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Abstract

This thesis investigates black hole solutions and microstate geometries in string theory in order to
provide a concrete setting to explore the conjectured holographic correspondence between strings in
curved backgrounds and conformal field theories (CFTs). After reviewing core concepts in conformal
field theory and string theory, we discuss the string dynamics on backgrounds with an AdS3 factor and
explore how, in a certain limit, it can be equivalently described by a two-dimensional CFT. Specifi-
cally, we examine the AdS3 × S3 × T4 geometry with n5 units of NS-NS flux arising from the NS5-F1
system in type IIB string theory, which, in the tensionless limit n5 = 1, admits an exact description
via the psu(1, 1|2)1 WZW model coupled to a topologically twisted internal CFT. This worldsheet
theory, expressible in a free field realization within the hybrid formalism, is holographically dual to
the symmetric product orbifold CFT of T4. Recent developments suggest that this duality can be
extended to linear dilaton backgrounds through marginal current-current deformations in the bulk,
which correspond to single-trace TT -deformed symmetric orbifold theories on the boundary. This
thesis aims to recast such marginally deformed models within the framework of a null-gauged coset
WZW model, offering more control over the worldsheet theory and potentially enabling a more com-
prehensive understanding of holography in non-AdS spacetimes, including both microstate geometries
and black hole solutions.
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Introduction

The two central frameworks that describe the physical world today are quantum field theory and
general relativity. Quantum field theory has proven extremely successful in accounting for the funda-
mental forces and elementary particles, while general relativity provides a geometrical understanding
of gravity and has passed every observational test with remarkable precision. Yet, the two theories rest
on very different principles, and attempts to merge them into a single consistent picture encounter
profound difficulties. In particular, treating gravity within the conventional rules of quantum field
theory leads to uncontrollable divergences due to its non-renormalizable nature. This tension points
to the need for a more fundamental description of spacetime and matter. String theory offers a com-
pelling resolution: by replacing point particles with extended one-dimensional objects, it provides a
framework where gravitons arise naturally and where spacetime dynamics emerge consistently from
the underlying theory [1, 2].

Among the many challenges in constructing a theory of quantum gravity, black holes play a central
role. Classical black holes, as described by general relativity, are singular solutions of the Einstein
equations which exhibit a singularity hidden by an event horizon, in which a theory of quantum grav-
ity becomes essential. Historically, it was noted that such systems present thermodynamic properties:
they possess entropy proportional to the area of their horizon and radiate at a finite temperature
when quantum effects are taken into account, as discovered by Hawking [3, 4]. This remarkable inter-
play between thermodynamics, quantum theory, and gravity culminates in the so-called information
paradox: if black hole evaporation is a purely thermal process, at the end, information about the
initial state seems to be irretrievably lost, contradicting the unitarity of quantum mechanics. More
precisely, it was shown that the simultaneous assumptions of unitary black hole evolution, validity of
the equivalence principle at the horizon, and horizon-local entanglement production of Hawking pairs
lead to a paradox [5, 6]. In order to resolve such pathology one needs to eliminate (at least) one of the
previous assumptions; in other words, the information paradox cannot be solved by a small correction
at the Planck scale, but requires an order-one modification of the near-horizon physics. This is then
one of the main motivations for the study of a quantum theory of gravity.

