,k2)θk1(τ)δk2(τ),

∂θk(τ)

∂τ
+H(τ)θk(τ) +

3

2
Ωm(τ)H2(τ)δk(τ) =

−
∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)β(k1,k2)θk1(τ)θk2(τ),

(3.52)

where we use the notation
∫
k
≡
∫

d3k
(2π)3

for clarity. The kernels are defined as

α(k1,k2) =
k1 · (k1 + k2)

k21
and β(k1,k2) =

∥k1 + k2∥2(k1 · k2)

2k21k
2
2

. (3.53)

The system is conveniently presented in partial differential equations (PDE) of time. All time-
dependent functions are indicated with the argument.

3.2.2 Standard Perturbation Theory (SPT) Approach

The system 3.52 can be solved perturbatively where the solution can be obtained order by
order (see expansion 3.31). In particular, the lower-order solutions are used to solve for the
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next-order solutions. Notice that the right-hand side of the equations 3.52 hosts the nonlin-
ear contribution which will be substituted with the solutions from the previous order. Our
starting point would be on the linear level where we can neglect the right-hand side of the equa-
tions completely. The solutions are expected to match the linear evolution on the subhorizon
scale discussed in the last section. Since the linear part of the system is already satisfied, the
second-order PDEs can be obtained by extending the approximation up to the second-order in
perturbation. Then, the linear solution enters the second-order system via the nonlinear terms
which we can then solve. The procedures then repeat for higher-order solutions. So, we would
expect the PDEs of the nth-order solution to be

1

H
∂δ

(n)
k (τ)

∂τ
+
θ
(n)
k (τ)

H
=

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)α(k1,k2)

θ
(m)
k1

(τ)

H
δ
(n−m)
k2

(τ),

1

H
∂

∂τ

Ç
θ
(n)
k (τ)

H

å
+

ÅH′

H2
+ 1

ãÇ
θ
(n)
k (τ)

H

å
+

3

2
Ωmδ

(n)
k (τ) =

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)β(k1,k2)

θ
(m)
k1

(τ)

H
θ
(n−m)
k2

(τ)

H
,

(3.54)

where we manipulate the equations such that θ(n)k1
(τ) is normalized byH. A quick inspection

would tell us that the PDEs at each order are nonlinear so it is nontrivial to solve. But, let
us explore some possibilities step by step. Looking at the system again, there are only time
derivatives and k is nondynamical. So, we may expect a solution of each order with the time-
dependent part factored out from themode-dependent coefficient. However, the nonlinearity
of the integral term prevents us from factoring the k-dependence part out from the PDEs. If
possible, a nontrivial choice of separation would be needed to solve the equations. Before that,
let us apply some approximation to the PDEs to simplify the situation.

SPTOn A Fixed Background Cosmology

Before that, let us manipulate the equations further. The linear growth factor of the CDM
density perturbation is introduced in the last section where we foundD(a) ∝ a in the deep
MD epoch. As we want to be general and stay on a ΛCDM, let us define the growth rate
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parameter,

f ≡ d lnD

d ln a
=

1

H
d lnD

dτ
. (3.55)

Equivalently,D(a) ∝ af . For the EdS universe, we expect f = 1 as we have found earlier for
deepMD epoch. Therefore, the PDEs take the forms,

∂δ
(n)
k (τ)

∂ lnD
+
θ
(n)
k (τ)

Hf
=

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)α(k1,k2)

θ
(m)
k1

(τ)

Hf
δ
(n−m)
k2

(τ),

∂

∂ lnD

Ç
θ
(n)
k (τ)

Hf

å
+

1

f

ÅH′

H2
+ 1

ãÇ
θ
(n)
k (τ)

Hf

å
+

3

2

Ωm

f 2
δ
(n)
k (τ) =

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)β(k1,k2)

θ
(m)
k1

(τ)

Hf
θ
(n−m)
k2

(τ)

Hf
.

(3.56)

Asmentioned in the last section, the fluid equations are built in the deepMD epochwhereΩm

is very close to one. On aΛCDMbackground,Ωm is time-dependent as the universe translates
through different eras, from the RD to ΛD epochs. However, we can approximate Ωm as a
constant for a timescale much smaller than the entireMD period. Notice that this also implies
a constant growth rate f since the background parameters are unchanged. This simplification
is equivalent to asking for a fixed background cosmology. Of course, this is not true in the well-
accepted ΛCDM universe model and we will comment on this later. Let us solve this system
in the linear order. In that case, we neglect the integral terms since they are nonlinear,

∂δ
(1)
k (τ)

∂ lnD
+
θ
(1)
k (τ)

Hf
= 0,

∂

∂ lnD

Ç
θ
(1)
k (τ)

Hf

å
+

1

f

ÅH′

H2
+ 1

ãÇ
θ
(1)
k (τ)

Hf

å
+

3

2

Ωm

f 2
δ
(1)
k (τ) = 0.

(3.57)

By the first equation, δ(1)k (τ) ∝ D(τ) implies the linear solution,

θ
(1)
k (τ) = −Hfδ(1)k (τ). (3.58)
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After substituting the solution into the second PDE, we obtain a constraint,

1

f

ÅH′

H2
+ 1

ã
=

3

2

Ωm

f 2
− 1. (3.59)

Therefore, we can rewrite the PDEs for the nth-order perturbation as

∂δ
(n)
k (τ)

∂ lnD
+
θ
(n)
k (τ)

Hf
=

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)α(k1,k2)

θ
(m)
k1

(τ)

Hf
δ
(n−m)
k2

(τ),

∂

∂ lnD

Ç
θ
(n)
k (τ)

Hf

å
+

Å
3

2

Ωm

f 2
− 1

ãÇ
θ
(n)
k (τ)

Hf

å
+

3

2

Ωm

f 2
δ
(n)
k (τ) =

−
n−1∑
m=1

∫
k1

∫
k2

δ
(3)
D (k − k1 − k2)β(k1,k2)

θ
(m)
k1

(τ)

Hf
θ
(n−m)
k2

(τ)

Hf
.

(3.60)

Notice that the linear-order solutions factor their time dependence out as linear growth factor
D(τ). In particular, the solutions are written as

δ
(1)
k (τ) = D(τ)δ

(1)
k ,

θ
(1)
k (τ) = −H(τ)fD(τ)θ

(1)
k ,

(3.61)

where δ(1)k = θ
(1)
k at the first order. These solutions will be substituted into the second-order

equations to solve for the next-order solution. The crucial point is the equations are homoge-
neous inD(τ). Thus, we can always factor the time dependence out. Moreover, the nonlinear-
ity of the integral term suggests that the time dependence of the nth-order solution isDn(τ).
Therefore, we re-write the order expansion more conveniently,

δk(τ) =
∞∑
n=1

Dn(τ)δ
(n)
k ,

θk(τ) = −H(τ)f
∞∑
n=1

Dn(τ)θ
(n)
k .

(3.62)

Let us emphasize that this factorization of time dependence is possible because we assume con-
stantsΩm and f . The assumptionmade the equation homogeneous in the growth factor so the
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solution can be ordered with the power-law time-dependent factor. Now that the evolution
part is known, we need the solutions for mode-dependence amplitudes. The factorization of
time dependence would leave the systemwith constraint equations where the integral of lower-
order solutions solves the next-order amplitudes. Thus, the solutions can be solved iteratively
starting from the known linear solutions. Then, it is realized that all higher-order solutions are
merely multiple first-order density solutions integrated against a kernel,

δ
(n)
k =

∫
q1

· · ·
∫
qn

δ
(3)
D

(
k −

n∑
i=1

qi

)
F (s)
n (q1, . . . , qn)δ

(1)
q1 . . . δ

(1)
qn ,

θ
(n)
k =

∫
q1

· · ·
∫
qn

δ
(3)
D

(
k −

n∑
i=1

qi

)
G(s)
n (q1, . . . , qn)δ

(1)
q1 . . . δ

(1)
qn .

(3.63)

where the superscript ”(s)” denotes a symmetrized-in-k’s kernel. This follows from the fact
that a kernel solved from the constraint equations will get symmetrized by δ(1)q1 . . . δ

(1)
qn in the

end. With these ansatzes, we can solve for the kernels from the equations 3.60. The recursion
relations are

Fn(q1, . . . , qn) =

ïÅ
2n+ 3

Ωm

f 2

ã
(n− 1)

ò−1 n−1∑
m=1

Gm(q1, . . . , qm)ï
2β(k1,k2)Gn−m(qm+1, . . . , qn) +

Å
2n+ 3

Ωm

f 2
− 2

ã
α(k1,k2)Fn−m(qm+1, . . . , qn)

ò
,

Gn(q1, . . . , qn) =

ïÅ
2n+ 3

Ωm

f 2

ã
(n− 1)

ò−1 n−1∑
m=1

Gm(q1, . . . , qm)ï
2nβ(k1,k2)Gn−m(qm+1, . . . , qn) + 3

Ωm

f 2
α(k1,k2)Fn−m(qm+1, . . . , qn)

ò
,

(3.64)

where k1 =
∑m

i=1 qi and k2 =
∑n

i=m+1 qi. Let us also recall that k = k1 +k2 according to
solutions 3.63. Notice that the first-order kernels are trivial,

F1 = G1 = 1. (3.65)
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The kernel obtained from this formula is bare and can be symmetrized by

F (s)
n (q1, . . . , qn) =

1

n!

∑
σ

Fn(q1, . . . , qn),

G(s)
n (q1, . . . , qn) =

1

n!

∑
σ

Gn(q1, . . . , qn),
(3.66)

where σ denotes all permutations of set {q1, . . . , qn}.

Solution on Einstein-de Sitter Background

Let us use this framework to obtain the second-order solution as an example. Typically, the
situation is simplified to a pure EdS universe, representing the deep MD epoch. In this case,
the universe is occupied solely by matter (Ωm = 1) and the linear growth factor isD(a) ∝ a

(f = 1). Moreover, the scale factor grows like τ 2 and the Hubble parameter takes the form
H = 2/τ . Hence, the expansion can be written as

δk(τ) =
∞∑
n=1

an(τ)δ
(n)
k ,

θk(τ) = −H(τ)
∞∑
n=1

an(τ)θ
(n)
k .

(3.67)

The second-order kernels are obtained by substituting the first-order kernels 3.65 into the re-
cursion relations 3.64 with the specification of the EdS universe. Then, the kernels are sym-
metrized through the formula 3.66. The results are

F
(s)
2 (q1, q2) =

5

7
+

2

7

(q1 · q2)
2

q21q
2
2

+
q1 · q2

2

Å
1

q21
+

1

q22

ã
,

G
(s)
2 (q1, q2) =

3

7
+

4

7

(q1 · q2)
2

q21q
2
2

+
q1 · q2

2

Å
1

q21
+

1

q22

ã
.

(3.68)

These kernels are thenused to compute themode-dependent part of the second-order solutions
δ
(2)
k and θ(2)k through formulae 3.63. We obtain the full second-order solution with the time
evolution factor (see expansions 3.67). Let us point out that the numerical coefficients in the
kernels depend on the background cosmology, i.e. the factorΩm/f

2 seen earlier. Hence, those
numbers are valid only for the EdS background and will take different values forΩm ̸= 1.

85



SPTOn An Evolving Background Cosmology

A crucial simplification we have made in the last section is asking Ωm to be a constant; we
fixed the background cosmology. It is well-known that the best model of the universe is the
ΛCDM model (see section 2.1.3) which has an evolving background where the density pa-
rameters change with time. Reinstalling time-dependence to Ωm would have sabotaged the
homogeneity in the linear growth factor of PDEs 3.60 and the time evolution factorization
of the ansatzes 3.62 would not work. However, we can still follow the same logic and write
slightly more complicated expansions. Let us reconsider the computation of solutions. The
first-order solution can still be split into time evolution and mode dependence as obtained in
section 3.1.3. This is because the linear-order equations 3.57 are homogeneous in δ(1)k and θ(1)k

and the derivative operator only cares about the time evolution of the solution. Hence, the
mode-dependence part can be factored out and the linear growth factor is obtained by inte-
grating the remaining equations. The second-order solutions are non-trivial to obtain. The
inhomogeneity in D(τ) prevents us from factoring out the time dependence from the equa-
tion completely like before. However, the factorized form of the first-order solution ensures
the separation of time-dependent function at some level of the solution. Indeed, D2(τ) can
still be nicely factored out from the integral. So, we can at least use the separation of variables,
δ
(2)
k (τ) = D2(τ)δ

(2)
k and θ(2)k (τ) = D2(τ)θ

(2)
k , to solve the PDEs. The second-order growth

factorD2 is obtained by integrating PDEs and the mode-dependent part is obtained from the
following constraint equations. The third-order solution can be solved with the same method
as the second-order. The story is more complicated at higher order; there is more than one
integral term on the right-hand side of the PDEs. Each contribution is equipped with a differ-
ent combination of time-dependent factors. For instance, the fourth-order equations would
have the integrals with δ(2)δ(2) and δ(3)δ(1) which will give different time dependence. The
naive separation of variables cannot be used anymore. Instead, the solutions are factorized as
δ
(2)
k (τ) =

∑n−1
m Dm,n−m(τ)δ

(m,n−m)
k and θ(2)k (τ) =

∑n−1
m Dm,n−m(τ)θ

(m,n−m)
k . In this

way, the equations can be separated into multiple PDEs with their own integral contribution
which can be solved independently. For instance, in the fourth-order solution, the growth
factor D2,2(τ) can be integrated from the PDEs with δ(2)δ(2) integral term while D3,1(τ) is
obtained separately from the PDEs with δ(1)δ(3). Each growth factor will have its mode de-
pendence part, δ(m,n−m)

k and θ(m,n−m)
k with the personalised kernels F(m,n−m) andG(m,n−m).

The set of solutions grows rapidly from the fixed background case andwill not be computed in
this thesis. [76] pointed out that the EdS background is not a bad approximation. f ≈ Ω0.55

m
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on ΛCDM background with the accuracy of linear growth factorD(τ) down to < 1% level
at any time in rangeΩm ∈ [0.01, 1], which is well-approximated by EdS expansion.

3.3 Introduction to Biased Tracer

Direct observation of the underlying matter distribution is hard since our detection is lim-
ited to electromagnetic waves. Not all region in space emits a detectable signal and a full map
of matter in the universe is still to be achieved. However, nature is still kind enough to leave
us with some observable. Astronomical objects like galaxies are detectable and the recent cat-
alogues contain millions of them [77, 78]. This large number of objects allows us to perform
a feasible statistical analysis to learn about their underlying distribution. Let us define the (co-
moving) number density contrast,

δg(x) ≡
δng(x)

n̄g
=
ng(x)− n̄g

n̄g
, (3.69)

analogue to the matter density contrast. ng(x) is the comoving tracer number density while
n̄g is the average number density. By construction, the mean of this quantity (one-point func-
tion; ⟨δg⟩) is zero. This is the statistical quantity of interest from which we will compute the
NPCF. As usual per cosmological probes, the limitation of observation over space forced us to
infer the ensemble average quantity from averaging over survey volume. This means there are
2 hypotheses to be adopted. Firstly. the homogeneity and isotropy of the underlying ensemble
are assumed so that the sample at different points and directions are drawn from the same en-
semble. Secondly, the observed sample of tracers is a fair sample that represents the ensemble
well. With these two hypotheses, we expect the ergodicity over space of the tracer samples that
the statistics inferred from averaging over the observable sky will be a good representation of
the real distribution. Equivalently, the probability of finding an object P in a volume element
δV is given by

P = n̄gV. (3.70)

The probability here is position- and directional-independent, emphasizing the statistical ho-
mogeneity and isotropy. So, nomatter fromwhich area you are sampling the population of the
galaxy, the measured statistics will be the same. We anticipate that more details on the statistics
of the tracer will be presented in section 3.5.

A slight complication is that these objects do not represent the matter distribution directly.
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The structure formation and clustering process are complicated and the number of tracersmay
not be directly proportional to the level ofmatter over density; the nonlinearity of gravity could
spoil the proportionality. Moreover, the galaxy’s formation rate can depend heavily on physics
other than gravity like the local radiation field [79, 80, 81]. For tracers like dark matter halo,
not all over-dense regions collapse into halo. These complications and many more are why
these observed objects are biased tracers of the matter distribution. The connection between
these biased tracers and the density distribution is crucial to mapping the universe’s structure
at different times, unlocking thewindow to infer the initial condition and fundamental physics
of inflation that came with it.

Before continuing the discussion, let us clarify the different species of biased tracers. In this
thesis, there are two kinds of tracers discussed:

• Dark Matter Halo: This is a hypothetical virialized region of dark matter enclosing
smaller sub-structures inside. Since dark matter is not luminous, the halo cannot be
directly observed by using electromagnetic waves. However, the halo is over-dense in
matter and creates a gravitational potential well bounding other visible objects like galax-
ies inside them. Therefore, it can be identified by applying the halo finding algorithm
to the distribution of galaxies such as the Friends-of-Friends (FoF) [82] and spherical-
overdensity (SO) [83] algorithms. andTheoretically, the object is formed by the collapse
of an over-dense region. Therefore, the statistic of the DM halo is associated with the
statistics of underlying matter via the collapse theory which will be discussed shortly.

• Galaxies: They can be observed directly thanks to their electromagnetic wave emission.
So, the identification ismuch less complicated than theDMhalo and the number of this
kind of tracer is much larger. However, their statistics are harder to model. Unlike DM
halo whose formation is dominated by gravitational process, the formation of galaxies
is a very complex process and can depend on many environmental factors other than
gravity itself. Thus, we will not attempt to build the theory bottom-up but rather write
an effective biased relation of the density fields (more detail later).

In this section, the theory of biased tracers and the statistics of them will be presented.

3.3.1 Origin Of Bias Parameter

As anticipated, the population of tracers is biased comparedwith thematter density distribu-
tion. This fact is first discovered in the distribution of a rich cluster of galaxies. The sample of
the galaxy clusters from the Abell catalogue [27] was statistically analysed where the spatial cor-
relation function ξcluster, which is associatedwith the probability of finding a pair of clusters at

88



a given separation length r, can be estimated [84, 85]. The samemethodwas also applied to the
population of galaxies to obtain the same function for galaxies ξgalaxy. However, the results
weremisaligned. Regarding the power-lawmodel of the correlation function, ξ(r) = (r/r∗)

γ ,
the characteristic correlation length of clusters, r∗cluster ≈ 25h−1 Mpc, is significantly smaller
than of galaxies, r∗galaxy ≈ 50 − 100h−1 Mpc, while the exponent γ for clusters and galax-
ies are comparable, about −1.7 ∼ 1.8. Shortly after, N. Kaiser suggests that, if the clusters
were formed in the over-dense region, ξgalaxy is ”biased” from the underlying matter density
fluctuation. Mathematically, it can be written as

ξcluster(r) = b2ξR(r), (3.71)

where b is the bias parameter and ξR(r) ≡ ⟨δR(x⃗)δR(x⃗+ r⃗)⟩ is the spatial correlation function
of the smoothed linear density contrast. Itwas soon realized, upon the rise of the StandardCold
DarkMatter (sCDM)model, that even the galaxies themselves are not a good representative of
the matter distribution. Nowadays, the ΛCDMmodel, which is a widely accepted model for
our universe, accurately predicts the two-point correlation function of the matter density [15].
Hence, by measuring the function of galaxies or clusters from surveys, the bias parameter can
be estimated. This is the key parameter affected by NGwhich will be studied in the upcoming
sections. This is one of themethods by which the LSS survey is able to put a constraint onNG.

3.3.2 General Bias Expansion

We would like to establish an effective bias model for the tracer’s population. The model
will consist of the physical effect that may play a role in altering the tracer’s population. In
particular, we expect an expansion of the form,

δg(x, τ) =
∑
O

(bO(τ) + εO(x, τ))O(x, τ) + ε(x, τ), (3.72)

whereO is a physical operator representing quantity that the tracer’s number density depends
on. For example, thematter density contrast, δ, is straight-forwardly one of those operators (see
section 3.3.1). Each operator is accompanied by a bias parameter, bO, indicating the strength
of the dependence of tracer density on that physics. For instance, a large bias parameter for δ
would suggest that the tracer’s population is largely amplified from thematter density contrast.
A positive bias parameter would imply that the tracer is more crowded in the over-dense region
and the opposite for negative bias. This effective expansion allows us to discuss the statistical
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relation between tracers and relevant physical quantity. The relation of 2PCF in section 3.3.1
can be written from a model like δg(x, τ) = b1(τ)δ(x, τ).

The nature is more complex than just a linear model of density contrast. The key is to ex-
plore every possible physics that could affect the tracer’s population. Then, the bias parameters
are left to be free and will be constrained by the correlation functions computed from the sur-
veys. This is a general idea of howwe learn about the galaxies’ distribution and relevant physics.
Though the set of relevant operators is gigantic, some canbe less important than others depend-
ing on the scale. For example, the term at higher order becomes less important on a sufficiently
large scale where perturbation theory is valid. Moreover, some non-local effects are suppressed
at a large scale. For example, baryonic physics like the Baryon Acoustics Oscillation (BAO) fea-
ture is averaged out if we consider a minimum scale much larger than the BAO length scale.
Finally, a sensible effective deterministic bias expansion can be written when the scale of in-
terest is specified. However, we allow some degree of randomness to the bias coefficients and
the tracer’s population, capturing by εO(x, τ) and ε(x, τ) respectively. These terms host the
small-scale physics that are ignored in the deterministic expansion. Even though we must in-
clude them, they are completely random, thus uncorrelated to the deterministic part and with
each other. The discussion of these stochastic terms is beyond the scope of this thesis and will
not be explored in detail.

In the following section, wewill explore the effect of gravitational physics on the tracer distri-
bution. In particular, the evolution of the tracer number density under gravitational influence
will be considered to identify the relevant operators in the bias expansion.

3.4 Conserved Evolution of Biased Tracers

For simplicity, the conservation of the tracer number is assumed; We will consider the situa-
tion where tracers are not created or destroyed along the trajectory. A population of it formed
instantaneously at time τ∗ andhas been comovingwithmatter fluid until arbitrary time τ . This
is a dramatic simplification since the number of tracers has always been changing throughout
the universe’s history. This issue will be addressed later by assuming multiple formation times.
For the time being, let us write the conservation equation of the tracer fluid as the continuity
equation,

D

Dτ
δg = θ(1 + δg) (3.73)
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The underlying CDM is described as an ideal, pressureless fluid with curl-free velocity. The
suppression of vorticity on a large scale is well-justified by observation where CMB is domi-
nated by scalar mode rather than vector or tensor. Indeed, these are the same assumptions we
made for the collisionless self-gravitatingCDMfluidwhere we assume an isotropic phase space
distribution function (see section 3.2.1). The equations governing the dynamics of such a fluid
are the continuity and Euler (momentum) equations (see equations 3.48),

D

Dτ
δ = θ(1 + δ),

Dθ

Dτ
+Hθ = −∂ivj∂jvi −

3

2
ΩmH2δ,

(3.74)

where the terms in the Euler equation are from expansion dilution, convective term, and grav-
itational pull. Notice that θ is the same as in equation 3.73 since the comoving condition is
assumed2. This is true only for a sufficiently large patch where gravitational force dominates
in the dynamics of tracers and the equivalent principle holds.

These equations govern the evolution of the conserved tracer and matter fluid. The idea
is now the following. We propose the bias expansion of tracer density at the formation time
as an initial condition. By solving these evolution equations, we will have the bias expansion
at an arbitrary time given that the fluids are conserved and comoving. As you may see, these
equations are nonlinearly coupled. Hence, one could expect a nonlinear evolution from them.
δg(τ) can be solved perturbatively with respect to the initial condition δg(τ∗) ≡ δg∗. There are
two equivalent ways to do so. First, we integrate the continuity equations directly. Secondly,
we iteratively solve equations 3.73 and 3.74 with a joint perturbative solution. At the end of
each way, we will have a different formal expression but they describe the same physics.

Another important equation is the Poisson equation (see equations 3.48),

∇2ϕ =
3

2
ΩmH2δ, (3.75)

that relates the gravitational potential with thematter density distribution. As we will see later,
the tidal field is also a relevant quantity in the game which is defined as

Kij =
2

3ΩmH2
∂i∂jϕ−

1

3
δijδ ≡ Dijδ ; Dij ≡

Å
∂i∂j
∇2
− 1

3
δij

ã
. (3.76)

2this condition breaks down if we consider a small-scale tracer where non-gravitational forces can significantly
influence the galaxy trajectory, suggesting the so-called velocity bias.
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Notice thatKij is nothing more than the traceless part of ∂i∂jϕ.

Lagrangian coordinates, Eulerian coordinates, and Fluid Trajectory

Before proceeding from this point, it is important to understand the concept of Lagrangian
and Eulerian descriptions of fluid. The Lagrangian picture describes fluid as the motion of a
parcel labelled with its position q(τ), as in classical mechanics where the state of the system is
defined on the configuration space. In this way, the coordinates deform and follow the trajec-
tory of the parcel, removing the peculiar velocity in the direction of the flow. The convective
derivative of a physical quantity is solely the time derivative since the parcel is stationary on
the Lagrangian coordinates. The price to pay is that the spatial derivative involves the coordi-
nates’ deformation. In the Eulerian picture, the coordinates are fixed and the fluid parcel flows
through the observed volume instead. The fluid velocity is now a field defined on the coordi-
nate and time-dependent, v(x, τ). In this way, the convective derivative includes the velocity
term, concerning the fluid flow. However, the spatial derivative has no deformation since the
spatial coordinate is fixed. Imposing an equal number of tracers in the parcel, We can write the
relation between the Lagrangian and the Eulerian volumes as

V L = (1 + δ(L))V, (3.77)

whereV L andV is the Lagrangian and Eulerian volumes respectively. δ(L) is thematter density
contrast in that parcel computed with the Lagrangian volume. For example, a larger region of
a proto-halo in Lagrangian space in the initial condition shrinks down to the final Eulerian
volume to form the halo which occupies a smaller space. By the definition of halo density
contrast,

1 + δg =
Ng/V

n̄g
, (3.78)

whereNg is thenumber of tracers in theparcel, we can infer a relationbetween the tracer density
contrast in Lagrangian and Eulerian spaces, δg and δ

(L)
g , as

1 + δg = (1 + δ(L)g )(1 + δ(L)). (3.79)

The tracer density in each spacewouldhave its bias expansionwith theparameter definedon the
corresponding space. Hence,wenowhave a set ofEulerianbias andLagrangianbias parameters,
associated with the expansion of δg and δ

(L)
g , respectively. However, they are related through
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the relation 3.79. As an example, let us consider the linear bias, δg = b1δ and δ
(L)
g = b

(L)
1 δ(L),

1 + δg = 1 + (1 + b
(L)
1 )δ +O(δ2). (3.80)

Note that, in first-order, the density contrasts inLagrangian andEulerian space are interchange-
able, δ(L) = δ + O(δ2). We can infer the relation of linear bias between both spaces as
b1 = 1 + b

(L)
1 . Notice that if the tracer is uniformly distribution in the Lagrangian space,

b
(L)
1 = 0, they are unbiased relative to the underlying matter, b1 = 1.
This relation of the higher-order bias parameters can be inferred by expanding the bias re-

lation to higher-order. Also, the Lagrangian space density δ(L) must be properly transformed
into the Eulerian density δ. Essentially, the initial density of Lagrangian and Eulerian spaces
are the same. Then, the Eulerian density evolves according to the fluid equations (see section
3.2), displacing and growing with time, i.e. they hold equal value and start at the same position
q. However, the Lagrangian density is not subjected to fluid displacement as the coordinate is
fixed. Thus, it only evolves with time according to the growth factor. Therefore, the relation
between the density contrasts can be describedwith the time evolution-excluded SPT solutions
3.63. By solving and inverse the relations, we can substitute δ(L)with δ to the desired order and
obtain the Eulerian bias parameter in terms of the Lagrangian ones. For example, if we assume
spherical symmetry where the tidal field is absent3, the bias of operator δ2 is transformed as

b2 = 2(1 + c2)b
(L)
1 + b

(L)
2 . (3.81)

The constant c2 depends on the background cosmology, as we have discussed in section 3.2.2.
For example, c2 = −17

21
for theEdSbackground. A full-detail analysiswith general background

cosmology and no spherical symmetry assumed is presented in [86, 87].
Furthermore, [88] point out that these fluid dynamics descriptions can be associated with

different gauges in general relativity in the second order. The Lagrangian picture is similar to
the comoving-synchronous gauge for the fact that it removes the fluid velocity. Thus, the vector
modes are removed such that the line element is comoving with thematter fluid. Furthermore,
the spatial coordinates are laid on an equal-time hyper-surface, fixing the 00-component pertur-
bation to zero. However, the spatial components of the metric are allowed to be non-diagonal,
deforming with time. On the other hand, the Eulerian description fixes the spatial part of the
metric to always be diagonal but allows the vector perturbation in the 0i-components instead.

3Notice that this corresponds to the spherical collapse scenario.
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This is the Poisson gauge or the total matter gauge dubbed in [88]. Note that the space is still
defined on the same equal-time hypersurface.

Mathematically, the initial position on both coordinates is identical; q refers to the initial
Lagrangian position. The Eulerian position represents the trajectory of the fluid parcel on fixed
coordinatesxfl(q, τ)which depends on the initial position and time. We can relate the two as
xfl(q, τ) = q + s(q, τ)where the q is time-independent and serves as an initial condition of
the trajectory on the Eulerian picture. s(q, τ) is the fluid displacement. In other words, the
Lagrangian picture encoded the fluid flow in the deformation of coordinates. On the other
hand, the Eulerian picture explicitly shows the flow with the fluid velocity v = ṡ(q, τ) on
fixed coordinates, varying fluid position. In this picture, the fluid parcel is kicked by peculiar
gravitational potential and the equation of motion is realized,Å

∂2

∂τ 2
+H ∂

∂τ

ã
s(q, τ) = −∇Φ(q + s(q, τ), τ). (3.82)

At linear approximation, the continuity equation in the Eulerian picture implies δ̇
(1)

= −∇ ·
v(1) so the fluid displacement at linear order can be expressed as

s(1)(q, τ) = x(1)
fl (q, τ)− q = −∇

∇2
δ(1)(q, τ), (3.83)

where ∇
∇2 is an operator inverse Fourier transformed from−i k

k2
. This also implies that the time

evolution of s(1) depends on the linear growth factor as well as δ(1). This will be used when we
discuss the second-order perturbative solution in the next section. In the following discussions,
we will see the advantages and disadvantages of both pictures.

3.4.1 Solution From The Continuity equation

We can exploit the fact that both fluids are comoving, i.e. they admit the same θ and write

1

1 + δg

D

Dτ
δg =

1

1 + δ

D

Dτ
δ, (3.84)

from equations 3.73 and the continuity equation of 3.74. From now on, It is convenient to
work in the Lagrangian description because a convective derivative can be treated as a partial
derivative. In this way, the equation above can be integrated easily. However, one must keep
in mind that we will be working on the Lagrangian coordinates q = x(τ) − s(q, τ), where
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s(q, τ) is the Lagrangian displacement, instead of the Eulerian coordinates x.
By using the chain rule, we can integrate the equation along the fluid trajectory and obtain

ln

Å
1 + δg(xfl(τ), τ)

1 + δ(xfl(τ), τ)

ã
= ln

Å
1 + δg(xfl(τ∗), τ∗)

1 + δ(xfl(τ∗), τ∗)

ã
, (3.85)

wherewe introduce the fluid trajectory in Eulerian coordinatexfl(τ) such thatxfl(τ = 0) = q.
This is equivalent to setting the initial condition for the Lagrangian displacement of the fluid
trajectory to be s(q, τ = 0) = 0. τ∗ refers to the time of tracer formation4. It is important to
emphasize that the position of the fluid parcel is also changing even if the equation is integrated
over time. This is becausewe integratewith theLagrangianpicture; theLagrangian coordinates
q are unchanged but the coordinates xfl are deforming with the fluid displacement s(q, τ).
The interpretation of this solution is the density ratios of tracer and matter are equal for the
conserved evolution. As an example, we will expand this to the second order of perturbation,

1 + δ(1)g + δ(2)g = 1 + δ(1) − δ(1)∗ + δ(1)g∗

δ(2) − δ(2)∗ ++δ(2)g∗ + [δ(1)∗ ]2 + δ(1)δ(1)∗ + [δ(1) − δ(1)∗ ]δ(1)g∗ ,
(3.86)

where the quantity denoted with ”∗” is evaluated at time τ∗. We will also perturb δ concerning
the Lagrangian displacement and time evolution. In an unperturbed FLRWmetric, xfl is con-
stant in a comoving frame. Thus, the Lagrangian displacement is the first-order perturbation
by itself as discussed above. Hence, we will need only the linear perturbation of it to discuss
the second-order solution. It is written as

xfl(τ∗) = xfl(τ) + s(q, τ∗)− s(q, τ) = xfl(τ)−
Å
D∗

D
− 1

ã
s(1)(xfl, τ) + . . . , (3.87)

where the time evolution of s(1) is captured by the linear growth factor of the density pertur-
bationD(τ) in the short-hand notation ∗ as usual. This follows from the solution 3.83 where
s
(1)
k (τ) = i k

k2
δ(1)(τ) ∝ D(τ) in Fourier space. The position argument of s(1) is interchange-

able between x ←→ q since the term is already at the first order by s(1). Therefore, the per-
turbed density is

δ(1) − δ(1)∗ =

Å
1− D∗

D

ã
δ(1) +

Å
1− D∗

D

ã
D∗

D
s(1) · ∇δ(1). (3.88)

4Keep in mind that we assume instantaneous formation. In a more detailed description, the formation is not
instantaneous and the formation time could refer to the point of half-mass assembly or others.
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The time evolution is the first term while the second term presents the fluid displacement ef-
fect. The last ingredient is the initial bias expansion of the galaxy number density. We recall the
general bias expansion 3.72. For generality, we will include 3 operators: δ, δ2 andKijK

ij . The
first operator ismotivated byKaiser’s introduction of the bias parameter (see section 3.3.1). We
already see δ2 emerging in the perturbative solution 3.86 so it is included. The introduction
ofKijK

ij may seem a bit vague here but it will be clear later on why. Essentially, the solution
suggests the dependence on δ(2) which turns out to contain the tidal field contribution by solv-
ing through SPT (see the kernels 3.68). This tells us that the dependence on the tidal field of
the tracer population will be inevitably induced by gravitational evolution. Therefore, it is also
included in the initial bias expansion for completeness of the description. At the formation
time, the perturbative expansion is then written up to the second order of perturbation as

δ(1+2)g (x∗, τ∗) =b
∗
1

[
δ(1) + δ(2)

]
(x∗, τ∗) + ε∗(x∗, τ∗) +

1

2
b∗2
[(
δ(1)
)
∗

]2
+ b∗K2

î(
K (1)

∗
)
ij

(
K (1)

∗
)ijó

.
(3.89)

Notice that every operator here is locally observable, depending ononepoint in space only. The
tidal field exists in this expansion only from the second order since the lowest order operator
which is directional-independent isK2 = KijK

ij . For now, we did not include the stochastic
term εδ in the first term to motivate that the conserved evolution will automatically induce
such a term. Equations 3.88 and 3.89 are substituted into equation 3.86 to obtain the final
tracers density contrast,

δg =δ
(1)
g + δ(2)g where

δ(1)g =

Å
1 +

D∗

D
[b∗1 − 1]

ã
δ(1) + ε∗

δ(2)g =

®
1 +

Å
D∗

D

ã2
[b∗1 − 1]

´
δ(2) +

®
D∗

D
[b∗1 − 1] +

Å
D∗

D

ã2
[b∗1 − 1] +

1

2
b∗2

Å
D∗

D

ã2´
[δ(1)]2

+ b∗K2

Å
D∗

D

ã2 [
K (1)]2 + ÅD∗

D
− 1

ã
D∗

D
[b∗1 − 1]s(1) · ∇δ(1) −

Å
D∗

D
− 1

ã
ε∗δ(1)

+

Å
D∗

D
− 1

ã
s(1) · ∇ε∗.

(3.90)

Thebiases are factoredout such that their evolution is clear to be seen. Notice that all quantities
are evaluated at (x, τ) except ε∗. This expression can be manipulated further by substituting
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the expression of δ(2) inferred from the SPT (see solution 3.63 and second-order kernels 3.68).
By assuming the EdS background, it can be written as

δ(2)(x, τ) =
17

21
[δ(1)]2 +

2

7
[K (1)]2 − s(1) · ∇δ(1), (3.91)

recalling the definition of the tidal field 3.76 and the first-order fluid displacement 3.83. As
discussed in section 3.2.2, the numerical factors in this expression depend on the chosen back-
ground cosmology. After substituting this into the results and rearranging the terms, one ob-
tains the relation,

δ(1+2)g = bE1
[
δ(1) + δ(2)

]
+ ε+

1

2
bE2
[
δ(1)
]2

+ bEK2 [K (1)]2

−
Å
D∗

D
− 1

ã
ε∗δ(1) +

Å
D∗

D
− 1

ã
s(1) · ∇ε∗,

(3.92)

where we introduce the Eulerian bias parameters defined as

bE1 = 1 +
D∗

D
[b∗1 − 1]

bE2 = b∗2

Å
D∗

D

ã2
+

8

21

Å
1− D∗

D

ã
[bE1 − 1]

bEK2 = b∗K2

Å
D∗

D

ã2
− 2

7

Å
1− D∗

D

ã
[bE1 − 1].