String theory has provided profound insights into the black hole information problem. In a landmark
calculation, Strominger and Vafa [7] showed that the entropy of certain supersymmetric black holes
can be exactly reproduced by counting the microstates of D-brane configurations. This remarkable
result demonstrated that black holes possess a vast underlying degeneracy of quantum states, laying
the foundation for a microscopic understanding of their thermodynamic properties. Building on these
ideas, one particularly ambitious proposal is represented by the fuzzball paradigm [6], which posits
that each individual black hole microstate corresponds to an horizonless configuration of strings that
extends up to the would-be horizon scale. In the supergravity regime, some of these configurations
have been explicitly constructed as smooth, horizonless geometries, rather than a singularity hidden
behind an event horizon. These fuzzball geometries are highly intricate at the scale of the would-be
horizon, but they asymptotically approach the classical black hole solution at large distances. As a
consequence, to a distant observer, the fuzzball ensemble appears effectively identical to a conventional
black hole, reproducing its gravitational field, mass, and other classical properties, while at the same
time resolving the information paradox: information is not lost but encoded in the specific microstate
geometry. In this sense, the fuzzball proposal provides a concrete mechanism by which string theory
replaces the conventional black hole interior with a rich and fully quantum description of spacetime,
making the microscopic structure of black holes directly accessible to theoretical investigation and
providing a concrete mechanism for a unitary Hawking radiation and solving the information paradox.
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Another major conceptual breakthrough in modern theoretical physics is the idea of the holographic
principle, often formulated as the gauge/gravity duality. This correspondence posits that a quantum
theory of gravity defined on a (d+ 1)-dimensional spacetime (the bulk) can be equivalently described
by a non-gravitational quantum field theory ‘hologram’ living on its d-dimensional boundary. It is
also frequently referred as AdS/CFT duality since most often realizes a connection between a bulk
gravitational theory in anti-de Sitter spaces (AdS) and a conformal field theory (CFT) on its boundary.
The most celebrated example is the AdS5/CFT4 duality [8], which states that type IIB string theory
on AdS5 × S5 is exactly equivalent to N = 4 supersymmetric Yang-Mills theory in four dimensions.
This duality provides an explicit realization of the holographic principle, which broadly asserts that
the information contained within a given volume of space can be encoded on its boundary, much
like a hologram. Holography has proven to be an extremely powerful tool, allowing one to translate
difficult gravitational problems into tractable questions in quantum field theory, and vice versa, as it
typically possesses a strong/weak nature. In particular, it has led to important insights into black hole
physics, such as the derivation of entanglement entropy in the boundary theory and its connection
to geometric properties of horizons in the bulk [9]. In the context of string theory, holography also
provides a framework to investigate strongly coupled quantum systems, offering an unprecedented
window into non-perturbative phenomena that are otherwise inaccessible through conventional field
theory techniques.

Another particularly rich instance of holography is provided by the AdS3/CFT2 correspondence.
AdS3 backgrounds are of special interest because they naturally arise as near-horizon geometries of
some brane configurations in string theory, most notably the NS5–F1 system (S-dual to the D1-
D5 system) [10, 11]. In this construction, a stack of NS5-branes wrapped on compact directions is
bound to a number of fundamental strings (F1), and, in the brane decoupling limit, the near-horizon
spacetime geometry is AdS3 × S3 × T4 supported by NS-NS flux. Remarkably, for such background,
the worldsheet theory is given by a Wess-Zumino-Witten (WZW) model, which provides an exact
and integrable description of the background geometry [12]. This exact solvability makes such models
particularly powerful laboratories: they allow us to compute spectra and correlation functions at all
orders in α′, thereby giving a non-perturbative window into holography form the bulk side.

A peculiar intriguing corner of the AdS3/CFT2 correspondence arises in the so-called tensionless
limit, where the string tension goes to zero. In this regime, the usual RNS description on the worldsheet
breaks down and one is forced to use a different formalism, technically more involved and subtle, but
which ends up in a description of the model as a free theory. Nonetheless this new formulation poses
many computationally delicate challenges which have been only recently started to be studied and
understood [13–18]. On the dual side, it has been argued and substantiated by a series of works
[19–21] that this worldsheet description is holographically equivalent to the symmetric orbifold of T4,
a two-dimensional CFT with a highly degenerate spectrum of states that precisely matches the string
spectrum in the tensionless limit. Away from the tensionless point, the boundary theory is no longer
the free symmetric orbifold, rather, it corresponds to an interacting CFT in the same conformal moduli
space, and for which only certain observables can be matched explicitly between bulk and boundary.

The tensionless point then occupies a distinguished position in holography, as it provides one of
the very few settings in which both sides of the duality are accessible in an exact and tractable form,
enabling a microscopic exploration of holographic principles. In this work, we will focus on a par-
ticular set of deformed WZW models, which are conjectured to be dual to symmetric orbifold CFTs
deformed by specific current-current operators once the bulk region of flat spacetime is decoupled.
These deformations are implemented on the worldsheet via the null gauging formalism, a method
that allows one to describe within a unified framework both and black holes solutions [22, 23] and
JMaRT-type fuzzball configurations, which are explicit horizonless, smooth geometries in type IIB su-
pergravity carrying the same charges as 3-charge black holes [24–26]. In addition, null gauging greatly
simplifies the computation of spectra and correlation functions, as one can impose gauge invariance
on the quantities of the parent theory to directly obtain physical observables in the gauged model.
Moreover, gauged WZW models provide an exact worldsheet description of string propagation and are
not restricted to AdS geometries: by gauging suitable isometries, one can interpolate between different
background which may not be asymptotically AdS. This versatility makes them invaluable tools for
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exploring extensions of holography beyond the traditional AdS setting, a question of pressing interest
for understanding how holographic principles might manifest in a universe that is not asymptotically
AdS, such ours. Gauged WZW models thus offer one of the few controlled frameworks in which such
non-AdS holographic questions can be rigorously addressed [27].