(3.93)

One can see that the tracer distribution becomes less biased over time; the fraction D∗
D

decreases
as τ increases. Another interesting point is the absence ofs·∇δ deterministic bias. Notice that
it has been removed once we admitted the SPT solution of δ(2). The explanation is tracers are
set to be comoving with the matter fluid and gravitational interaction obeys the equivalence
principle. Hence, the tracers cannot be displaced away from the flow trajectory. At first, the
term appears because we perturbed only δ(1) without realising the second-order contribution,
which is inconsistent. In reality, the fluid displacement induces the change in δ at the second
order as well and the terms are cancelled out. Finally, we return to the point mentioned before;
the stochastic contribution ε∗δ naturally appears at second-order. This implies the stochastic
contribution to b1. Realistically, the formation time distribution must be known to take this
interaction into account. Then, the stochastic contribution to the first-order bias can be ana-
lytically averaged over that distribution. Instead of proposing amodel for this, εδ is introduced
as a free parameter.
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The stochastic term s(1) · ∇ε∗ appears because ε∗ is defined on the formation time slice, at a
specific Eulerian position. Hence, the fluid displacement shall capture the spatial dependence
of the stochastic field. However, in the limit of large-scale bias, the stochastic field is effectively
spatial-independent. This is because the field represents the small-scale effects, uncorrelated at
a long separation. In other words, it is completely described by the spatial-independent one-
point statistic. Therefore, the term vanishes and does not introduce a new bias operator.

As anticipated, the solution also implies the emergence of tidal field dependence. Suppose
the initial bias expansion has b∗K2 = 0, i.e. the tidal field is irrelevant to the tracers’ formation.
At a later time, the dependence on the tidal field is still induced by gravitational evolution. This
suggests the tidal field squared operator in the bias expansion. The associated bias parameter
bEK2 is left as a free parameter because the prediction above depends on the chosen background
cosmology and relies on the conservation of the tracer number.

Realistic Tracer Sample: Formation time Distribution

There is an additional complication when applying this parameterization to a realistic cata-
logue of tracers. Each tracer can form at a different time. Hence, themeasurementmust be the
weighted average,

bO(τ) =

∫
dτ∗P(τ∗)bEO(τ |{b∗O′}, τ∗), (3.94)

where P(τ∗) is the formation time PDF. The same relation applies to the stochastic terms.
P(τ∗) is unknown and complicate to model. Hence, it is hard to analytically infer the set of
bias parameters from one redshift to another. However, the expansion can still be consistently
used to infer the correct (Eulerian) description at each redshift as long as we allow them to be
an arbitrary function of time. A similar case is when the appearance of ε∗δ at the second-order
evolution implies an additional bias parameter. In other words, rather than a single ε∗, a realis-
tic sample at a redshift admits many formation times (hence many ε∗) from which the average
value is measured. Hence, the effective εδ was introduced as a free function of time.

3.4.2 Joint Perturbative Solution

As anticipated, another way to obtain the evolution of the bias expansion is to solve the
set of equations 3.73 and 3.74 simultaneously. As demonstrated by the last calculation, one
must keep inmind that the fluid displacementwill also be counted as a first-order perturbation.
However, it is irrelevant in the context of bias as we have seen in the previous approach; we
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are under the assumption of comoving tracers and matter and the physics of biased tracers
must be translational-invariant. Thus, it will be convenient to organize those contributions
when evolving the perturbative expansion. One possible treatment is using the Lagrangian
Perturbation Theory (LPT) where, instead of constructing the operator from local observable,
the relevant quantity to the tracer population is the deformation tensor defined as

Mij ≡ ∂q,isj. (3.95)

The evolved matter density can then be written as

1 + δ(x, τ) = |1 +M |−1
q,τ , (3.96)

assuming that δ −→ 0 as τ −→ 0 (initial density on Lagrangian space) and the matter density
at (x, τ) is given by a single parcel streamed from the past (single-stream regime). We can also
write a similar relation for tracers. In other words, the evolution of δ is now characterized by
the deformation of the Lagrangian volume. We can use this relation to obtain a similar relation
as equation 3.85 through the continuity equations 3.73 and in 3.74,

ln

ï |1 +M g|
|1 +M |

ò
q,τ

= ln

ï |1 +M g|
|1 +M |

ò
q,τ∗

. (3.97)

Notice that we do not have to worry about the fluid trajectory anymore since the deformation
tensor is evaluated on the Lagrangian coordinate by definition. Thus, no fluid displacement
term will be introduced by the perturbative evolution and all of them are well-contained by
Mij . The initial bias relation up to the second order is

|1 +M g(q, τ∗)|−1 =b∗Tr{M}Tr{M}+ b∗Tr{M2}Tr{MM}+ b∗(Tr{M})2(Tr{M})2

+ ε∗ + ε∗Tr{M}Tr{M}+ . . . .

(3.98)

Note that operators constructed fromMij in LPT can be converted to linear combinations
of the standard observable operators like before. Hence, the bias expansions are equivalent.
However, they are not equal in order by order of perturbation, e.g. second-order standard
operators can come from the first-order Lagrangian operator.

Another treatment is integrating the set of equations along the fluid flow as before [89, 90,
91]. However, the difference from SPT is that rather than perturbatively solving the equation,
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we find Green’s function of this system of equations and use it to collect the source contribu-
tion along the fluid flow. Mathematically, it is written as

Ψ(x, τ) = A(τ, τ∗) ·Ψ(x∗, τ∗) +

∫ τ

τ∗

dτ ′A(τ, τ ′)S(xfl(τ
′), τ ′), (3.99)

whereA is the green function of this system of equations 3.73 and 3.74 and S is the source
terms matrix. The corresponding equation of motion is

D

Dτ
Ψ = −σ ·Ψ+ S, (3.100)

where

Ψ(x, τ) =

Ö
δg(x, τ)

δ(x, τ)
θ(x,τ)
H(τ)

è
; σ(τ) =

Ö
0 0 1

0 0 1

0 3
2
Ωm(τ)H(τ) H(τ) + H′(τ)

H(τ)

è
;

S(x, τ) =

Ö
−δg(x, τ)θ(x, τ)
−δ(x, τ)θ(x, τ)
−|∇v|2(x, τ)/H(τ)

è
.

The Green’s function can be found by solvingÅ
D

Dτ
+ σ·
ã
A(τ, τ∗) = I3×3δ(τ − τ∗) where A(τ, τ) = I3×3. (3.101)

In×n denotes n× n identity matrix. For Einstein-de Sitter (EdS) model,Ωm = 1 and a(τ) ∝
τ 2, the Green’s function takes the form,

A(τ, τ∗) =

Ö
1 −1 0

0 0 0

0 0 0

è
+

Ö
0 3/5 −2/5
0 3/5 −2/5
0 −3/5 2/5

èÅ
D

D∗

ã
+

Ö
0 2/5 2/5

0 2/5 2/5

0 3/5 3/5

èÅ
D

D∗

ã−3/2

.

(3.102)
The meaning of equation 3.99 is the solution breaks down into two parts. The first part is the
propagation of the initial state. The second part is the interaction along the flow obtained by
integratingGreen’s functionwith the source termalong thefluid trajectory. The linear solution
is obtained by neglecting the integral, which starts at the second order by construction. Indeed,
one finds that it matches the SPT solution of the matter fluid (see first-order solution 3.65).
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This is expected since the solutionmust be identical regardless of the procedure, as anticipated
before. In particular, it is nothing else than the linear evolution of the perturbations on the
EdS background where δg and δ follow the linear growth factorD(τ) = a(τ) and the velocity
divergence θ = −Ḋ(τ)δ is negative by the collapsing pressureless matter.

The first-order solution can then be used to solve for the second-order solution, and so on.
One detail to be addressed here is the third component of the source term can be written in
terms of δ andK via the perturbed continuity equation. To do so, the Eulerian coordinatesx
derivative must be transformed as

∂i = ([I+M ]−1)ij∂
j
q , (3.103)

where ∂jq is the Lagrangian coordinates derivative operator. Then, we exploit that the fluid
velocity is the convective time derivative of the fluid displacement to expand the source term in
the order of s. The expression up to the second order is

∂ixv
j = (1 + ∂iqsk∂

k
q )ṡ

j +O(3), (3.104)

which can be computed by using the solution of the previous order. For example, s(1) =

− ∇
∇2 δ

(1), where the first-order solution is δ(1) = a(τ)δ(1)∗ , is used to write the second-order
source term. Thus, the solution is completely free of any displacement term. Indeed, this is
the advantage of this approach. No fluid displacement term will be explicit by expressing the
solution with quantity evaluated on the Lagrangian coordinates. However, we can directly use
them to write the Eulerian bias expansion without worrying about displacement terms. This
is because, even if those terms are installed to move the results from the Lagrangian to the Eu-
lerian position, they cancel themselves completely in the equal-time (Eulerian) bias expansion.
We have seen this explicitly before in the previous approach when we substituted δ(2) into the
perturbative series of δg. There, we see how the translation term was cancelled on the second
order. This is expected because the physics of biased tracer is translational-invariant and fluid
displacement should not construct a new (deterministic) operator in the expansion.

3.4.3 Evolution on General Background Cosmology

As discussed for SPT of CDM fluid, the realistic background cosmology is evolving. There-
fore, it is advisable to extend the analysis beyond the EdS background. We follow the same
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re-parameterization of equations 3.60 on equations 3.100 to obtain

D

D lnD
Ψ̃ = −σ̃ · Ψ̃+ S̃, (3.105)

where

Ψ̃(x, τ) =

Ö
δg

δ

θ̃

è
; σ̃(τ) =

Ö
0 0 1

0 0 1

0 3
2
Ωm

f2
3
2
Ωm

f2
− 1

è
; S̃(x, τ) =

Ö
−δgθ̃
−δθ̃
−|∇ṽ|2

è
D

D lnD
≡ ∂

∂ lnD
+ ṽ ·∇ ; ṽ ≡ (Hf)−1v ; θ̃ ≡∇ · ṽ.

Let us recall that the definition of growth rate 3.55 and its identity 3.59 are used in obtaining
the above. The structure of the equation is preserved and the form of σ̃ returns to the one
in equation 3.100 in the EdS case. Therefore, the solution can be found following the same
procedure but with the dependence on D(τ) rather than τ . This will become more compli-
cated ifΩm and f are functions of time as the solution will not be ordered with the power-law
of growth factor (see discussion in section 3.2.2). Instead, the time dependence at each order
diverse into a set ofDm,n−m. Nevertheless, the EdS background is a decent approximation as
discussed according to [76].

3.4.4 Third- and higher-order Solutions

Let us stick with the EdS approximation. By any approaches mentioned above, we can per-
turbatively solve for the higher-order solution at will. The solution up to the third order of
perturbation has been obtained in [92] where a new bias operator appeared,

O(3)
td ≡

8

21
K (1) ijDij

ï
(δ(1))2 − 3

2
(K (1))2

ò
. (3.106)

Recall that the derivative operator Dij is defined in equation 3.76. Note that this operator is
still of the local kind despite the derivative operator. This is because Dij is scale-dependent
by construction (∝ k0 in Fourier space). However, it is not locally expressible in terms of δ
andKij . Therefore, the appearance of this operator indicates that our operators in the Eule-
rian bias expansion are insufficient, following the previous discussion on the local tidal field
squared operator, KijK

ij . This new operator is now included in the expansion. Following
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[92], we could alternatively add the velocity shearDijθ as a new relevant quantity to construct
this third-order operator. This trend continues to the higher order. At the fourth order and so
on, velocity shear is no longer sufficient to describe the tracer population. New relevant opera-
tors will keep appearing and inevitably be included in the expansion. However, they will be of
the higher order which can be truncated at some level of consideration. Then, it is unnecessary
to find the operators in all order practically.

3.4.5 Building Library of Physical Operator

Previously, we have discussed how the conserved evolution invokes new operators,Kij and
Otd, in the bias expansion for consistency. It is natural to expect that, beyond the third order,
more operators will appear and the the bias expansionwill keep growing. The questionwewill
try to address in this section is ”Is there a way to construct a complete dictionary of the bias
expansion at any desirable order of perturbation?”. A nice proposal of recursion relation is pre-
sented in [91] and reviewed in section 2 of [28]. In their argument, the number conservation in
the evolution of tracers is abandoned to reflect the realistic tracer population which can form
andmerge along the trajectory. However, the set of operators is not unique and one can find a
clever way to re-order the operators more conveniently depending on the purpose. The choice
of operators is similar to the choice of basis to parameterize the population of tracers. For exam-
ple, [93] also propose an alternative way to build the bias expansion where every possible local
expression that could be built from perturbatively solving the fluid equation is listed. Then,
the extra degrees of freedom are removed by the equivalence principle, i.e. Galilean symmetry.
More variety of bias expansions are also proposed in [94, 95, 96].

3.5 Statistics ofTracer: N-pointCorrelation Func-
tion

We have discussed the statistics of curvature perturbation as the initial condition in the sec-
tion 2.5.3. Now, it is the turn of tracers; the statistical quantity of discrete objects like tracer
distribution must be addressed. The situation differs from the continuous field of curvature
perturbation ζ . The tracer is a point-like object labelled with its position in space. Therefore,
counting the tracer in a fixed volume will give us the probability of finding a tracer rather than
an autocorrelation function. For example, the probability is given by the equation 3.70. How-
ever, the physics of LSS was discussed in the language of density contrast. In particular, the
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bias relation connects δ with δg where we expect the statistics to be translated. Therefore, this
section will review the connection between counting probability and the statistics of the con-
tinuous field.

Let us use the definition of the probability 3.70 to define themean number of object s found
in a finite volume V as

⟨N⟩ = n̄gV. (3.107)

Then, the 2PCF is defined to quantify the excess probability of finding objects at two positions
in space simultaneously. Let us first write the probability in the case of no correlation. If we
assume an identical Poisson process at each point in space, then the probability of finding an
object in any infinitesimal volume can be written as

δP = n̄gδV. (3.108)

Notice that resuming the expression gives the equation 3.70. If the stochastic process in in-
finitesimal volumes δV1 and δV2 are independent, then the joint probability is the product of
the probabilities at each point,

δP12 = δP1δP2 = n̄2
gδV1δV2 (Uncorrelated Poisson Points), (3.109)

This is the case of uniformPoisson statisticswhere each volume element is uncorrelated. Hence,
the two-point correlation, ξg(∥r2 − r1∥), is the additional part of the expression above,

δP12 = δP1δP2 = n̄2
g(1 + ξg(∥r2 − r1∥))δV1δV2. (3.110)

Notice that the correlation function depends on the normof the separation vector between the
volume elements, r12 = ∥r2 − r1∥. This is enforced by statistical isotropy where the statistics
should not be directional-dependent.

Let us consider the number density contrast 3.69 as a continuous density function on space.
The 2PCF is naively computed by

ξg(r12) = ⟨δg(r1)δg(r2)⟩

=
⟨[ng(r1)− n̄g][ng(r2)− n̄g]⟩

n̄2
g

⟨ng(r1)ng(r2)⟩ = n̄2
g[1 + ξg(r12)].

(3.111)
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Comparing with equation 3.110, we see a clear similarity. This is because introducing a non-
zero correlation is equivalent to assuming a non-uniform Poisson process over the sky. In par-
ticular, ng(r) is drawn from an ensemble and defines the probability of finding an object at r,

δP (r) = ng(r)δV. (3.112)

Notice that the mean number of objects computed from this still satisfies the equation 3.107.
The joint probability can be found by averaging the product of single-point probability,

δP12 = ⟨δP (r1)δP (r2)⟩
= ⟨ng(r1)ng(r2)⟩ δV1δV2
= n̄2

g[1 + ξg(r12)]δV1δV2.

(3.113)

The computation automatically returns the joint probability in the correlated case. Therefore,
we conclude that the density contrast field 2PCF is the excess probability of finding the tracers
simultaneously at two points with r12 separation.

The three- and higher-point correlation functions follow; They are computed from δg. The
difference is just the interpretation in the context of finding probability. For example, the 3PCF
yields

ξ(3)(r12, r23, r13) = ⟨δg(r1)δg(r2δg(r3)⟩
⟨ng(r1)ng(r2)ng(r3)⟩ = n̄3

g[1 + ξg(r12) + ξg(r23) + ξg(r13) + ξ(3)g (r12, r23, r13)].

(3.114)

This structure of statistical function is divided into two parts: the disconnected and the con-
nected. Essentially, the 2PCFs in this probabilistic quantity are dubbed the disconnected part
since they depend on just one separation length and do not connect every point. The last term
of 3PCF is called the connected 3PCF since it depends on every possible connection of 3 points.
This structure carries on to the higherNPCFwhere we can categorize the contributions neatly.
Notice that all disconnected contributions are the lower NPCFs. Therefore, a higher-order
NPCF is unlocked every time the higher joint probability is probed.

TheWiener-Khinchin Theorem

We have seen that the power spectrum is the Fourier transform of 2PCF in real space in the
context of quantum field theory. In section 2.5.3, we generalize it to the classical ensemble
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of conserved curvature perturbation. However, we never explicitly mention why such a corre-
spondence is true in the real observation where ergodicity is assumed to infer ensemble average
from real space average. Let us argue that the same structure also applies to the statistics of trac-
ers. In particular, theWiener-Khinchin Theorem plays a major role here. Essentially, the the-
orem states that the auto-correlation of a stationary random process5, i.e. its correlation func-
tions are time translational-invariant, has a spectral decomposition given by the power spectral
density of that process. The theorem is applied to real space instead of temporal space. Since
the statistics of tracers are assumed to be homogeneous, i.e. spatial translational-invariant, the
NPCFs are expected to have Fourier counterparts as spectral decomposition. Let us verify this
by computing the power spectrum with the Fourier transform number density contrast,

Pg(k) = V −1
¨
|δg,k|2

∂
= V −1

〈
δg,kδ

∗
g,k

〉
= V −1

∫
d3x1e

ik·x1

∫
d3x2e

−ik·x2 ⟨δg(x1)δg(x2)⟩ ,
(3.115)

where V is the real space volume6. Here, we will insert the 2PCF in the form ξg(r) where
r = x2−x1. It is emphasized that the statistical homogeneity assumption enters the analysis
here. So that,

V −1

∫
d3x1e

ik·x1

∫
d3x2e

−ik·x2 ⟨δg(x1)δg(x2)⟩ =
∫
d3rξg(r)e

ik·r
∫
d3x2e

ik·x2e−ik·x2

V

Pg(k) =

∫
d3rξg(r)e

ik·r.

(3.116)

So, we have the correspondence as anticipated. Typically, the statistics are also assumed to be
isotropy. Hence, a further simplification is,

Pg(k) =

∫
d3rξg(r)e

ik·r, (3.117)

where the directional dependence is taken out. The inverse Fourier transformation followed,

ξg(r) =

∫
d3k

(2π)3
Pg(k)e

−ik·r, (3.118)

5wide-sense-stationary random process to be precise. But, a strictly stationary process is also included in this
theorem.

6This term comes from (2π)3δ
(3)
D (0) =

∫
d3xeio·x = V .

106



The same correspondence and proof can also be shown for higher NPCF of this statistical ho-
mogeneous and isotropic system.
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4
Probing Non-Gaussianity With Halo Bias

The first fundamental physics probed by LSS that will be discussed in this thesis is the Pri-
mordial non-Gaussianity (PNG) from inflation. The signal potentially reveals the fundamen-
tal features of inflation such as the interactions, number, or even speed of propagation of the
active fields. For more details, we invite the reader to revise the chapter 2. As discussed in chap-
ters 3, the statistics of inflation translate into the LSS distribution which we can probe nowa-
days, i.e. the biased tracer distribution. In this section, we review the effect of non-Gaussian
initial conditions on the scale dependence of halo bias.

4.1 StructureFormation: DMHaloCollapseTheory

Let us discuss briefly the formation of DM halo from the over-dense region. As time passes,
the perturbationwill soon grow large enough for the nonlinear effect to become important. In
particular, the mode couplings in the integral terms of equations 3.60 become comparable to
other linear terms. Therefore, the next-order perturbations solved from the recursion relation
of kernel 3.64 are as large as the order before. Hence, the perturbative description of density
perturbation breaks down for structure formation where δ > 1. There are several attempts to
go beyond the perturbative regime and describe the collapsing process. let us start with a sim-
plified description, the spherical collapse, which assumes that the virialized objects are collapsed
with spherical symmetry.

The goal is to be able to indicate when andwhere the collapse happens. To do so, it is crucial
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to know howmuch over-density is needed. This value will serve as a bar for our linear descrip-
tion of δ beyond which the halo is formed. Firstly, let us define a spherical region with a radius
of choiceR. We will attempt to determine if the matter in this region will collapse into an ob-
ject or not. The choice of R is important since it is associated with the resulting mass of the
object. In this case, the radius can be derived from the dark matter halo’s mass of interest. For
example, our Milky Way galaxy is hosted by a dark matter halo of mass around 1012M⊙[97].
Galaxy surveys also suggest that the dark matter halo has a mass ranging from 1010M⊙ (dwarf
galaxy) [98, 99] to 1014M⊙ (galaxy clusters) [100]. δ is then coarse-grained using the window
function as

δR(x, z) =

∫
d3y δ(y, z)WR(∥x− y∥), (4.1)

where δR is the smoothed density contrast field andWR(|x− y|) is the spherical top-hat win-
dow function defined as

WR(∥x− y∥) =

 3
4πR3 ; ∥x− y∥2 ≤ R2

0 ; elsewhere
. (4.2)

Let us consider the space within this over-dense region. To study its evolution, the area will
be treated as a local FLRW closed universe and apply the Friedmann equations. By solving the
resulting parametric equations, it is evident that the space initially expands then turns around
and collapses into the center. The interpretation is that, as the over-density increases, the gravi-
tational force becomes strong enough to pull the matter back toward each other within a finite
time tcol. In reality, the collapsing matter will virialize into a halo which takes approximately
the same time as tcol. Knowing this fact, one could hypothetically assume that the linear regime
is still valid and compute the growing linear density contrast at tcol. The result is

δ(t = tcol) = δc ≈ 1.686. (4.3)

This number is false since the situation we are considering now involves a large over-density
when the region is collapsing. Hence, the linear theory cannot be applied here. However, this is
useful as we are dealing with linear perturbation only need to knowwhere the object is formed.
Hence, we can heuristically say that, if δR ≥ δc, the matter in that region collapses and virial-
izes into an object. The process described here is called the spherical collapse theory where the
object is assumed to form from thematter content inside a spherical region. This criterion was
used in [27] and [101]. This will become a basic assumption for the upcoming mathematical
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formulation for the halo population.

Since we will be working with the coarse-grained matter density field, the window function
is applied to equation 3.30. Accordingly, we have

δk;R(z) =
2

5

k2W̃R(kR)T (k)D(z)

ΩmH2
0

ζk ≡MR(k, z)ζk, (4.4)

where W̃R is the Fourier transformed window function,

W̃R(kR) =
3

(kR)3
[sin (kR)− (kR) cos (kR)], (4.5)

and all transformation factors are collected into the functionMR(k, z) for later convenience.

Beyond this simplified description, the Zel’dovich approximation [102] is one such way to
go beyond the linear equation of motion in the Lagrangian picture. In this approximation,
the gravitational potential provides an initial kick to the motion of δ. Then, δ is assumed to
undergo inertial motion rather than resting at its initial position. When this is used to set the
initial condition for structure formation, the over-dense regionwill undergo ellipsoidal collapse.
The difference is the tidal field that is taken into account and the spherical symmetry is not se-
cure anymore. This approximation is accurate and widely used for setting the initial condition
for structure formation. However, we can ignore this complication since we are only interested
in identifying the collapsed region and not the details of the halo formation process. For our
proposes, the only relevant difference that ellipsoidal collapse makes is modifying the thresh-
old over density, δc, according to the initial tidal field (see [103]). This will be well-captured by
the following analysis where we do not assume a numerical value for δc and the dependence of
tracers population on the tidal field will be introduced.

4.1.1 HaloMass Function

A crucial dependence of halo formation is the radius of the collapse region. Equation 4.4
tells us that the filtered density tends to take a smaller value as the radius is larger. This makes
sense because a larger averaging volume would bring the filtered matter density closer to the
background value. Hence, the density contrast will approach zero as the radius grows. We will
show that this corresponds to increasing the halomass. Since all of thematter in the regionwill
end up in the halo, the filter size here coincides with the resulting halo mass. Accordingly, we
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may relabel the function with massM instead ofR since it has a one-to-one relation as

M =
4

3
πρ0R

3, (4.6)

for this spherical filter. The size of the window function increases with interested halo mass.
Therefore, the profile of δR changes according to the mass of the resulting halo. This will
change the number of the regions where δR ≥ δc and the haloes with different mass have
unequal population. In particular, the number of high-mass haloes should be less than the
low-mass ones.

Under some assumption, let us formulate the halo distribution across a range ofmasses. The
halo population of the mass betweenM andM + dM can be written as

N(M)−N(M + dM) =
dN

dM
dM (4.7)

whereN(M) is the number of halo of massM . Notice that the order of subtraction is chosen
such that the quantity is positive since the population decreases as the mass increases. Further-
more, by multiplyingM on both sides, the relation can be presented in terms of the total mass
of the halo population in the range of [M,M + dM ] instead,

M
dN

dM
dM = m(M)−m(M + dM). (4.8)

In 1974,W.H. Press and P. Schechter proposed a formalism to obtain the halo number density
[104]. They postulate that the probability of δM ≥ δc is equal to the mass fraction contained
in halos with mass greater thanM . Mathematically, it is written as

m≥M(M)

mtot

=

∫ ∞

δc

dδM P(δM), (4.9)

wherem≥M is the mass locked inside the haloes with mass greater than or equal to M,mtot is
the totalmass in the universe, andP(δM) is the probability distribution function (PDF) of δM .
Notice that, if we take a derivative with respect toM onm≥M andmultiply withmass fraction
dM , the right-hand side of the equation 4.9 is obtained. Therefore,

M
dN

dM
dM = −mtot

d

dM

ï∫ ∞

δc

dδM P(δM)

ò
dM. (4.10)
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Finally, we substitute the relationmtot = ρ0Vtot, where Vtot is the volume of the universe and
define the halo number density n(M) = N(M)

Vtot
. The result is

dn

dM
dM = −2 ρ0

M

d

dM

ï∫ ∞

δc

dδM P(δM)

ò
dM, (4.11)

where dn
dM
dM is the halomass function representing the number density of the halo withmass

in the range of [M,M + dM ]. The fudge factor 2 is introduced by hand to the relation which
is later addressed to be a cure to the so-called cloud-in-cloud problem. The problem concerns
the formation of the halo at different scales; it is possible that the over-density in a regionwith a
smallermass is enclosed and collapsed in a regionwith a largermass hence creating a redundancy
in the halo counting. The solution to this problemwas later proposed by J.R. Bond, S.Cole, G.
Efstathiou and N. Kaiser in 1990 [105]. Instead, they derived the halo mass function through
the Excursion set formalism that considers the mass hierarchy of halo formation. In particular,
the formation of a halo with high mass is prioritized and counted before the low mass type.
Roughly speaking, The randomness of the variable δM is formulated using theMarkovian ran-
dom walk which starts from infinitely large mass to zero mass. The first up crossing through
the δc bar will dictate the mass of the halo that forms from that variable. In this formalism, the
fudge factor appears naturally.

Furthermore, the expression can be manipulated by using the chain rule. The result is

dn

d lnM
=
ρ0
M
νf(ν)

d ln ν

d lnM
, (4.12)

whereν ≡ δc
σM

is the normalized variable andσ2
M = ⟨δ2M(x)⟩ is the variance of δM distribution.

The function f(ν) is defined as

f(ν) = 2σMP(ν). (4.13)

This relation is useful because it connects the underlying distribution of matter density to the
dark matter halo number density which the galaxy population can trace. It is evident that the
kind of statistics of δM impacts how haloes are distributed across the sky, suggesting a con-
nection for studying early cosmology, i.e. building a model that gives well-fitted halo mass
function.

It is worth mentioning that, up until now, the spherical collapse is assumed. This is not
exactly the case in reality since the Zel’dovich approximation precisely predicted the ellipsoidal
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collapse instead. Accordingly, the model was improved in 1999 by R. K. Sheth, H. J. Mo and
G. Torman [106]. In this case, the critical density δc depends on the mass of the resulting halo
causing some modifications on the halo mass function. For simplicity, we will neglect those
changes and use only the expression for the spherical collapse in this review.

4.2 Theoretical PredictionofHaloBias Parameter:
Threshold Bias

In this section, wewill go through the timeline of theoretical developments starring the halo
bias parameter, focusing on the threshold bias. The story began when N. Kaiser realised that
the misalignment in the two-point correlation function of galaxies and clusters from the Abell
catalogue could be theoretically explained (see section 3.3.1 and the paper [27]). Similar but
not the same as the Press-Schechter mass function (see section 4.1.1), he formulates that the
average cluster number density equals the probability of δR ≥ δc. By assuming a Gaussian-
distributed δR, he computed the two-point correlation function of the clusters with the linear
bias parameter. Thismarks the first theoretical prediction of the parameter. The parameterwas
then regarded as the threshold bias since it was formulated from the collapse threshold theory
(see section 4.1). Not long after, the formalismwas extended to the case of non-Gaussian δR by
S. Matarrese, F. Lucchin and S. A. Bonometto using the path-integral formalism [107]. The
discussion of the halo bias correction in section 4.3 will be based on their theoretical work.

4.2.1 Threshold Bias with Gaussian Prior

By adopting the collapse criterion of the Press-Schechter theory discussed in section 4.1, we
can write an ansatz for halo number density as

nh(q) = Θ(δR(q)− δc) (4.14)

whereΘ is theHeaviside step function andq is a positiondefinedon theLagrangian coordinate.
Even though the superscript (L) is omitted, let us remind you that the density here is defined in
Lagrangian space. Thus, the criterionhere is for indicating the proto-halo, the progenitor region
that will collapse into a halo later. But, by conservation of the tracer number, the proto-halo
number and the resulting halo number are the same. Notice that we have implicitly specified
the halo mass by choosingR. This means we are considering the population of the halo with
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the corresponding mass computed from equation 4.6 only, in contrast to what we have done
when formulating the Press-Schechter mass function (see section 4.1.1). Accordingly, we can
compute the ensemble average of halo number density with the associated mass at position q
by

⟨nh(q)⟩ =
∫ ∞

−∞
dδRΘ(δR(q)− δc)P(δR) =

∫ ∞

δc

dδRP(δR). (4.15)

where ⟨.⟩ represents the ensemble average operation. Note that nh has the same meaning as
tracer number density ng but specifically for DM halo. To proceed from this point, the distri-
bution of δRmust be specified. For simplicity, we will assumeGaussian-distributed δR at every
point in space. The probability distribution function (PDF) can be written as

P(δR) =
1√
2πσR

e−δ
2
R/2σ

2
R . (4.16)

This is indeed not a bad assumption since the initial distribution of fluctuation from inflation
is found to be close to Gaussian hence the filtered density contrast also is. In the upcoming
sections, we will present the attempt to go beyond this assumption by introducing small non-
Gaussianity and the results here will serve as the zeroth order of the next discussion. Neverthe-
less, we will first proceed with the Gaussian case for now. Accordingly, the mean yields

⟨nh⟩ = n̄h
1

2
erfc

Å
ν√
2

ã
, (4.17)

where erfc is the complementary error function. Notice that the mean is now independent
of the Lagrangian position since we assume the homogeneity in the space of the PDF. We can
extend this result to the higher-order statistical moment by using the multi-variate Gaussian
PDF,

⟨nh(q1) . . . nh(qN)⟩ =
∫ ∞

δc

dδR(q1) · · ·
∫ ∞

δc

dδR(qN)G({δR(qN)}), (4.18)

where {δR(qN)} represents the set of variables δR(q1), . . . , δR(qN) and

G({xN}) =
1

(2π)N/2|C|1/2
e−

1
2

∑
ij xi(C

−1)ijxj (4.19)

is the multivariate Gaussian PDF. The covariance matrix is defined as Cij = ⟨xixj⟩, a collec-
tion of the two-point correlation functions between variables. To discuss the halo bias, the
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relation between tracer discrete statistics and continuous density contrast NPCF is recalled. In
particular, the 2CPF follows the relation 3.111,

ξh(r) =
⟨(nh(q)nh(q + r)⟩

n̄2
h

− 1. (4.20)

Notice that the 2PCF only depends on the norm of separation displacement r. This follows
from the assumption of an isotropic universe. The function is first analytically computed by
N. Kaiser in 1984 [27] and elaborated in [108, 109] shortly after. The result is

1 + ξh(r) =

…
2

π

ï
erfc

Å
ν√
2

ãò−2 ∫ ∞

ν

dν e−ν
2/2erfc

Ñ
ν − νξ̂R(r)»
2(1− ξ̂

2

R(r))

é
, (4.21)

where ξ̂R(r) =
⟨δR(q)δR(q+r)⟩

σ2
R

is the normalized two-point correlation function regarding the
filtered matter density distribution. Since the matter correlation drops with increasing separa-
tion length (see section 3.3.1), it is reasonable to assume ξ̂R(r)≪ 1 at a large scale. This is the
approximation that was used in the above-mentioned papers and also in [101]. In this case, we
can expand the result in the power series of ξR as

ξh(r) =
∞∑
N=1

1

N !

Ä
b
(L)
N

ä2
(ξR(r))

N , (4.22)

where b(L)N is the bias parameter of theN -th order. The superscript L is present to emphasize
that this parameter is of the set-upwith Lagrangian coordinates. Note that the Lagrangian bias
must be transformed into the Eulerian bias to compare with the observation since the observed
matter distribution is in Eulerian space. Such a transformation is discussed in section 3.4. The
parameter is obtained as

b
(L)
N = 2

ï
erfc

Å
ν√
2

ãò−1 eν
2/2

σNR
π−1/2 2−N/2HN−1(ν/

√
2), (4.23)

where H denoted the physicists’ Hermite polynomials. The expression can be further sim-
plified by the high peak limit, ν ≫ 1. This limit corresponds to the case where the critical
density δc is much higher than the amplitude of the matter fluctuation σR which is justified
by the fact that we are in the perturbative regime of matter density where |δ| ≪ 1 therefore
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σR ∼ |δ| ≪ δc = 1.686. This result is

b
(L)
N

ν≫1−−→ νN

σNR
+O(νN−1). (4.24)

This approximation allowed us to write the 2PCF as

ξh(r)
ν≫1−−→ exp

Å
ν2

σ2
R

ξR(r)

ã
− 1. (4.25)

This is the result N. Kaiser presented in his paper. Later, when we introduce a small NG to the
prior, this result will serve as a leading contribution to the bias with a small correction from
NG.

4.2.2 TheMLBApproachToHaloBiasWithNon-GaussianPrior

We should work with non-Gaussian matter density fluctuation for many reasons instead of
a simple Gaussian distribution. One of the reasons is numerous models of inflation produce
non-Gaussianity which is still not ruled out by the observation as discussed in section 2.5.6.
Hence, it is possible that the initial distribution provided by inflation is not precisely Gaussian.
In fact, the nonlinearity of general relativity can naturally introduce NG to the distribution of
matter even though inflation gave exactly Gaussian prior (this will be discussed later in section
4.3.1). Another reason is−1 ≤ δ < ∞ by definition while a Gaussian variable can hold any
real value in the range [−∞,∞]. Thismismatch of domainsmay not be a severe problem in the
small perturbation regime, |δ| ≪ 1but it indicates thatGaussian distribution is fundamentally
not suitable in describing δ. For these reasons, it is therefore crucial to have a description for
the halo bias that starts with non-Gaussian distribution. In 1986, S. Matarrese, F. Lucchin
and S. A. Bonometto presented an approach to the large-scale matter distribution using the
path-integral formalism [107]. They did not make any assumption about the kind of prior
distribution and started with a generic PDF.

Using thepath-integral formalism,we treat δ as a randomfielddefinedona three-dimensional
Lagrangian space. With the existence of external source J , the partition function is written as

Z[J ] =

∫
[Dδ(q)] P [δ(q)] ei

∫
d3q J(q)δ(q), (4.26)

whereP [δ(q)] is PDF defined in the functional space of δ(q) and the path-integral measure is
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chosen such that the resulting probability is normalized to 1. It is important to mention that
the generating functional lnZ[J ] can be written in a Taylor series expansion where the func-
tional derivative terms are defined as the connected correlation functions ξ(N)

c . Hence, given a
complete set of ξ(N)

c , the partition function is specified and the exact underlying distribution
function is revealed.

As before, the matter density contrast field must be smoothed with the window function
characterized by the radius R (see equation 4.1). Therefore, the correlation function of the
smoothed field reads

ξ
(N)
R ({qN}) =

∫ ß N∏
r=1

d3yrWR

(
|qr − yr|

)™
ξ(N)({yN}), (4.27)

where ξ(N)({yN}) = ⟨δ(y1) . . . δ(yN)⟩ is the N-point correlation function of density con-
trast field and the notation {aN} = a1, . . . , aN is adopted for cleanness of the expression.
The halo number density field is defined as equation 4.14. To study the halo bias, the (discon-
nected) correlation function of it must be computed. We will proceed by, first, computing the
joint probability of exceeding the threshold defined as

Π
(N)
ν,R ({qN}) =

≠ N∏
r=1

nh(qr)

∑
=

∫
[Dδ] P [δ(q)]

N∏
r=1

ß
Θ(δR(qr)− νσR)

™
(4.28)

where the subscripts ν,R indicate that the quantity is computed with respect to the chosen pa-
rameter ν and the filter radiusR. The quantitywill later be used to compute the (disconnected)
correlation function,

ξ
(N)
ν,R ({qN}) =

≠ N∏
r=1

[
nh(qr)/⟨nh⟩

]∑
− 1 =

Π
(N)
ν,R[

Π
(1)
ν,R

]N − 1. (4.29)

The joint probability is computed by manipulating the Heaviside step function and defin-
ing an external field associated with the window function from which we can re-construct the
partition function. The corresponding generating functional can then be expanded by the con-
nected correlation function ξ(n)c ,

lnZ[J ] =
∞∑
n=1

in

n!

∫
d3y1· · ·

∫
d3yn ξ

(n)
c ({yn})J(y1) . . . J(yn). (4.30)
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With some manipulation, the cluster expansion is utilized and we arrive at the final expression,

Π
(N)
ν,R =

∞∑
L=0

∑
{mL}

{
L∏
n=2

N∏
{rn}=1

[
1

mn,{rn}!

(
w

(n)
R,{rn}

n!