The purpose of this thesis is then to investigate these ideas in detail by studying null-gauged WZW
models in the tensionless regime and analyzing their holographic properties. The present work is
organized as follows. In Chapter 1 an introduction to conformal field theories in two dimension is
presented, completed with some examples of free theories that will be used throughout this study. In
Chapter 2 we provide the basic tools of the String theory framework focusing on the supersymmetric
case and the BRST quantization formalism; in the end we connect String theory with the effective
supergravity approach and discuss as a useful example the NS5-F1 bound system. In Chapter 3
the framework of WZW models is introduced along with its gauged version. In Chapter 4 we then
discuss the propagation of strings in AdS3 backgrounds both at a classical and at a quantum level. In
Chapter 5 the tensionless limit of the AdS3×S3×T4 background with pure NS-NS fluxes is discussed,
presenting the hybrid formalism and studying the spectrum and the free field realization of the model
in such limit. In Chapter 6 we then introduce the holographic theory with a review of orbifold CFTs
and matching its single-particle spectrum with that of the worldsheet model. Finally, in Chapter 7 we
study a particular current-current deformation of the system in the tensionless limit by employing the
null-gauged formalism in the free field realization; the single-particle perturbative spectrum of such
model is derived and is matched with the one of a deformed orbifold CFT.
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Chapter 1

Introduction to Conformal Field
Theories

The main focus of this work will be the study of string dynamics in a particular class of curved
backgrounds. In the (modern) formulation of String Theory, the motion of a string through the
target-spacetime sweeps out a two-dimensional surface called the worldsheet, whose dynamics is gov-
erned by a two-dimensional quantum field theory. As we will see in the next Chapter, this worldsheet
theory possesses conformal symmetry at the classical level and demanding that this symmetry re-
mains anomalous-free at the quantum level imposes consistency conditions on the target-space fields.
Remarkably, these conditions include the equations of motion of the background fields, among them
Einstein’s equations of general relativity. This intimate link between conformal symmetry on the
worldsheet and the dynamics of spacetime is the central reason why Conformal Field Theories (CFTs)
in two dimensions play such a fundamental role in the study of String Theory.

We start by defining the conformal group in generic dimension, focusing then on the case of d = 2.
Once we’ve explored the classical elements of CFT, we’ll dive into its key quantum features, discussing
the radial quantization formalism and the Virasoro algebra. Finally, we shall bring our discussion to
a conclusion with a collection of examples of free CFTs, which will be utilized in the Chapters that
follow. The arguments discussed here are standard matter covered in most classical CFT books such
as [28, 29].

1.1 The Conformal Group

Let us start by considering two d-dimensional (pseudo)-Riemannian manifolds (M, g) and (˜︂M, g̃)

and a diffeomorphism between two charts ϕ : M ⊃ U ↦→ V ⊂ ˜︂M. Then ϕ represent a conformal
transformation if satisfies ϕ∗g̃ = Ωg for some positive function Ω > 0 called the Weyl scale factor ;
more concretely, dubbing ϕ(x) ≡ x̃ with x ∈ U , a conformal transformation satisfies

g̃αβ(x̃)
∂x̃α

∂xµ
∂x̃β

∂xν
= Ω(x)gµν(x) . (1.1)

Observe then that conformal transformations preserve the angle cos θ = (gµνv
µwν)/

√
v2w2 between

any two vectors v, w.
In the rest of this thesis we will consider conformal transformations between the same flat manifold

with signature (p, q)– i.e. ˜︂M = M = Rp,q and g̃µν = gµν = ηµν ≡ diag(−1, . . . ,−1⏞ ⏟⏟ ⏞
p

,+1, . . . ,+1⏞ ⏟⏟ ⏞
q

) and

d = p+ q – which gets the condition

ηαβ
∂x̃α

∂xµ
∂x̃β

∂xν
= Ω(x)ηµν . (1.2)

Let us also notice that for Ω(x) = 1 we recover the condition of Poincaré transformations.
In order then to obtain the action of the conformal group on the coordinates, let us consider an

1



1.1. THE CONFORMAL GROUP

infinitesimal conformal coordinate transformation xµ ↦→ x̃ = xµ+ϵµ(x)+o(ϵ2) for some small parameter
ϵ≪ 1, which then satisfy (1.2) if

ηµν + (∂µϵν + ∂νϵµ) + o(ϵ2) = Ω(x)ηµν , (1.3)

thus, taking Ω(x) = 1 + ω(x) + o(ϵ2) for some function ω(x) of order ϵ, and taking the trace of the
latter condition, we obtain that 2∂µϵµ = ω(x)d, which can be reinserted into the conformal condition
resulting in

∂µϵν + ∂νϵµ =
2

d
(∂αϵ

α)ηµν , (1.4)

and the scale factor Ω(x) = 1+ (2/d)∂αϵ
α+ o(ϵ2). Moreover, from this, by contracting with ∂µ or ∂ν ,

then taking the derivative ∂ν or ∂µ respectively, and finally summing the two results, one can get(︁
ηµν□+ (d− 2)∂µ∂ν

)︁
∂ · ϵ = 0 . (1.5)

Conformal Group in d > 2

Let us now consider d > 2. From (1.5) we read off that the parameter ϵ(x) must be at most of order
x2, for which we can parametrize it by the general ansatz:

ϵµ = aµ + bµνx
ν + cµνρx

νxρ , (1.6)

with constant infinitesimal parameters aµ, bµν , cµνρ ≪ 1. Then, imposing the conformal condition
(1.4) restricts the form of the parameters. We can then discuss them at every order in x.

1. At zero order, (1.4) do not constrain aµ, which then describe the translations xµ ↦→ xµ + aµ

generated by Pµ = −i∂µ.

2. At first order, the coefficient bµν is required to satisfy

bµν + bνµ =
2

d
(ηαβbαβ)ηµν , (1.7)

and thus we can split bµν = ληµν + ℓµν where the symmetric part describes an infinitesimal scale
transformation xµ ↦→ (1 + λ)xµ generated by D = −ixµ∂µ and the antisymmetric component
ℓµν = −ℓνµ represent an infinitesimal Lorentz rotation xµ ↦→ (δµν + ℓµν)xν generated by Mµν =
i(xµ∂ν − xν∂µ).

3. At second order, the constraint (1.2) can be put in the form

cµνρ = ηνρbν + ηµνbρ − ηνρbµ , with bµ =
1

d
cρρµ , (1.8)

which gives the infinitesimal version of the so-called Special Conformal Transformations (SCT):

xµ ↦→ xµ + 2(x · b)xµ − (x · x)bµ , (1.9)

that are generated by Kµ = −i
(︁
2xµx

ν∂ν − (x · x)∂µ
)︁
. Notice the SCT can also be expressed as

an inversion, followed by a translation along bµ, and a final inversion – i.e. x̃µ/x̃2 = xµ/x2 + bµ.

Now one can rearrange all the generators together by defining the generators JMN with M,N =
−1, 0, 1, . . . , (d− 1) and identifying

Jµ,ν ≡Mµν , J−1,µ ≡ 1

2
(Pµ −Kµ) ,

J−1,0 ≡ D , J0,µ ≡ 1

2
(Pµ +Kµ) .

(1.10)

which satisfy the commutation relations

[JMN , JRS ] = i
(︁
ηMSJNR + ηNRJMS − ηMRJNS − ηNSJMR

)︁
, (1.11)

2



CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

where the metric ηMN = −1δM,−1δN,−1 + δMµδNν ηµν = diag(

p+1⏟ ⏞⏞ ⏟
−1, . . . ,−1,

q⏟ ⏞⏞ ⏟
+1, . . . ,+1). Then the

generators JMN defines an so(p+ 1, q + 1) algebra, and the conformal group of Rp,q in d = p+ q > 2
dimensions1 is isomorphic to SO(p+ 1, q + 1) ∼= Conf(p, q).

Conformal Group in d = 2

Let’s now consider the conformal group in d = 2 in Euclidean signature – i.e. for M = R0,2 and
ηµν = δµν . In such case the condition (1.4) reduces to the Cauchy-Riemann equations

∂0ϵ0 = ∂1ϵ1 , ∂0ϵ1 = −∂1ϵ0 . (1.12)

Then, defining the (Euclidean2) complex variables z ≡ x0+ ix1 and z̄ ≡ x0− ix1, one can think at the
functions ϵ(z) ≡ ϵ0 + iϵ1 and ϵ̄(z̄) ≡ ϵ0 − iϵ1 as an holomorphic and antiholophic functions (in some
open set) respectively.