)mn,{rn}
]

N∏
r=1

amr

(
ν/
√
2
)}
, (4.31)

where

w
(n)
R,{rn} =

0 ;n = 1 or n = 2where r1 = r2

ξ
(n)
R ({qn})/σnR ; other n

, (4.32)

and

a0(z) =
1

2
erfc(z),

am(z) = π−1/22−m/2e−z
2

Hm−1(z) for m > 0.
(4.33)

The L = 0 term contributes 1 to the series. The setmL = m1, . . . ,mL consist of all non-
negative integers satisfying

∑L
n=1 nmn = L andmn,{rn} refers to non-negative integers satisfy-

ing
∑N

n=1mn,{rn} = mn. The process of series expansion and the definition of the summation
indices introduced some indeterminate contributions 00 in this final expression. Those will be
taken to be 1 since it actually corresponds to e0 = 1 contribution. The complete derivation is
provided in Appendix A.1.

Given the set of connected correlation functions, every order of the joint probability can be
specified which can be used to determine the complete set of disconnected correlation func-
tions ξ(N)

ν,R . This connects the theory with the observation since ξ
(N)
ν,R is the statistical quantities

that can be constrained by the observational data.

Another important result of the paper is the cross-correlation function between objectswith
different parameters ν andR, (ν1, R1) and (ν2, R2). It can be written as

ξ
(2)
ν1,R1;ν2,R2

(q1, q2) + 1 =

〈
nh;ν1,R1(q1)nh;ν2,R2(q2)

⟨nh;ν1,R1⟩⟨nh;ν2,R2⟩

〉
=

Π
(2)
ν1,R1;ν2,R2

Π
(1)
ν1,R1

× Π
(1)
ν2,R2

. (4.34)

The procedure of deriving Π(2)
ν1,R1;ν2,R2

is similar to how we obtain the expression 4.31. The
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result is

ξ
(2)
ν1,R1;ν2,R2

(q1, q2) =− 1 +
∞∑
L=0

∑
{mL}

{
L∏
n=2

n∏
j=0

[
1

mn,j!

(
w

(n)
[R1:j,R2:n−j]

j!(n− j)!

)mn,j
]

am
(
ν1/
√
2
)
aL−m

(
ν2/
√
2
)}/ï

Π
(1)
ν1,R1

× Π
(1)
ν2,R2

ò
,

(4.35)

whereΠ(1)
ν1,R1

andΠ(1)
ν2,R2

are determined by equation 4.31 and the new function is defined as

w
(n)
[R1:j,R2:n−j] =


0 ;n = 1 or n = 2where j = 1

ξ
(n)
[R1:j,R2:n−j]

¡
σjR1

σn−jR2
; other n

, (4.36)

where

ξ
(n)
[R1:j,R2:n−j](q1, q2) =

∫ j∏
r=1

d3yrWR1(|q1 − yr|)
n−j∏
s=1

d3ysWR2(|q2 − ys|)ξ(n)({yn}).

(4.37)
The derivation of this expression will be explained in detail in appendix A.2.

These overwhelmingly long expressions will be simplified by the high peak limit, ν ≫ 1, as
we have used in section 4.2.1. This allowed us to simplify the function an by substituting them
with their asymptotic form,

am(ν/
√
2)

ν≫1−−→ (2π)−1/2ν(m−1)e−ν
2/2. (4.38)

Accordingly, the mean becomes

Π
(1)
ν,R = (2πν2)−1/2e−ν

2/2exp

(
∞∑
n=3

νn
w

(n)
R

n!

)
. (4.39)

The two-point cross-correlation function becomes

ξ
(2)
ν1,R1;ν2,R2

(q1, q2) =− 1 + exp

{
∞∑
n=2

n−1∑
j=1

νj1ν
n−j
2

w
(n)
[R1:j,R2:n−j]

j!(n− j)!

}
, (4.40)

and the two-point correlation function with the same filter scale and biasing parameter be-
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comes

ξ
(2)
ν,R(q1, q2) = −1 + exp

{
∞∑
n=2

n−1∑
j=1

Å
ν

σR

ãn ξ(n)R

(
[q1 j times], [q2 n-j times]

)
j!(n− j)!

}
, (4.41)

where there is a repetition of positions in the argument of ξ(n)R .

Let us discuss this latest expression. If the underlying distribution is the zero-meanGaussian,
the partition function is specifiedwith just two-point correlation functions and there is no con-
tribution from the higher-order connected correlation function. In this case, the expression is
reduced to the expression 4.25 which is derived in the Gaussian prior case. With the presence
of a small NG, the higher-order connected correlation functions are non-zero but their contri-
butionwould bemuch smaller than the two-point contribution. In other words, the Gaussian
expression is the leading term of this expression.

To study the linear bias, let us expand the expression up to the linear order of exponential,

ξ
(2)
ν,R(q1, q2) =

Å
ν

σR

ã2
ξ
(2)
R

(
q1, q2

)
+

Å
ν

σR

ã3
ξ
(3)
R (q1, q1, q2) + . . . , (4.42)

wherewe have used the rotational invariance of theNPCF, ξ(3)R (q1, q1, q2) = ξ
(3)
R (q2, q2, q1).

The first term is identical to the contribution in the Gaussian case and the following terms are
interpreted as corrections to the leading Gaussian term.

A worth-mentioning clarification is that the NPCF contribution is not an analogy of loop
correction in particle physics. We will see shortly that, in Fourier space, the bispectrum con-
tribution is integrated with a cut-off at low- and high-k and may be confused with the loop
correction in quantum field theory. Despite their close appearances, they are different because
theNGcontribution cannot be normalized like the loop correction. In brief, theNGcontribu-
tion induces a new physical operator in the bias expansion, the Bardeen potential ϕ [110, 111],

bϕfNLϕ ∈ δg, (4.43)

where bϕ is the Bardeen potential bias parameter degenerated with the nonlinear parameter
fNL. Hence, it cannot be removed by shifting the operators induced by gravitational evolu-
tion, e.g. δ,K2, andOtd. Meanwhile, the loop correction arising from those operators can be
renormalized and will not appear explicitly in the physical bias expansion [112].
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4.3 Non-Gaussian Correction toHalo Bias

Looking at the expression 4.42, we see howNG affects the statistics of large-scale structures.
As constrained by the observations, NG is, if any exists, small. We have discussed in section
2.5.6 that the leading contribution from NG is the three-point function and the significance
lowers for the higher N-point functions. Therefore, one can choose to truncate the series of
corrections in the order of interest. The three-point function or bispectrum correction has
been studied by S. Matarrese and L. Verde in 2008 [29] for the local NG and then extended
to the equilateral and folded NG in the subsequent year [30]. Not long after, J. Gong and S.
Yokoyama studied the correction up to the four-point function or the trispectrum [33]. It is
also worth mentioning that N. Dalal et al. (2007) [31] and A. Taruya, K. Koyama and T. Mat-
subara (2008) [32] also explored the correction in the same order butwith different approaches.
The first paper estimates the correction from the local ansatz (see equation 2.128) by splitting
the linear and quadratic contribution of the ansatz. The derivation in it was carefully investi-
gated in [113, 114] with the so-called peak-background split (PBS) approach. The secondwork
made use of the so-called local biasing series which is based on the perturbation theory. In this
section, we will derive the correction based on the threshold bias we have discussed in section
4.2.

The Fourier transform of equation 4.42 truncated at three-point contribution reads

Ph(k) = b2LPm(k) + b3L

∫
d3k′

(2π)3
Bm(k, k

′, |k + k′|) (4.44)

where bL = b
(L)
1 = ν/σM

1 and the subscript h and δ denoting the statistical quantity of
the halo number density and the filtered density contrast respectively. Since NG is small, the
bispectrum contribution is much smaller than the first term. Therefore, the expression is com-
parable to

Ph(k) =
(
bL +∆bL

)2
Pm(k) ≈

(
bL + 2bL∆bL

)
Pm(k), (4.45)

where∆bL ≪ bL is the bias correction. Hence, we can write the correction from the bispec-
trum as

∆bL(k) =
b2L

2Pm(k)

∫
d3k′

(2π)3
Bm(k, k

′, |k + k′|). (4.46)

1Recall that the parameters radiusR and massM have one-to-one correspondence (see the discussion at the
beginning of section 4.1.1).
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Notice that the correction is scale-dependent; only k′ got integrated out. To write the expres-
sion in terms of the primordial spectra, we recall the relation 4.4. Let us consider the structure
at present where the redshift factor z is zero where the linear growth function is normalized
D(z = 0) = 1. With respect to the definition of the power spectrum and bispectrum, the
functionMM(k) ≡MM(k, z = 0)will be inserted into the equation as

∆bL(k) =
b2L

2Pζ(k)MM(k)

∫
d3k′

(2π)3
MM(k′)MM(|k + k′|)Bζ(k, k

′, |k + k′|). (4.47)

Alternatively, the convenient form for numerical calculation reads

∆bL(k) =
b2L

8π2MM(k)

∫ ∞

0

dk′ (k′)2MM(k′)Pζ(k
′)∫ k+k′

|k−k′|
dz

Å
q

kk′

ã
MM(q)

Bζ(k, k
′, q)

Pζ(k)Pζ(k′)
,

(4.48)

where we substitute q = ∥k + k′∥. This formula is robust because The bispectrum, which
represents NG in the initial condition, can be chosen according to the scenario of interest. Dif-
ferent kinds of it were discussed in section 2.5.6 and their corresponding bias corrections will
be studied in the upcoming section.

With all the necessary ingredients, this formula can be used to estimate and study the be-
haviour of the bias correction with a caveat. The boundary of the integral over modes may be
a little bit misleading. The horizon scale and the filter size limit the integration boundary. In
particular, the variable k corresponds to the separation length r used to compute ξh (or ξν,R).
This length defines the separation distance between objects which collapse from individual re-
gions. By definition, all masses in the collapse region defined as a sphere of radius R will be
concentrated into one object only. Therefore, it is irrational to consider the scale k ≳ 1/R

because it would mean we correlate overlapping collapse regions where the intersection is ill-
defined. Moreover, we ignore the contribution from outside the horizon which became part
of the background in the local universe. Therefore, the numerical integration of all bispectrum
configurations is bounded by the inverse horizon and filter scale constraints.

4.3.1 Scale Dependence of The Correction

As shown in equation 4.47, the correction to the bias parameter is scale-dependent. When
consideringdifferent formsofbispectrum, the correctionmay exhibit distinct varyingbehaviours
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through scales. This reflects their detectability, i.e. size of the correction compared to the basic
contribution, on various observational scales and gives character to the signals derived from
different kinds of NG. This section will present and discuss their scale dependence. In particu-
lar, the results in [30] will be re-evaluated but also with the orthogonal bispectrum introduced
earlier in section 2.5.6. Accordingly, the detectability of the correction is presented by

βM(k) =
1

δc

∆bL
bL

=
1

8π2σ2
MMM(k)

IM(k), (4.49)

where

IM(k) =

∫ ∞

0

dk′ (k′)2MM(k′)Pζ(k
′)

∫ k+k′

|k−k′|
dz

Å
q

kk′

ã
MM(q)

Bζ(k, k
′, q)

Pζ(k)Pζ(k′)
, (4.50)

which is a fraction of the correctionwith respect to theGaussian bias. Thus, a particularNG is
easily detected at a scalek if it yields highβM(k). The subscript ”M” is indicatedhere to remind
us that the correction is mass dependence from the filter function. The list of the templates for
bispectra of each kind of NG reviewed in 2.5.6 will be used to compute the function β(k) and
discuss their detectability accordingly. However, prior to that, we will discuss one important
type of NGwhich is not of a primordial kind but also contributes a correction to bias as well.

NG from the nonlinearity of GR

Regarding the theory of general relativity (GR), the equations of motion of cosmological
perturbations are obtained from the Einstein Field Equation. Once the perturbations are stud-
ied up to the secondorder, it is evident that the nonlinear correction term introducesNG to the
matter density distribution during the matter-dominated era. In particular, the perturbation
that was in the superhorizon limit re-enters the horizon and affects the structure formation.
With the horizon re-entry, the intrinsic PNG that was carried by the frozen perturbation is
injected into the statistics of the large-scale structure. However, it is stressed that even in the
absence of intrinsic PNG2, the nonlinearity still introduces NG to the curvature perturbation.
This effect was studied by N. Bartolo, S. Matarrese and A. Riotto in 2003 [117] where it gives

2This does not necessarily mean the one produced by inflation but by other possible scenarios beforehand as
well [115, 116]
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a negative contribution to the bispectrum as

BGR
ζ (k1, k2, k3) =

6

5
fGRNL (k1, k2, k3)Pζ(k1)Pζ(k2) + 2 perm., (4.51)

where 2 perm. refers to the same term as before but permuting between {k1, k2, k3} and

fGRNL (k1, k2, k3) = −
5

3

Å
1− 5

2

k1k2 cos θ12
k23

ã
, (4.52)

where θ12 is the angle between k1 and k2 [30]. The equation 4.52 can be obtained by com-
puting the three-point function of density contrast from equation 7 in [117] in Fourier space
where only the term depends on conformal time squared is considered since it corresponds to
the horizon re-entered perturbation. Furthermore, to consider the standard inflation scenario
with no PNG, the parameter anl in the equation is set to 1.

The function β(k) is evaluated for the newly discussed NG from the nonlinearity of GR
and the shapes of PNG discussed in section 2.5.6, and plotted in figure 4.1. As an exam-
ple, the following result is evaluated concerning the population of the dark matter halo with
mass 1012M⊙ which corresponds to the smoothing scale R ∼ 1h−1 Mpc. Therefore, the
relevant scale in the plot is below k ∼ 1hMpc−1 (a more accurate threshold is presented in
the figure). We also introduce a long mode cut-off to the integral domain at the horizon scale
rH = (cH0)

−1 ∼ 5 × 103h−1 Mpc. Let us emphasize that the description of halo bias used
here is valid only on a large scale. So, the results are only sensible at the linear scale and the sep-
aration is much larger than the Lagrangian radius of the halo, roughly speaking at k < 10−1h

Mpc−1. .

On the scale of around 10−4 to 10−1 hMpc−1, it is evident that NG correction from the
nonlinearity ofGR is the largest. Among all shapes of intrinsic PNG, the local formNGwould
contribute the largest correction where the scale dependence is almost identical to the GR bias
correction. The numerical analysis found that the correction byGRnonlinearity is bigger than
the local form by the factor 5/3 ∼ 1.6 (see figure 4.1). This can be traced back to equation
4.52 where the factor in front of the parenthesis is exactly 5/3. The tail (high k) of the GR
correction plot is lifted from the 1.6local line. This is because the term subtracted from 1 in
the parenthesis (see equation 4.52) supports the overall value when integrated over all triangle
configurations ofmode vectors. It is important to emphasize that theGRcorrection is negative
and is present regardless of the existence of PNG.Thismeans the bias correction from the local
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Figure 4.1: This plot presents the scale-dependent halo corrections as a consequence of different kinds of NG
including the nonlinearity of GR (black solid line), local formNG (purple solid line), orthogonal formNG
(red solid line), enfolded formNG (blue dashed line), and equilateral formNG (green dot-dashed line). For
visualization purposes, the sign of the corrections indicated with * (NL of GR and orthogonal) is flipped from
negative to positive in this plot. The nonlinear parameters of each shape are set to f locNL = fequilNL = fenNL =
forthoNL = 1. It is numerically estimated that, at low k, the GR correction is larger than the local NG correction
by a factor of∼ 1.6which is illustrated by the dotted purple line compared to the GR correction line. It is also
evident that the combination 2βen − βequil resembles the flipped orthogonal correction−βortho which is
shown by the light blue dotted line on top of the red solid line.

form, along with other shapes, could either add or subtract the existing contribution fromGR
depending on the sign of nonlinear parameters f locNL, f

equil
NL , and f orthNL . The equilateral NG

contributes the least correction to the halo bias and is the only contribution that grows with k
while others decrease.

It is also worthmentioning that the correction of the equilateral and enfoldedNG resemble
the one of the orthogonal NG, as βorth = βequil−2βen (see dotted light blue line in figure 4.1,
recall that the graph of the orthogonal correction is flipped fromnegative to positive). This can
be traced back to the relation of the bispectra themselves. From the definition of templates in
section 2.5.6 and the plots in figure 2.8, it is evident that, when f locNL = f equilNL = f orthNL , these
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bispectra of these shapes are related asBortho
ζ = Bequil

ζ − 2Ben
ζ . Since the integral in equation

4.47 is linear inBζ , this proportion propagates throughout the formula and persists in the final
result.

To constrain the nonlinear parameters fNL’s, the resulting formulae of scale-dependent halo
bias corrections are applied to the data from galaxy surveys such as the BaryonOscillation Spec-
troscopic Survey (BOSS) as a part of Sloan Digital Sky Survey (SDSS) (recently in [118, 119,
120, 121]). It is important to mention that, for the galaxy observation at the redshift factor
z ̸= 0, the linear growth factor must be reinstalled into the formula. This will not alter the
scale dependence we have discussed since it will contribute just a constant multiplicative factor
to the bias correction. Hence, it is ignored in this review for its irrelevance to the main dis-
cussion. Examples of estimation results are f locNL = −33 ± 28 [121], f equilNL = 2 ± 212 and
f orthoNL = 126 ± 72 [120] where all uncertainties are of 68% confidence interval. Compared
to the latest CMB result [23], the uncertainties of these recent results still fully cover those of
CMB results and thus do not provide any new information about NG. However, numerous
improvements can bemade to the data analysis pipeline of the LSS survey. Several adjustments
have gradually been made and it is clear that the constraint provided by this technique became
narrower throughout the past years [119]. Thus, the study is still of great interest and poten-
tially gives a competing result with the CMB analysis in the future. Furthermore, the new
generation of LSS surveys is equipped with better instruments and promises to bring a tighter
constraint to the table. For example, SPHEREx survey [24] forecast the f locNL estimation with
the uncertainty at the order of 1. It is also possible to exploit radio signal data from the Square
KilometerArray (SKA) observatory to constrain f locNL through scale-dependent bias and achiev-
ing a similar level of precision [26, 25].

4.3.2 Mass Dependence of The Detectability Function

The plot 4.1 shows the detectability function from theHalo withmass 1012M⊙ only. How-
ever, the halo mass can vary widely (see discussion in paragraph 2 of section 4.1) which will
alter the window function W̃M , and the functionMM and σM , consequently. Before going
into the discussion, let us show the mass comparison of each kind of NG in figure 4.2.
From the figures, the revealed mass dependence at a large scale can be divided into two

groups: those with larger detectability at a higher mass, and a lower mass. The first group in-
cludes the Local andNL of GR types. The rest belong to the second group. These behaviours
are translated from the mass dependence of σM and the cut-off of the integral over k’s existing
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(a) Local Bispectrum (b)Nonlinearity of GR (NL of GR) Bispectrum

(c) Equilateral Bispectrum (d) Enfolded Bispectrum

(e)Orthogonal Bispectrum

Figure 4.2: Comparison of scale dependence detectability functions at different halo mass. The range of
masses, log(M/M⊙) ∈ [10, 11, 12, 13, 14], are presented for the Local, Equilateral, Enfolded and Orthog-
onal kind of bispectrum along with the bispectrum introduced by the nonlinearity of GR (NLGR). At a large
scale, the signals of local and NL of GR types with a lower halo mass are larger but not at an appreciable level.
The Equilateral, Enfolded and Orthogonal kinds exhibit a noticeable mass dependence opposite to the prior
two.
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in the definition of βM . In particular, σM decreases with growing mass since the width of the
window function in the integral,

σ2
M =

∫
d3k W̃M(kR)Pm(k), (4.53)

contracts down. Therefore, the prefactor 1/σ2
M caused the detectability to increase with grow-

ing mass. This effect can be seen clearly in the second group including Equilateral, Enfolded,
and Orthogonal types (see figures 4.2c, 4.2d, and 4.2e). However, a slight mass dependence of
the two prior types is the opposite. The explanation lies in the integral term of equation 4.49,
IM(k). Considering at a small k, the local and NL of GR bispectra peak at large k′. Thus, the
extension ofwindow functions by lowermass in the integral contributes significantly to the nu-
merator, unlike the other types with peak limits at the comparable size of k and k′. Therefore,
the mass dependence flipped at a large scale for local and NL of GR types (see figures 4.2a and
4.2b) but not at a significant level since both the integral and the prefactor grow significantly
with decreasing mass.

4.3.3 Other choices ofWindow Function

The interpretation of collapse theory depends on the shape of the window function. Dif-
ferent choice has their pros and cons which must be taken into account when using them. For
example, the top-hat filter in real space sharply truncates the contribution at radius R. How-
ever, the function extends to infinity in Fourier space which may be problematic when a high
k contribution is unneeded. Thus, the filter must be chosen properly to match the purpose
of each study. Three choices of the window function, including the top hat in real space, are
explored in this thesis. The other two popular choices are theGaussian and sharp k-space filters
(top-hat in Fourier space). In Fourier space, the Gaussian type is defined as

W̃Gauss(kR) = exp

ß
−(kR)2

2

™
, (4.54)

and the sharp k-space type is defined as

W̃ sharpk(kR)) =

1 ; kR ≤ 1

0 ; kR > 1
. (4.55)
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As it turns out, no difference in the results is found among these window functions. The repli-
cated plots with the Gaussian and sharp k-space window functions are shown Appendix B.
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5
Probing Parity ViolationWith Four-point

Correlation Function

One of the starting points of the physical model building is the symmetry. This fundamen-
tal feature imposes rules that should be respected by the object in the theory. Mainly, there
are two types of symmetry: continuous and discrete symmetries. A continuous symmetry
such as Poincaré symmetry dictates the dynamics by appointing the conserved quantity via
theNoether’s theorem. A discrete symmetry such as parity symmetry regulates the properties of
the objects and the interactions between them. Typically, the choice of these symmetries is em-
pirical; the specific properties of nature are assumed. Namely, a consistent theory can be built
by appointing a set of symmetries. Then, its prediction is compared with the experiments and
observations to test the assumption on those symmetries. Such tests are powerful since a cer-
tain kind of symmetrymay be a building block of manymodels. Disapproval of one symmetry
could lead to the abandonment of numerous theories.

This section focuses on the parity symmetry. Essentially, it is a mirror symmetry where the
theory must be invariant under the flipping of the left and right sides of the space. Mathemati-
cally, a parity-conserving objectO is invariant under parity transformation,

P[O(x1,x2, . . . ,xn)] = O(−x1,−x2, . . . ,−xn) = O(x1,x2, . . . ,xn), (5.1)

where x1,x2, . . . ,xn are spatial coordinates. Generally, a parity conserving theory is the the-
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ory with the Lagrangian that is invariant under parity transformation,P[L] = L. For example,
GR respects parity symmetry since the Einstein-Hilbert action is invariant under parity trans-
formation (see section 2.5.7). Therefore, it is expected that the physical products from the
standard GRmust be the same under the alteration of left and right.

This includes the galaxy distribution because its initial condition from inflation and the
mechanism after are both based on GR theory. So, it is natural to think that the galaxy dis-
tribution should respect the parity symmetry. However, recent analyses found contradictory
results. [1] and [2] independently found a deficit value in the galaxy’s 4PCF compared with its
mirror counterpart, reflecting a parity violation in LSS. This finding can be ground-breaking
since it would suggest that GR is fundamentally a parity-violating theory. For example, some
high-energy parity-violatingmodifications play a notable role in producing density fluctuation
during inflation. Hence, the LSS is already parity-violating initially. However, observing LSS is
complicated. The galaxy map gathered from the sky is subjected to the projection effects which
may manipulate the position of galaxies in such a way that parity violation appears artificially.
One such effect is the Redshift Space Distortion (RSD) effect; The galaxy’s redshift (radial dis-
tance) estimation is distorted by its peculiar velocity via the relativistic Doppler effect. The role
of this effect has been recently pointed out in [3]. They computed the galaxy trispectrumwith
the RSD effect including GR correction with which they concluded that the emerged parity
violation could explain parts of the signature found in [1, 2]. This thesis will extend the anal-
ysis by including the so-called wide-angle effect: the establishment of multiple LOS for each
galaxy for the NPCF at large separations in the sky. Moreover, we revise the averaging over the
survey volume in real space as a technique to compute 4PCF (see section 3.5) as it will remove
the parity violation from RSD in the observed trispectrum in the end.

Why Probing PVwith 4PCF?

Let us spend a few words on why we have to resort to 4PCF to probe for PV in galaxy distri-
bution. In general, it is less computationally expensive to probe lower-order statistics such as
2PCF or 3PCF. However, as mentioned in section 3.5, the ensemble average of galaxies are ac-
cessed through averaging over the survey volume. Therefore, a certain configuration of galaxies
is indistinguishable if it can be achieved by three-dimensional spatial rotating of another con-
figuration. With this inmind, we can see geometrically why 2PCF and 3PCF cannot probe PV
through the galaxy survey. In particular, the geometry of 2PCFs and 3PCFs are line and trian-
gle of separations in space, respectively. When the parity transformation reflects the lateral(s)
of the shape, the three-dimensional rotation can always transform them back to the original
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shape. This is because they are one- and two-dimensional geometries. However, 4PCF forms
a tetrahedral which is a three-dimensional shape and the reflected configuration is not achiev-
able by the rotation (see figure 5.1). Therefore, the parity-odd mode exists at the lowest-order
statistic of 4PCF.

Figure 5.1: Pictorial Explanation of Parity distinguishability of 4PCF. Note that the reflected configurations
are rotated for easy illustration.

5.1 Redshift Space Distortion (RSD) Effect

This observational effect concerns the radial distance of the observed galaxy. The inevitable
fact about astrophysical surveys is that the sky is two-dimensional while the real universe is spa-
tially three-dimensional. In other words, the observed ground is a projection of cosmic volume
on a spherical surface. Thus, while the angles (θ, φ) of the galaxy on spherical coordinates can
be indicated directly from the sky, the radial position or the depth (r) is estimated by its red-
shift instead. The universe’s expansion causes the so-called cosmological redshift through the
Hubble law, which depends on the distance between the galaxy and the observer. For an object
with a low redshift factor, the proper distance is linearly proportional to the factor,

χ(z) =

∫
dz

H(z)

lowz−−→ z = H(z)χ+O(z2). (5.2)
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However, the degeneracy with other kinds of redshift is unavoidable. Apart from cosmologi-
cal redshift, special relativity implies the relativistic Doppler effect where the electromagnetic
waves received by the observer are redshifted by the source’s and observer’s velocity projection
on the straight LOS connecting the two. For galaxies clustering on a large scale, peculiar ve-
locity is induced by the gravitational interaction. [34] first investigate the effect on a linear
scale where the peculiar velocity is small. The simultaneous infall of matter creates a squashing
pattern along the LOS. For a higher velocity in the nonlinear virializing process, the distribu-
tion stretched along the LOS, creating the Finger-of-god (FOG) pattern [35]. These effects
are nicely combined and formalized in [36]. To construct the mathematical description, let us
start with writing the redshift space radial distance,

s =
z

H
= r +

vg · r̂
H

, (5.3)

where r is the real space radial distance, vg is the galaxy’s peculiar velocity, and r̂ is the LOS.
The second term with peculiar velocity is the relativistic Doppler effect term which we have
assumed the magnitude peculiar velocity to be much less than the speed of light vg ≪ c and
neglected the term of orderO(v2g) or more (notice that we set c ≡ 1). With this modification
on the side, we consider the projection effect. As a spatial distortion, RSD does not change
the number of galaxies but changes the number density via deforming the volume element. In
particular,

dNg = ng(x)d
3x = ng,s(s)d

3s, (5.4)

where ng,s is the galaxies number density in redshift space. The density is then transformed
from real space by the Jacobian determinant,

det J =

∣∣∣∣d3sd3x
∣∣∣∣ = s2∂s

x2∂x
=

ï
1 +

1

H

∂

∂r
(vg · r̂)

ò ï
1 +

vg · r̂
Hr

ò2
. (5.5)

By neglecting the term with velocity squared, we obtain the transformation,

ng,s(s) = ng(x)

ï
1− 1

H

∂

∂r
(vg · r̂)− 2

vg · r̂
Hr

ò
. (5.6)

Let us mention that the last term in the square bracket is neglected in [34] since it is much
smaller than the term before in the small angle approximation. This is a fair simplification for
galaxy survey in the 20th century where the galaxy sample is taken from a small angular space
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in the sky. In particular, the scaling of the terms are

1
H

∂
∂r

(vg · r̂)
2vg ·r̂
Hr

∼ kR≫ 1 For small angle surveys. (5.7)

where R is the survey depth and k is the mode of number density contrast field. For a small-
angle survey, feasible n-point statistics can be extracted at small separations of galaxies only,
hence kR ≫ 1. Therefore, the last term can be neglected. However, the current and future
surveys are capturing the sky with a wider angle and the term cannot be neglected anymore
[38, 122]. For example, the data from the Baryon Oscillation Spectroscopic Survey (BOSS)
allow [1] to probe 4PCFwith the arm separation of 20−160 h−1Mpc at the redshift 0.2−0.7

(corresponds to the proper radial distance of ∼ 800 − 2500 Mpc) which results in kR ∼
0.01 − 0.25. Therefore, the term must be kept for this purpose. Then, the number density
contrast can be computed by

1 + δg,s = (1 + δg)

ï
1− 1

H

∂

∂r
(vg · r̂)− 2

vg · r̂
Hr

ò
n̄g(r)

n̄g(s)
. (5.8)

The fractionofmeannumberdensity appears in this case. Since the correction fromtheDoppler
effect is small, we can expand

n̄g(s) = n̄g(r) +
∂n̄g
∂r

(vg · r̂) +O(v2g). (5.9)

Therefore, we have the final transformation [123, 124],

δg,s(s) = δg(x)−
ï
1

H

∂

∂r
(vg · r̂) + αnwt(r)

vg · r̂
r

ò
, (5.10)

where αnwt(r) ≡ ∂ ln r2n̄g

∂ ln r
is the Newtonian redshift amplitude. Notice that the effect of grav-

ity in the analysis up until now is in Newtonian approximation. In the full GR considera-
tion,αGR is complicated since a series of effects could alter the observed number density [125].
[124] have discussed three groups of effects in theGR context in section 4: geometry andmode
coupling, Doppler lensing, and acceleration terms. There is also an additional effect from the
gravitational potential that appears only in the full GR context [125, 126]. However, this is an
extra complication ignored in this thesis as the value ofαGR is irrelevant for introducing parity
violation to 4PCF; we consider the amplitude as some constant α for simplicity. Different val-

135



ues of αmay be associated with a data set with certain properties as pointed out in [124, 127]
and references therein. This is because the function depends only on redshift and does not
introduce directional dependence to the tracer population. Thus, it cannot source PV on its
own. Also, let us assume that the galaxiesmembers ofNPCF are at around the same redshift so
we can assumeα to be the same for every δg,s. This is not a crude assumption since the redshift
difference between 2 tracers in redshift space is suppressed by ∆z ∼ H∆r/c where ∆r is a
proper displacement between tracers projected along LOS. Hence, considering the 4PCFwith
O(100) Mpc arm lengths would result in a minuscule redshift difference between members.
Therefore, they are subjected to roughly the same value of α. The main focus rather goes to
the cosine factor from vg · r̂which we will see shortly how it may introduce some asymmetry.
Let us consider the Fourier transform of δg,s(s),

δg,sk =

∫
d3seik·s

ß
δg(x)−

ï
1

H

∂

∂r
(vg · r̂) + α

vg · r̂
r

ò™
(5.11)

We wish to express this in terms of the real space density to see the modification introduced by
RSD. To do so, we assume a small distortion term as usual and expand the exponential factor
concerning the expression 5.3,

eik·s = eik·xe
ikµ
(
vg ·r̂
H

)

= eik·x
∞∑
n=0

1

n!

ï
ikµ

Å
vg · r̂
H

ãòn
,

(5.12)

where we define the cosine factorµ ≡ k̂ · ŝ1. Then, the density and velocity are inverse Fourier-
transformed (similar to equations 3.51). For later convenience, the velocity will be expressed
with velocity divergence, θg = ik · vg, instead. The final result is

δg,sk =
∞∑
n=1

(kµ)n−1

(n− 1)!

∫
k1

· · ·
∫
kn

δ
(3)
D

(
k −

n∑
i=1

ki

)
n∏
σ=2

ï
µσ
kσ

θg,kσ

H

òï
δg,k1 −

Å
µ2
1 − i

4πα

k31
µ1

ã
θg,k1

H

ò
.

(5.13)

Note that the product term vanishes for n = 1 and µσ ≡ k̂σ · ŝ. Let us discuss the modifica-
tions introduced by the RSD effect. The product of velocity divergence coming out from the

1Notice that ŝ = r̂
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plane wave factor expansion is the nonlinear FOG effect. Notice that those higher-order terms
become more important with larger θg. In the second square bracket, we observe two shifting
terms. The one proportional to µ2

1 is the well-known Kaiser effect whereas the other is the
wide-angle redshift term. The term becomes important for largemodes (low k1) as anticipated,
Interestingly, it is proportional to iµ1 rather than µ2

1 like the Kaiser term. This dependence is
the key to PVmimicry of the RSD effect, similar to what has been discussed in [3] for the GR
effect encoded in the parameter αGR.

As usual, we would like to predict the galaxy’s NPCF concerning the underlying matter’s
NPCF. The galaxy number density contrast will be connected to the matter density contrast
through the (Eulerian) bias expansion 3.72. The galaxy’s velocity divergence will be assumed
to equal the matter fluid velocity divergence on a large scale through the equivalence principle,
θg = θ. One may wonder if these transitions can introduce PV. By construction, the bias
expansion is a true scalar expression with no directional dependence. Thus, it is not possible
that the expansion will introduce PV, at least with this effective bias model on a large scale
where standardGR gravity dominates the system. The fact that we assume equal velocities also
prevents any directional dependence entering through the so-called velocity bias. Therefore, we
conclude that the PV signature will not emerge from this part. The fact that we will consider
the 4PCF force us to consider the bias expansion up to the third-order,

δg = b1δ + b2δ
2 + b3δ

3 + bK2KijK
ij + bK3Ki

jK
j
kK

k
i + btdO

(3)
td , (5.14)

where the tidal fieldKij and the third-order tidal operatorO
(3)
td are defined in equations 3.76

and 3.106, respectively. The argument is omitted; the bias parameters are time-dependent
(redshift-dependent) and the operators depend on both position and redshift. However, we
will ignore the time dependence as we have assumed roughly equal-redshift galaxies in 4PCF.
All terms can be expressed in Fourier space with the density field(s) δ integrating against a k-
dependent kernel. Lastly, δ and θ are solved perturbatively through SPT of fluid equations in
section 3.2.2 where the solutions at each order are obtained by integrating the first-order den-
sity δ(1)k against Fourier space kernelsFn andGn (see equations 3.63 and the recursion relation
of kernels after). For fixed background cosmology (see section 3.2.2), the final result can be
rearranged as

δg,sk,µ(τ) =
∞∑
n=1

Dn(τ)δ
g,s (n)
k,µ , (5.15)
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where

δ
g,s (n)
k,µ =

∫
k1

· · ·
∫
kn

δ
(3)
D

(
k −

n∑
i=1

ki

)
S(n)(k1, . . . ,kn, µ1, . . . , µn)δ

(1)
k1
. . . δ

(1)
kn
,

(5.16)
and S(n) is the nth redshift space kernel. The solution of kernels up to the third order can
be found in Appendix C. From this point, we ignore the time evolution factor for simplicity
since it will not source PV and we are under the assumption that galaxies in the considered
4PCF are at roughly the same redshift. Hence, we set D(τ) ≡ 1 for convenience2. Let us
discuss the mathematical structure of the kernel for future discussion. For PV searching, we
are interested in the cosine term µσ = k̂σ · r̂. This is because the parity transformation would
change P[k̂σ] = −k̂σ but leave the LOS unchanged, Therefore, P[µσ] = −µσ. Notice that
the norm and the dot product of kσ’s are invariant under parity transformation. Therefore,
the redshift space kernel at any order can be reorganized as a polynomial of µσ’s,

S(n)(k1, . . . ,kn, µ1, . . . , µn) =
∑
{αn}

s{αn}
n (k1, . . . ,kn)µ

α1
1 . . . µαn

n , (5.17)

where {αn} = α1, . . . , αn is a set of summation indices that are the exponents of µσ’s and
s
{αn}
n is a parity-invariant mode-dependent coefficient for eachmonomial of µσ’s. This expres-
sion will become useful shortly.

5.2 Redshift SpaceTrispectrumwithPlane Parallel
Limit

The trispectrum of galaxy number density can be computed from¨
δg,sk1,µ1

δg,sk2,µ2
δg,sk3,µ3

δg,sk4,µ4

∂
= δ

(3)
D (k1 + k2 + k3 + k4)Tg,s(k1, . . . ,k4, µ1, . . . , µ4).

(5.18)
Let us recall that the delta function ensures the homogeneity of statistics. Notice that we aban-
don the statistical isotropy by the LOS dependence. However, this will later be reinstalled by
the averaging over the observed volume. Also, the time dependence is neglected as it will be
constant as discussed shortly before. Similar to what we have discussed for 2PCF and 3PCF

2This is the case for the present time and will not be the same for other redshift samples. Nonetheless, it will
be a constant.

138



in section 3.5, the trispectrum is divided into the disconnected and connected contributions.
The two leading connected contributions are

T cg,s(k1, . . . ,k4, µ1, . . . , µ4) = T 3111
g,s + T 2211

g,s , (5.19)

where

T 3111
g,s =6S(3)(k2,k3,k4)S

(1)(k2)S
(1)(k3)S

(1)(k4)Pm(k2)Pm(k3)Pm(k4)

+ 3 perm.,
(5.20)

and

T 2211
g,s =4S(1)(k3)S

(1)(k4)Pm(k3)Pm(k4)î
S(2)(k13,k3)S

(2)(k24,k4)P (k13) + S(2)(k14,k4)S
(2)(k23,k3)P (k14)

ó
+ 5 perm..