Thus, an infinitesimal conformal transformation in d = 2 is represented by an analytic transforma-
tion z ↦→ f(z) with f(z) = z + ϵ(z) and similarly for z̄. The metric in such coordinates reads

ds2 = dzdz̄ ↦−→
⃓⃓⃓⃓
∂f

∂z

⃓⃓⃓⃓2
dzdz̄ . (1.13)

In order to identify the conformal algebra in d = 2, let us consider the Laurent expansion of ϵ(z)
around z = 0 (recall f(z) = z + ϵ(z) is holomorphic in an open set, in general is assumed to be
meromoprhic outside it) and get:

z ↦−→ z′ = f(z) = z +
∑︂
n∈Z

(−zn+1)ϵn ,

z̄ ↦−→ z̄′ = f̄(z̄) = z +
∑︂
n∈Z

(−z̄n+1)ϵ̄n ,
(1.14)

for some infinitesimal constants ϵn, ϵ̄n ≪ 1. The associated infinitesimal generators then reads

ℓn = −zn+1∂z , ℓ̄n = −z̄n+1∂z̄ , (1.15)

which realize two indipendent instances of the so-called Witt algebra:

[ℓm, ℓn] = (m− n)ℓm+n , [ℓ̄m, ℓ̄n] = (m− n)ℓ̄m+n , [ℓm, ℓ̄n] = 0 . (1.16)

Since then the local conformal algebra is realized as a direct sum of two Witt algebras, in the following
will be convenient to treat z and z̄ as independent variables and impose the ‘physical’ condition z̄ = z∗

just at the end to reduce from C2 to C ≃ R2 ∋ (x0, x1).

Notice now that not all the infinitesimal conformal transformations (1.14) are globally defined on
the conformal compactification of R2 –i.e. the Riemann sphere Ĉ ≡ C∪{∞} ∼= CP1. Indeed requiring
regularity of ℓn at z = 0 imposes n ≥ −1, while regularity at z = ∞ is imposed by requiring the
regularity at w = −1/z = 0, which gets ℓn = −w1−n∂w, and thus restricts n ≤ 1.

Therefore the conformal group in two dimensions is represented by the transformation generated
by the infinitesimal generators {ℓ−1, ℓ0, ℓ1} ∪ {ℓ̄−1, ℓ̄0, ℓ̄1}. In particular, from (1.15) we identify ℓ−1

and ℓ̄−1 as the generators of translation, (ℓ0 + ℓ̄0)/2 = −r∂r and i(ℓ0 − ℓ̄0)/2 = −∂φ as the generators
of dilatation and and rotations of z = reiφ, and ℓ1 and ℓ̄1 as the generators of SCT (equivalent to
the translations of w = −1/z). Altogether then, the global conformal group on the plane gets the
invertible transformations called fractional linear or Möbius transformations:

z ↦−→ az + b

cz + d
, z ↦−→ āz̄ + b̄

c̄z̄ + d
,

(︃
a b
c d

)︃
∈ PSL(2,C) =

SL(2,C)
Z2

. (1.17)

1Actually one should consider the conformal compactification of Rp,q in order to include the point at infinity and make
the conformal group well-defined globally.

2For the Lorentzian case one take the light-cone coordinates z = x0 + x1 and z̄ = x0 − x1.
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Note that, in d = 2, while the infinitesimal conformal algebra (1.16) is infinite dimensional, only a
finite dimensional subset generate the global conformal group (also called Möbius group) Conf(0, 2) ∼=
PSL(2,C) ∼= SO(1, 3) (when acting on the real slice z̄ = z∗).

1.2 Classical Aspects of CFT
Let us now consider some classical aspects common to all CFTs so set the notation and terminology.

Primary Fields

Given a generic field Φ(z, z̄) parametrized by the complex coordinates defined above, one defines its
conformal dimensions/weights (h, h̄) if under z ↦→ λz, λ ∈ C, transform as

Φ(z, z̄) ↦−→ Φ′(z, z̄) = λhλh̄Φ(λz, λ̄z̄) . (1.18)

Moreover, a field of conformal dimensions (h, h̄) is said to be a primary field if under a generic
conformal transformation z ↦→ f(z) and z̄ ↦→ f̄(z̄), gets

Φ(z, z̄) ↦−→ Φ′(z, z̄) =

(︃
∂f

∂z

)︃h(︃∂f̄
∂z̄

)︃h̄
Φ(f(z), f̄(z̄)) . (1.19)

If this only holds for global conformal transformations – i.e. f ∈ PSL(2,C) – then Φ(z, z̄) is said to
be quasi-primary (or PSL(2,C)-primary). Under an infinitesimal transformations f(z) = z + ϵ(z),
with ϵ(z) ≪ 1, (1.19) gets3

δϵ,ϵ̄Φ(z, z̄) =
(︁
(h∂ϵ+ ϵ∂) + (h̄∂̄ϵ̄+ ϵ̄∂̄)

)︁
Φ(z, z̄) . (1.20)

Finally, notice that under a dilatation z ↦→ λz, z̄ ↦→ λz̄ and a rotation z ↦→ eiθz, z̄ ↦→ e−iθz̄ a
quasi-primary field of weights (h, h̄) gets:

Φ(z, z̄) ↦−→ Φ′(z, z̄) = λh+h̄Φ(λz, λz̄) , Φ(z, z̄) ↦−→ Φ′(z, z̄) = eiθ(h−h̄)Φ(eiθz, e−iθz̄) . (1.21)

We thus recognize that the scaling dimension and the spin of the filed are given by:

∆ ≡ h+ h̄ , s ≡ h− h̄ . (1.22)

Stress-Energy Tensor

In ordinary QFTs the stress-energy tensor is defined as the Noether current associated to a variation
of the metric. In CFTs we similarly define it by

Tµν(x) ≡ − 4π√
−g

δS

δgµν(x)
, (1.23)

where we adopt a different normalization for convenience.
However, due to the tight constraints imposed by the conformal invariance, in the CFT case we can

actually obtain a lot of information even without committing to a particular action. Indeed, applying
the Noether theorem to the conformal symmetry xµ ↦→ xµ + ϵµ(x), one gets the conserved current

jµ = Tµνϵ
ν , (1.24)

where Tµν is chosen symmetric.4 For a global translation (ϵµ =const.) we thus get the usual con-
servation 0 = ∂µjµ = (∂µTµν)ϵ

ν , but for a generic (local) conformal transformation, requiring the
conservation of jµ implies the tracelessness of Tµν :

0 = ∂µjµ = (∂µTµν)ϵ
ν + Tµν(∂

µϵν) = 0 +
1

2
Tµν(∂

µϵν + ∂νϵµ) =
1

d
Tµµ (∂ · ϵ) , (1.25)

3From now on we denote ∂z ≡ ∂ and ∂z̄ ≡ ∂̄ if not otherwise stated.
4The Noether procedure gives in general a non-symmetric tensor (the so-called canonical stress-energy tensor), which
however can be brought into a symmetric form by the Belinfante procedure, which do not spoils its conservation.
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CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

where we used that Tµν is symmetric and then that ϵµ(x) represent a conformal transformation (1.4).
Notice that the tracelessness condition is actually implied by requiring, in addition to global trans-
lation symmetry, only the conservation of the dilaton current – i.e. ϵµ(x) = λxµ for some constant
λ ∈ R – then the invariance under the other conformal transformation is automatically satisfied.

If we now specialize to d = 2, the stress-energy tensor in complex coordinates follows from the usual
transformation rule Tαβ = ∂xµ

∂xα
∂xν

∂xβ
Tµν with x0 = (z + z̄)/2 and x1 = −i(z − z̄)/2:5

Tzz =
1

4
(T00 − 2i T10 − T11) ,

Tz̄z̄ =
1

4
(T00 + 2i T10 − T11) ,

Tzz̄ = Tz̄z =
1

4
(T00 + T11) =

1

4
Tµµ = 0 ,

(1.26)

We thus get that the only non-vanishing components are

Tzz =
1

2
(T00 − iT10) , Tz̄z̄ =

1

2
(T00 + iT10) , (1.27)

and the conservation of the current (1.24) gets ∂̄Tzz + ∂Tz̄z = 0 = ∂Tz̄z̄ + ∂̄Tzz̄, which simplifies due
to the tracelessness condition, requiring

∂̄Tzz = 0 , ∂Tz̄z̄ = 0 . (1.28)