(5.21)

Note that kij ≡ ki + kj and unbolded vectors are the norm of them. T 3111
g,s and T 2211

g,s are
essentially computed from the contribution

¨
δ
(3)
g,sδ

(1)
g,sδ

(1)
g,sδ

(1)
g,s

∂
and
¨
δ
(2)
g,sδ

(2)
g,sδ

(1)
g,sδ

(1)
g,s

∂
, respec-

tively. Note that we omit µσ’s from the argument of the redshift kernels but keep inmind that
everykσ is always accompanied byµσ in the argument. The permutation terms can be written
by switching the position in the arguments of mode vectors around from k1 to k4. So, T 3111

g,s

have 3 more permuted terms by selecting 3 modes out of 4 modes and T 2211
g,s have 5 more per-

muted termed by selecting 2 modes out of 4 modes. The calculations of these contributions
have been done systematically in [37] where the reader is highly recommended to have a look.
There, the alpha term in equation 5.13 is not included and only Kaiser and FOG effect were
present. Without going into the detailed calculation, one can tell from the expression 5.17 that
the Trispectrum can also be reorganized as

T cg,s(k1, . . . ,k3, µ1, . . . , µ3) =
∑

α1,α2,α3

tα1,α2,α3(k1,k2,k3)µ
α1
1 µ

α2
2 µ

α3
3 . (5.22)

Notice that we reduce the argument of the trispectrum to 3 pairs of mode vector and cosine
factor. This is because the homogeneity controlled by the delta function enforces the quadri-
lateral conditionk4 = −k123. Assuming a single LOS for all modes, the cosine factor can also
be written as µ4 = k1µ1+k2µ2+k3µ3

k123
. This single LOS assumption is the plane-parallel limit
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where we assume that the LOS of each galaxy is approximately the same. However, one might
notice that this contradicts the introduction of the αnwt term in equation 5.10 where we as-
sume a wide-angle survey. This issue will be addressed in the upcoming section where the LOS
geometry treatment due to a wide angle is employed. From this point, let us ignore this fact
and process as if plane-parallel approximation is active.

5.3 Isotropic4PCFwithPlaneParallelLimit: PV-Free
Estimator

One important step of galaxy statistical analysis is the averaging over the survey volume. This
is an inevitable procedure that gives us access to the ensemble average by assuming the ergodicity
of the galaxies sample (see section 3.5) In particular, the 4PCF estimator is

ζ̂(r1, r2, r3) =

∫
d3s

Vs
δg,s(s)δg,s(s+ r1)δg,s(s+ r2)δg,s(s+ r3), (5.23)

where s is the position of the first galaxy, which is also used as a major LOS of 4PCF, and r1,
r2 and r3 are the position of the other 3 galaxies with respect to the first. If this estimator of
ensemble-averaged 4PCF is unbiased, then taking the ensemble average of this expression will
give us

ζ̂(r1, r2, r3) =

∫
d3s

Vs
ζ(s; r1, r2, r3), (5.24)

where ζ(s; r1, r2, r3) = ⟨δg,s(s)δg,s(s+ r1)δg,s(s+ r2)δg,s(s+ r3)⟩. Notice that the en-
semble average version is allowed to be anisotropic by LOS dependence but it got removed in
the final measurement by the fact that we obtain prediction from averaging over the survey
volume. Crucially, this process will erase the PV signature that comes with µ since the factor
would have already been averaged out. Let us see this mathematically by writing the Fourier
transform of 4PCF,

ζ(s; r1, r2, r3) =

∫
k1

∫
k2

∫
k3

T cg,s(k1, . . . ,k3, µ1, . . . , µ3)exp

(
i

3∑
σ=1

kσ · rσ

)
,

(5.25)
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following from the Wiener-Khinchin Theorem (see section 3.5) where ks = k4 = −k123.
Substituting the expression 5.22 gives us

ζ̂(r1, r2, r3) =
∑

α1,α2,α3

∫
k1

∫
k2

∫
k3

tα1,α2,α3(k1,k2,k3)exp

(
i

3∑
σ=1

kσ · rσ

)
∫
s2ds

Vs

∫
dΩs µ

α1
1 µ

α2
2 µ

α3
3 .

(5.26)

Let us consider the last integral. It is the only part that may introduce PV to the isotropic
estimator. However, we will show that the parity-odd contribution is removed by averaging
over LOS. Let us start by expanding the dot product,

µασ
σ = (k̂σ · ŝ)ασ

=
ασ∑
j=1

c
(ασ)
j Pj(k̂σ · ŝ),

(5.27)

wherePj is the jth-orderLegendre polynomial. Then, through the spherical harmonic addition
theorem, we have

µασ
σ =

ασ∑
jσ=1

c
(ασ)
jσ

4π

2jσ + 1

jσ∑
mjσ=−jσ

Yjσ ,mjσ
(k̂σ)Y

∗
jσ ,mjσ

(ŝ), (5.28)

where Yj,mj
is the (j,mj)-order spherical harmonic function. With this decomposition, let us

consider the averaging over the line of sight integral,

∫
dΩs µ

α1
1 µ

α2
2 µ

α3
3 = (4π)3

∑
j1,j2,j3

∑
mj1

,mj2
,mj3

c
(α1)
j1

c
(α2)
j2

c
(α3)
j3

(2j1 + 1)(2j2 + 1)(2j3 + 1)

Yj1,mj1
(k̂1)Yj2,mj2

(k̂2)Yj3,mj3
(k̂3)

∫
dΩsY

∗
j1,mj1

(ŝ)Y ∗
j2,mj2

(ŝ)Y ∗
j3,mj3

(ŝ).

(5.29)
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The last integral is the so-calledGaunt integral,

Gj1,j2,j3mj1
,mj2

,mj3
≡
∫
dΩsY

∗
j1,mj1

(ŝ)Y ∗
j2,mj2

(ŝ)Y ∗
j3,mj3

(ŝ)

=

 
(2j1 + 1)(2j2 + 1)(2j3 + 1)

4π

Ç
j1 j2 j3

0 0 0

åÇ
j1 j2 j3

mj1 mj2 mj3

å
,

(5.30)

where the parenthesis terms are theWigner 3-j symbol. The symbol yields some constant coef-
ficient with constraints on the indices. In particular, the second symbol imposes the following
constraints,

1) mj1 +mj2 +mj3 = 0

2) |j1 − j2| ≤ j3 ≤ j1 + j2 (Triangle inequality),
(5.31)

and owe a transformation,Ç
j1 j2 j3

−mj1 −mj2 −mj3

å
= (−1)j1+j2+j3

Ç
j1 j2 j3

mj1 mj2 mj3

å
. (5.32)

Therefore, the first symbol with zero mj ’s implies a constraint j1 + j2 + j3 = even. This
will become important shortly. For clarity let us write the averaging integral in terms of the
isotropic basis function,∫

dΩs µ
α1
1 µ

α2
2 µ

α3
3 = (4π)3

∑
j1,j2,j3

Cα2,α1,α3

j1,j2,j3
Pj1,j2,j3(k̂1, k̂2, k̂3), (5.33)

where the isotropic basis function [128] is defined as

Pj1,j2,j3(k̂1, k̂2, k̂3) =(−1)j1+j2+j3
∑

mj1
,mj2

,mj3

Ç
j1 j2 j3

mj1 mj2 mj3

å
Yj1,mj1

(k̂1)Yj2,mj2
(k̂2)Yj3,mj3

(k̂3),

(5.34)

and the coefficients are

Cα2,α1,α3

j1,j2,j3
=

c
(α1)
j1

c
(α2)
j2

c
(α3)
j3√

4π(2j1 + 1)(2j2 + 1)(2j3 + 1)

Ç
j1 j2 j3

0 0 0

å
. (5.35)
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The isotropic basis is useful for indicating the parity-odd and parity-even contributions. In
particular, the spherical harmonic is parity-odd when the index j is odd. Therefore, the basis
is parity-odd when j1 + j2 + j3 = odd and parity-even otherwise. Then, having a non-zero
coefficient Cα2,α1,α3

j1,j2,j3
when the sum of angular momentum indices is an odd number is direct

evidence of PV in 4PCF. In fact, this is how [1, 2] determine the existence of PV from theBOSS
galaxy dataset. They compared the estimated coefficients with mock datasets with no PV and
found up to 7.1σ different statistically.
However, the coefficient 5.35 is constrained with j1 + j2 + j3 = even by the zero-mj ’s

Wigner 3-j symbol. Therefore, all parity-odd contributions are non-existing. This follows from
the averaging of LOS pointed out inAppendixG of [37]. This is very powerful since one could
consider the RSD as detailed as one wants but the potential PV by introducing LOS will be
removed regardless. We may conclude here that the RSD in the plane-parallel limit cannot
inject PV into the observed galaxy 4PCF.

5.4 Wide-angle Effect: Theoretical Comeback (?)

Figure 5.2: Geometry of local LOS for each galaxy in 4PCF.
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As anticipated at the end of section 5.2, the single LOS assumption (plane-parallel) is crude.
This is because the arm lengths, r1, r2, and r3, can be significant compared to the radial distance
s for modern surveys (see the discussion above equation 5.10). Therefore, multiple LOSmust
be employed in the calculation. Let us consider the configuration of 4 galaxies once again; the
first galaxy is at the position s from the observer and the other three galaxies’ positions are
indicated with r1, r2, and r3 with respect to the first galaxy (see figure 5.2). Hence, the LOS
of the first galaxy is ŝ as usual. However, the LOS of the others are (see [39] and reference
therein),

s+ rσ÷ =
s+ rσ
∥s+ rσ∥

, σ ∈ {1, 2, 3}. (5.36)

The norm can be computed from ∥s+ rσ∥ =
√
s2 + r2σ + 2srσ(ŝ · r̂σ). At the first level,

let us expand the LOS up to first-order correction,

s+ rσ÷ = ŝ+
rσ
s
[r̂σ − ŝ(ŝ · r̂σ)] +O

Å
r2σ
s2

ã
. (5.37)

Notice that the correction becomes important when rσ is a sizable fraction of s. With this
personalized LOS, the cosine factor of each galaxy is

µ′
σ = k̂σ · s+ rσ÷
= k̂σ · ŝ+

rσ
s

î
k̂σ · r̂σ − (k̂σ · ŝ)(ŝ · r̂σ)

ó
= µσ +

rσ
s

î
k̂σ · r̂σ − µσ(ŝ · r̂σ)

ó
,

(5.38)

where the first galaxy still have the same factor as k̂s · ŝ. We will use prime to denote the cor-
rected LOS and keep the unprimed factor for the usual single-LOS approximation. This cor-
rection forces us to reconsider the product of cosine factors in the expansion 5.22. In particular,

µns
s (µ′

1)
n1(µ′

2)
n2(µ′

3)
n3 =µns

s µ
n1
1 µ

n2
2 µ

n3
3

+
r3
s
n3

î
k̂3 · r̂3 − µ3(ŝ · r̂3)

ó
µn3−1
3 µns

s µ
n1
1 µ

n2
2

+ 2 perm.+O
Å
r2σ
s2

ã
,

(5.39)

where the 2 permutation terms are obtained by cyclic replacement of indices 1, 2, and 3. As
before, we can trade µs = k1µ1+k2µ2+k3µ3

k123
to reduce that number of cosine factors. In this
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relation, more cosine factors appeared through the LOS correction. For clarity, we let ρσ =

k̂σ · r̂σ and νσ = ŝ · r̂σ. Therefore, the expansion must be re-ordered in the new form,

T cg,s(k1, . . . ,k3, µ1, . . . , µ3) =
∑
{α9}

t′{α9}(k1,k2,k3)

× µα1
1 µ

α2
2 µ

α3
3 ν

α4
1 να5

2 να6
3 ρα7

1 ρ
α8
2 ρ

α9
3 .

(5.40)

Let us pause and ponder about the validity of this expansion. Despite starting from first-order
LOS correction, this expression works up to an arbitrary correction order. This is because the
cosine factors will always be introduced as power-law and form a power-lawmonomial after ex-
panding. Therefore, the following discussion holds up to the validity of Taylor’s expansion in
any order. As apparent, these new geometrical quantities are the new challengers that may in-
troduce PV to the 4PCF.However, we will argue in the next section that they will not produce
any PV in the end.

For later convenience, the dot product between modes in t′{α9} are separated out and yields
a new expansion,

T cg,s(k1, . . . ,k3, µ1, . . . , µ3) =
∑
{α12}

t̃
{α12}(k1, k2, k3)κ

α10
12 κ

α11
23 κ

α12
13

× µα1
1 µ

α2
2 µ

α3
3 ν

α4
1 να5

2 να6
3 ρα7

1 ρ
α8
2 ρ

α9
3 .

(5.41)

where κij = k̂i · k̂j . This is possible because we know that the products existing in the trispec-
trum are also power-law like other cosine factors. In this way, the coefficient is isotropic and
surely not a parity-violating part. Then, the next section will assess whether the cosine factors
will leave any PV behaviour after the Fourier transformation back to 4PCF.

5.5 IsotropicWide-angle 4PCF: Still PV-Free

Following the procedure in obtaining equation 5.26, we obtain the estimator for with wide-
angle effect,

ζ̂(r1, r2, r3) =
∑
{α12}

∫
k1

∫
k2

∫
k3

t̃
{α12}(k1, k2, k3)κ

α10
12 κ

α11
23 κ

α12
13 ρ

α7
1 ρ

α8
2 ρ

α9
3

exp

(
i

3∑
σ=1

kσ · rσ

)∫
s2ds

Vs

∫
dΩs µ

α1
1 µ

α2
2 µ

α3
3 ν

α4
1 να5

2 να6
3 .

(5.42)
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Let us consider the LOS integral first. We follow the same decomposition of cosine factors as in
section 5.3. In particular, the factor µασ

σ follows the decomposition 5.28. Similarly, the other
cosine factors are proportional to the sum of spherical Harmonics products as

νασ
a =

ασ∑
jσ=1

c
(ασ)
jσ

4π

2jσ + 1

jσ∑
mjσ=−jσ

Yjσ ,mjσ
(r̂a)Y

∗
jσ ,mjσ

(ŝ),

ρασ
a =

ασ∑
jσ=1

c
(ασ)
jσ

4π

2jσ + 1

jσ∑
mjσ=−jσ

Yjσ ,mjσ
(r̂a)Y

∗
jσ ,mjσ

(k̂a),

κασ
ab =

ασ∑
jσ=1

c
(ασ)
jσ

4π

2jσ + 1

jσ∑
mjσ=−jσ

Yjσ ,mjσ
(k̂a)Y

∗
jσ ,mjσ

(k̂b).

(5.43)

Essentially, the LOS integral will capture a product of spherical harmonics from µ’s and ν’s.
Hence, the term in the summation over spherical harmonics indices will be proportional to

∫
dΩs

6∏
n=1

Y ∗
jn,mjn

(ŝ). (5.44)

As shown in Appendix D, this integral is non-vanishing only if

6∑
n=1

jn = even and
6∑

n=1

mjn = 0. (5.45)

The integral overΩka ’s capture product of Y ∗
jn,mjn

(k̂a) and will impose similar constraints to
the angular momentum indices. Before that, let us also expand the plane wave factors with the
Rayleigh Expansion,

eikσ ·rσ = 4π
∑
lσmσ

ilσjlσ(kr)Ylσ ,mσ(r̂σ)Y
∗
lσ ,mσ

(k̂σ). (5.46)
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So, the constraint picked up by the integration will also include these indices in the plane wave
factor. In particular, the resulting constraints are

j1 + j7 + l1 + j10 + j12 = even from
∫
dΩk1 ,

j2 + j8 + l2 + j10 + j11 = even from
∫
dΩk2 ,

j3 + j9 + l3 + j11 + j12 = even from
∫
dΩk3 .

(5.47)

Now that we have all the constraints, let us assess the estimator’s parity. To do so, we will
collect the spherical harmonics that depend on the armdirections, r̂1, r̂2, and r̂3, and consider
their parity transformation. After evaluating all integrals in the equation 5.42, the estimator is
proportional to

ζ̂(r1, r2, r3) ∝
∑
{α12}

{α12}∑
{j12,mj12

}

∑
{l3,m3}

Yj7,mj7
(r̂1)Yj8,mj8

(r̂2)Yj9,mj9
(r̂3)

× Yj4,mj4
(r̂1)Yj5,mj5

(r̂2)Yj6,mj6
(r̂3)

× Yl1,m1(r̂1)Yl2,m2(r̂2)Yl3,m3(r̂3).

(5.48)

Let us recall that the parity transformation is P[ζ̂(r1, r2, r3)] = ζ̂(−r1,−r2,−r3) and the
parity transformation of spherical harmonic function is Yl,m(−r̂) = (−1)lYl,m(r̂). There-
fore, the estimator will be pure of parity-even terms if we can show that the sum of angular
momentum indices,

S =
9∑

n=4

jn +
3∑

σ=1

lσ, (5.49)

is always even. This can be shown by adding all indices constraints, 5.45 and 5.47, together and
obtain,

S + 2
3∑

n=1

jn + 2
12∑

σ=10

jσ = even −→ S = even. (5.50)

Hence, we have shown explicitly that the parity-oddmodes are removed by averaging LOS even
with the wide-angle correction.

Let us end this discussion with some caveats. This result is derived from the trispectrum
with wide-angle correction by Taylor’s series. Whether a similar conclusion is reached for the
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exact form of LOS correction is beyond the scope of this derivation and remains a challenge for
future work. Secondly, the estimator assumes a fair sample of galaxies distributed across the sky
and that the surveys are able to achieve full-sky coverage. The details about the survey-related
potential systematics are assessed in [1] where no significant systematics are found. Thirdly,
the prediction here relies on the SPT (see section 3.2.2) which is valid above the nonlinear scale
but deep under the horizon scale, where the dynamics of the matter fluid are dominated by
Newtonian gravity. In this scale, the galaxies are also assumed to comoving with the matter
fluid and the bias expansion is built from gravitational evolution only. However, since the bias
expansion is a true scalar relation, it will always be parity-invariant. Otherwise, a nonstandard
parity-odd operator may be constructed from a pseudo-scalar, such as a dot product against
the angular momentum. One of the few possible ways to introduce PV into the 4PCF now is
the primordial trispectrum from inflation. In other words, the PV signature may already exist
in the universe’s initial condition generated by inflation, suggesting that some physical mech-
anism breaks parity symmetry in the high-energy regime. For example, since the cosmological
perturbation theory is based on GR, one may think of some high-energy modification of GR
which is parity-violating. We invite the reader to see section 2.5.7 for more details.
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6
Summary and Conclusion

This thesis discusses how fundamental features of inflation can be inferred from cosmologi-
cal probes like the Large-scale Structure (LSS). We have explored how General relativity (GR)
is constitutional to the cosmological model of the universe. Particularly, the expansion of the
universe is merely a consequence of cosmic content’s existence in space-time as described by
the Friedmann equations. Consistent with several redshift surveys, the ΛCDM model is re-
garded as the best universe model to describe the expansion history. By studying the universe’s
thermodynamics and the behaviours of the particle standard model sector, one established the
Standard Hot Big Bang Theory for the production of known particles nowadays. However,
some shortcomings exist in the theory and later invoke the introduction of the cosmic inflation
model. The dynamics and its state-of-the-art predictions are reviewed. In particular, inflation
gave the initial seeds for the subsequent cosmic structure by the quantum fluctuation of the
scalar field called inflaton. Once again, we resort to GR to describe the perturbation on the
cosmological scale; the cosmological perturbation theory is discussed. The process in which
the fluctuations become the initial condition after inflation ends is also reviewed. In particu-
lar, we show how the fluctuations at the superhorizon limit are conserved and translated out
from inflation. For the simplest single-fieldmodel of inflation, where inflaton completely dom-
inates the energy budget of inflation, the resulting density fluctuationwill be very close toGaus-
sian. Addingmore features to themodel increases the departure fromGaussian in a predictable
fashion; the Hunt for primordial non-Gaussianity (PNG) begins, quantified by the nonlinear
parameter, fNL. For example, a local self-interaction of inflaton and a non-canonical kinetic
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term of the inflaton Lagrangian induce local and equilateral PNG, respectively. Each type of
PNG is associated with a different peak limit of the primordial bispectrum. For example, the
local PNG causes a peak of bispectrum at the squeezed limit where one of the three associated
modes is very small compared to the others. Hence, measuring these amplitudes would reveal
the degree of importance of those corresponding features. Moreover, some models come with
a constraint on those parameters with other observables. For example, Local PNG produced
by single-field models should respect the single-field consistency relation, equating the local-
type fNL to the scale dependence of the primordial power spectrum (the scalar spectral index).
Hence, themeasurement of fNL could also rule somemodels out if the consistency check failed.
Another fundamental feature of interest is the parity symmetry ofGR.While the standardGR
is parity-conserving, recent analyses found a parity violation (PV) in the galaxy’s four-point cor-
relation function (4PCF). If the observed PV are of the initial condition, amodification of GR
at a high energy level is suggested.

We present how the anticipated observables, PNG and PV, can be probed from the galaxy
distribution. The evolution of the fluctuation after re-entering the horizon is reviewed at the
linear perturbation level. There, the transfer function is introduced to encode the modifica-
tion of the density fluctuation from the initial curvature perturbation due to its linear evo-
lution. The description is extended to the nonlinear regime with the standard perturbation
theory (SPT). Due to the complexity of GR in a nonlinear regime, the Newtonian description
of gravity is used instead with a smaller validity scale (much smaller than the horizon scale).
Moreover, since Cold Dark Matter (CDM) is the main contributor to the matter density and
only interacts with the gravitational field, the CDMfluid is assumed to be collisionless and self-
gravitating. It is also noted that Einstein-de Sitter (EdS) background cosmology is an accurate
assumption predicting the time evolution of perturbations down to 1% uncertainty. The SPT
approach allows the nth-order solution to be written as a product of n linear density perturba-
tion integrated against a kernel computing fromthe recursion relation. With themultiplication
of the transfer function, the matter N-point statistics can be connected to the primordial ones.
However, sinceCDMcannot be observeddirectlywith electromagneticwaves, the distribution
of galaxies is used to trace the underlying matter distribution instead. However, the galaxies’
number over/under-density is not a direct reflection of the matter dispersion but rather a bi-
ased one. This motivates the theory of biased tracer where the tracer’s population is described
by the effective bias expansion consisting of the physical operators and the associated bias pa-
rameters. The physical operator represents the quantity affecting the galaxy distribution and
the bias parameter tells us the degree of dependence. In this thesis, the operators are invoked

150



by the conserved gravitational evolution of tracers where we extend the expansion up to the
third-order operator. Then, we discuss the discrete statistics of the tracer and how they can be
related to the continuous density field statistics.

With the complete relation from inflation to galaxy distribution, the estimator for the fun-
damental features of inflation can be constructed. We review the probing on PNG from the
scale-dependent Dark Matter (DM) Halo bias. Essentially, a DM halo is a hypothetical viri-
alized region of dark matter which creates a large potential well, hosting some smaller struc-
tures, such as clusters of galaxies, inside. Unlike galaxies, the formation of DM halo is much
simpler to explain thanks to the sole gravitational interaction of DM. We review the spherical
collapse theory and comment on some extensions where we find the critical linear density δc.
The Press-Schechter theory tells us that the place where a halo formed is indicated by the fil-
tered over-density exceeding the threshold δc. Accordingly, the population of halos is found
to be mass-dependent described by the halo mass function. Moreover, the influence of PNG
on the halo bias parameter is discussed as one of the main focuses of this thesis. With the same
threshold criterion and the high-peak assumption, the MLB approach obtained the corrected
power spectrum by the bispectrum. The effect also promotes the Bardeen gravitational poten-
tial as an operator in the effective bias expansion. Crucially, the bias corrections due to non-
Gaussianities (NG) are scale-dependent. Hence, the observed halo power spectrum will gain
a small but detectable scale-dependent correction. Each type of PNGwill introduce a distinct
scale dependence to the power spectrum. On top of PNGs, we also discuss theNG introduced
by the nonlinearity of GR neglected previously by studying the late-time evolution with New-
tonian gravity. On a valid linear scale (k ≲ 0.1h−1 Mpc), the detectability of the GR effect
is the highest, of 1.6 times more than the local PNG. The equilateral, folded, and orthogonal
types are less detectable. Wealsopoint out thedegeneracyof signals; thebispectrumof the latter
three types are related byBortho

ζ = Bequil
ζ − 2Ben

ζ assuming the same amplitude. By changing
the halo mass associated with the window function, the mass dependence of correction is real-
ized. While the local and GR types do not hold an appreciable level of mass dependence, the
other three types demonstrate a notable change. We identify that the dependence originated
from the mass-dependent variance of filtered density fluctuation. We also find that the choice
of window functions does not noticeably affect the prediction.

Lastly, the PV in the galaxy 4PCF is discussed in response to the findings from two inde-
pendent analyses from BOSS DR12 galaxy data [1, 2]. In particular, this thesis assesses the
potential of the redshift space distortion (RSD) effect in mimicking the PV signature in 4PCF.
While the parity-violating trispectrum has been predicted in the literature (see [3]), it has not
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been investigated explicitly if the averaging of the line of sight (LOS) will clean the artificial PV
from the isotropic 4PCF estimator, as used in [1, 2]. It is found that, even with the wide-angle
effect, the PV introduced anisotropically byRSDwill eventually be removed by averaging LOS.
Therefore, the isotropic estimator of 4PCF remains unbiased in the parity-odd mode. How-
ever, some caveats must be taken into account. This thesis only considers the LOS correction
with Taylor’s expansion. The exact treatment remains an open task for future work. Other
survey-related effects are not considered in this thesis but are already well-investigated in [1].
The result merely indicates that the estimator used in the analyses is not biased byRSD and the
detected signature must be of other origin. One of the possibilities left is the PV are produced
in inflation where possible high-energy modifications of GR are active. One such adjustment
that induces PV in the initial condition of the universe is theChern-Simon gravity active during
inflation.

152



A
MLBDerivations in Path Integral Approach

A.1 Joint Probability

Starting from the definition of the joint probability (see equation 4.28),

Π
(N)
ν,R ({q⃗N}) =

∫
[Dδ] P [δ(q⃗)]

N∏
r=1

ß
Θ(δR(q⃗r)− νσR)

™
, (A.1)

where we recall the short-hand notation {aN} = a1, . . . , aN . The integral forms of the
Heaviside step function, Θ(a − b) =

∫∞
b
dα δ(a − α), and the Dirac delta, δ(a − α) =

(2π)−1
∫∞
−∞ dϕ exp{iϕ[a− α]}, are substituted into the equation where the filtered field δR

is unpacked into window function, WR, and the density contrast, δ. After some rearrange-
ment, we have

Π
(N)
ν,R =(2π)−N

∫ ∞

νσR

dα1· · ·
∫ ∞

νσR

dαN

∫ ∞

−∞
dϕ1· · ·

∫ ∞

−∞
dϕN e

−i
∑N

r=1 ϕrαrß∫
[Dδ] P [δ(q⃗)] ei

∫
d3y
(∑N

r=1 ϕrWR(|q⃗−y⃗|)
)
δ(y⃗)

™
=(2π)−N

∫ ∞

νσR

dα1· · ·
∫ ∞

νσR

dαN

∫ ∞

−∞
dϕ1· · ·

∫ ∞

−∞
dϕN e

−i
∑N

r=1 ϕrαr Z[J∗].

(A.2)

153



Notice that the expression in the bracket resembles the partition functionwith an external field
defined as

J∗(q⃗, {y⃗N}) =
N∑
r=1

ϕrWR(|q⃗ − y⃗r|). (A.3)

Then, we can utilize the generating functional (see equation 4.30) and write an expansion of
the partition function as

Z[J∗] = exp

{
∞∑
n=1

in

n!

∫
d3y1· · ·

∫
d3yn ξ

(n)
c ({y⃗n})J∗(q⃗1, {y⃗N}1) . . . J∗(q⃗n, {y⃗N}n)

}

= exp

{
∞∑
n=1

in

n!

N∑
{rn}=1

ξ
(n)
R ({q⃗n})ϕr1 . . . ϕrn

}
(A.4)

where ξ(n)R ({q⃗n}) is the correlation function of the filtered field (see equation 4.27). The sub-
script ”c” is omitted but the correlation functions here are the connected kind by the defini-
tion. The summation

∑N
{rn}=1 is a shorthand notation for

∑N
r1=1

∑N
r2=1 · · ·

∑N
rn=1. The

expansion is then substituted into the joint probability expressionwhere wewill perform some
mathematical trick as follows. The expression is arranged as

Π
(N)
ν,R = (2π)−N

∫ ∞

νσR

{dαN}
∫ ∞

−∞
{dϕN} exp

{
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ξ
(n)
R ({q⃗n})ϕr1 . . . ϕrn

}
χν,R

(A.5)
where the summation

∑N∗
{rn}=1 excludes the terms n = 2 where r1 = r2 which are the terms

with σ2
R. Those excluded terms are encapsulated in χv,R defined as

χν,R({αN}, {ϕN}) = exp

{
−i

N∑
r=1

ϕrαr −
1

2
σ2
R

N∑
r=1

ϕ2
r

}
. (A.6)

Notice that this function has useful properties,

i
∂

∂αrj
χν,R = ϕrjχν,R,∫ ∞

−∞
{dϕN}χν,R = (2π)N/2σ−Nexp

{
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α2
r

σ2
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}
.

(A.7)
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We, therefore, applied the first property to exchangeϕrj in the exponentwith i ∂
∂αrj

after which
the integral similar to the second property arises in the equation and can be evaluated. The
result reads

Π
(N)
ν,R = (2π)−N/2

∫ ∞

ν

{dαN} exp

{
∞∑
n=2

(−1)n
N∑

{rn}=1
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(n)
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n!

n∏
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∂

∂αrj

}
exp

{
−1

2

N∑
r=1

α2
r

}
,

(A.8)
wherew(n)

R,{rn} is defined as

w
(n)
R,{rn} =

0 ;n = 1 or n = 2where r1 = r2

ξ
(n)
R ({q⃗n})/σnR ; other n

. (A.9)

n = 0 term is absent by definition of the density contrast, ⟨δ⟩ = 0, and n = 2 terms where
r1 = r2 are zero since they were taken to form χν,R previously. Next, let us consider the
exponential term,

exp

{
∞∑
n=2

N∑
{rn}=1

(. . . )n,{rn}

}
=

∞∏
n=2

N∏
{rn}=1

∞∑
mn,{rn}=0

{
1

mn,{rn}!

[
(. . . )n,{rn}

]mn,{rn}

}
,

whereweuseTaylor’s expansion and the indexmn,{rn} is indicated by the subscript correspond-
ing to each exponential term in the product. To write the expression of Π(N)

ν,R in series rather
than products, we utilize the so-called ”cluster expansion” to exchange the position of sum and
product operators,

∞∏
n=2

N∏
{rn}=1

∞∑
mn,{rn}=0

(. . . ) =
L∑
L=0

∑
{mL}

∞∏
n=1

N∏
{rn}=1

(. . . ), (A.10)

where themembers of setmL = m1, . . . ,mL arenon-negative integers satisfying
∑L

n=1 nmn =

L andmn,{rn} refers to non-negative integers satisfying
∑N

n=1mn,{rn} = mn. However, there
are some caveats. Firstly, the term L = 0 is taken to be 1 since it corresponds to the first
term of the exponential expansion. Secondly, it is possible that

[
(. . . )n,{rn}

]mn,{rn} yields 00

when both base and exponent are zero simultaneously. This kind of indeterminate form that
appeared in the expression will be taken as 1 since the zero base term was simply expanded
from exp(0) which equals 1 by definition. Then, we recall the definition of the (physicists’)
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Hermite polynomial, Å
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∂x

ãn
e−x

2

= (−1)nHn(x)e
−x2 . (A.11)

This will be applied to ∂
∂αrj

which is acting on theGaussian-like exponential on the back of the
expression. After factoring ∂

∂αrj
out, we have
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(A.12)

As a consequence of factoring out the partial derivative, a new indexmr is defined as

mr =
L∑
n=1

N∑
{rn/r1}=1

(mn,r1,r2,...,rn +mn,r2,r1,...,rn + · · ·+mn,rn,r1,...,r1), (A.13)

where . . . refers to other terms in which one of the indices {rn} exchanges it position with r1
in the front and {rn/rj} = r1, r2, . . . , rj−1, rj+1, . . . , rn. Note that the role of r1 in the
summation can practically be played by any in {rn} without changing the meaning of mr.
For term mr = 0, the integral evaluates to the complementary error function. To evaluate
other terms, we utilize the fundamental rule of calculus where we sacrifice one order of the
derivative. The remaining orders of the derivatives will transform into Hermite polynomial
through equation A.11. The final result reads

Π
(N)
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(
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, (A.14)

where

a0(z) =
1

2
erfc(z),

am(z) = π−1/22−m/2e−z
2

Hm−1(z) for m > 0.
(A.15)
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A.2 Cross-correlation Function

According to the equation 4.34,

ξ
(2)
ν1,R1;ν2,R2

(q⃗1, q⃗2) = −1 +
Π

(2)
ν1,R1;ν2,R2

Π
(1)
ν1,R1

× Π
(1)
ν2,R2

, (A.16)

we have to compute Π(1)
ν,R and Π

(2)
ν1,R1;ν2,R2

in order to obtain the cross-correlation function.
The first one can be easily obtained by considering the case N = 1 of equation 4.31. The
second one is evaluated from

Π
(2)
ν1,R1;ν2,R2

=

∫
[Dδ] P [δ(q⃗)] Θ(δR1(q⃗r)− ν1σR1)×Θ(δR2(q⃗r)− ν2σR2). (A.17)

The idea of derivation follows what has been done in appendix A.1. Themain difference is the
external field is instead defined as

J∗(q⃗, y⃗1, y⃗2) = ϕ1WR(|q⃗ − y⃗1|) + ϕ2WR(|q⃗ − y⃗2|), (A.18)

and the expanded partition function yields

Z[J∗] = exp

{
∞∑
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, (A.19)

where

ξ
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∫ j∏
r=1

d3yrWR1(|q⃗1 − y⃗r|)
n−j∏
s=1

d3ysWR2(|q⃗2 − y⃗s|)ξ(n)({y⃗n}).

(A.20)
Along the same line as before, the terms σ2

R1
ϕ2
1 and σ2

R2
ϕ2
2 in the exponent are factored out

to complete the square with the other exponentials. The ϕ1 and ϕ2 in the exponent get trans-
formed into derivatives after which we can integrate the leftover variables out by the Gaussian
integral. Finally, we apply the cluster expansion and collect some terms into the function a (see
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definition A.15). After substituting all of the ingredients, the final result is
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× Π
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ò
.

(A.21)
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B
Scale-dependent Halo Bias Detectability

With Different Window Functions

This appendix presents the plots of NG correction detectability from the scale-dependent
bias with Gaussian and sharp k-space filters (equation 4.54 and 4.55, respectively) instead of
the top-hat filter. The plots of the Gaussian filter are shown in figure B.1 and the plots of the
sharp-k filter are shown in figure B.2
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(a) Local Bispectrum (b)Nonlinearity of GR (NL of GR) Bispectrum

(c) Equilateral Bispectrum (d) Enfolded Bispectrum

(e)Orthogonal Bispectrum

Figure B.1: Comparison of scale dependence detectability functions at different halo mass with Gaussian Fil-
ter.
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(a) Local Bispectrum (b)Nonlinearity of GR (NL of GR) Bispectrum

(c) Equilateral Bispectrum (d) Enfolded Bispectrum

(e)Orthogonal Bispectrum

Figure B.2: Comparison of scale dependence detectability functions at different halo mass with Sharp-k Filter.
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C
Redshift Space Kernels

As anticipated in section 5.1, the kernels for the number density contrast solution at up to
the third order. We start by writing equation 5.14 in Fourier space,

δgk =b1δk + b2Cov[δ2]k + b3Cov[δ3]k + bK2Cov[KijK
ij]k

+ bK3Cov[Ki
jK

j
kK

k
i]k + btdO

(3)
td,k,

(C.1)

whereCov denotes convolution. The Fourier-transformed tidal field can also be written as

Kij,k =

Å
kikj
k2
− 1

3
δij
ã
δk ≡ sij(k)δk. (C.2)

Then, the third-order tidal operator (see equation 3.106) can be written in Fourier space,

O
(3)
td,k =

8

21

∫
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ï
1− 3

2
smn(k − q1 − q2)smn(q2)

ò
δk−q1−q2

δq1
δq2
.

(C.3)
We then substitute this bias expansion with the SPT solutions order by order into equation
5.13. The resulting kernels are the following,
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Symmetrized First-order Kernel
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. (C.4)

Symmetrized Second-order Kernel
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(C.5)

Unsymmetrized Third-order Kernel
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(C.6)

Note that all SPT kernels in the expression above are the symmetrized version. The subscripted
variables are

kij = ki + kj and µij = k̂ij · ŝ,
k123 = k1 + k2 + k3 and µ123 = k̂123 · ŝ.

(C.7)
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D
Integrals of Spherical Harmonics

D.1 Integral over N spherical Harmonics

This appendix aims to show the constraint on spherical harmonics indices given by the inte-
gral over N spherical Harmonics,

∫
dΩs

N∏
n=1

Yjn,mjn
(ŝ). (D.1)

Let us write the spherical harmonic function as

Yj,mj
(θ, φ) =

 
2j + 1

4π

(l −mj)!

(l +mj)!
Pmj

j (cos θ)eimjφ, (D.2)

wherePmj

j is the associated Legendre polynomial. Then, the integral is proportional to
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From this proportionality, let us discuss the conditions in which the integral is non-vanishing.
First of all, the integral over φ puts a constraint

N∑
n=1

mjn = 0. (D.4)

The second integral is determined by assessing if the product is odd or even. Recall that Pmj

j

have the parity property,

Pmj

j (−x) = (−1)j−mjPmj

j (x). (D.5)

Hence, the integral is non-zero only if

N∑
n=1

(jn −mjn) = even. (D.6)

Combining with the first constraint D.4, we have the constraint on the angular momentum
indices,

N∑
n=1

jn = even. (D.7)

Therefore, the integral over a product ofN spherical Harmonics is non-vanishing only if equa-
tions D.4 and D.7 are satisfied simultaneously.

Notice that the constraint D.7 is the same even if some of the spherical harmonic func-
tions are complex conjugated. The conjugation only changes the sign of the projection indices
Y ∗
jn,mjn

= Yjn,−mjn
and therefore alters the signs in constraint D.4 only.
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