Then, conformal invariance in d = 2 imposes the only non-vanishing components of the stress-energy
tensor to be holomorphic and antiholomorphic:

T (z) ≡ Tzz(z) , T (z̄) ≡ Tz̄z̄(z̄) . (1.29)

As final note, we can see that the usual ‘Noether trick’ used to compute conserved currents by promot-
ing the symmetry parameter to a local one also works for computing the stress-energy tensor. Indeed,
if an infinitesimal transformation xµ ↦→ xµ − ϵµ(x) is a symmetry of the action, then the metric must
transform as gµν ↦→ gµν + (∂µϵν + ∂νϵµ) to compensate the variation. Explicitly then we have

δS = −
∫︂
d2z

δS

δgαβ
δgαβ

=
1

2π

∫︂
d2z

√
g Tαβ(∂

αϵβ)

=
1

2π

∫︂
d2z

1

2

[︂
Tzz∂

zϵz + Tz̄z̄∂
z̄ϵz̄
]︂

=
1

2π

∫︂
d2z

[︂
T (z)∂̄ϵ(z, z̄) + T (z̄)∂ϵ̄(z, z̄)

]︂
,

(1.30)

where we used the definition (1.23) and the metric in complex coordinates. Thus, if ϵ and ϵ̄ are chosen
holomorphic and antiholomorphic respectively, we correctly get that the action is indeed invariant; if
we allow them to depend on both z and z̄, then from the variation of the action we can read off the
stress-energy tensor components.

1.3 Quantization of CFT

After reviewing some classical features of conformal field theories we will now discuss the quantization
approach of such theories in d = 2.
5Notice that the metric in complex coordinates gets the only non-vanishing component gzz̄ = gz̄z = 1/2 and its inverse
gzz̄ = 2. Then the determinant of the metric g ≡ det gµν = 1/4 and the partial derivatives ∂z̄ = 2∂z and ∂z = 2∂z̄.
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1.3. QUANTIZATION OF CFT

In order to make later contact with the string theory for closed strings, in the following we will con-
sider CFTs defined on the Euclidean6 cylinder of radius R = 1 whose ‘time’ direction is parametrized
by x0 and the ‘angular’ direction is described by x1 ∼ x1 + 2πR. In this Section we will then denote
the cylinder coordinates7 with

ζ ≡ x0 + ix1 , ζ̄ ≡ x0 − ix1 . (1.31)

Radial Quantization

Working in d = 2 gives us the advantage of exploiting a much more useful reference frame in order to
better define the quantization procedure. Indeed, employing the conformal invariance of the theory,
we can define a conformal transformation that sends the cylinder coordinates (ζ, ζ̄) to the complex
plane coordinates (z, z̄) as:

ζ ↦−→ z ≡ eζ , ζ̄ ↦−→ z̄ ≡ eζ̄ . (1.32)

Then the infinite past and future on the cylinder x0 = ∓∞ get respectively mapped to the points z = 0
and z = ∞ on the plane (see Figure 1.1). Moreover a time translation on the cylinder x0 ↦→ x0 + a
is equivalent to the radial dilatation z ↦→ eaz on the plane, whereas a special translation x1 ↦→ x1 + b
is mapped to the counterclockwise rotation on the plane z ↦→ eibz. Notice that now a fixed-time slice
on the cylinder (x0 = const.) are mapped to circles of constant radius (|z| = const.) on the plane,
moreover, the generator of the time-translations on the cylinder – i.e. the Hamiltonian – can now
be regarded as the generator of the dilatation on the plane. This procedure for defining a quantum
theory on the plane is known as radial quantization, which will turn out to be useful since it can make
use of complex analysis to study the theory.

In the following we will also express a generic field on the plane Φ(z, z̄) with conformal dimensions
(h, h̄) in its Laurent expansion around z0 = 0 = z̄0:

Φ(z, z̄) =
∑︂
n,m∈Z

z−n−hz̄−m−h̄φn,m , with φn,m =

∮︂
dz

2πi

∮︂
dz̄

2πi
zn+h−1z̄m+h̄−1Φ(z, z̄) . (1.33)

Such expression can be understood as the complex plane version of the usual Fourier transform of
Φ(ζ, ζ̄) on the cylinder, which is then mapped to the the plane through (1.19), that explains the
additional factors of h and h̄. The quantization procedure then amounts, as usual, to promoting the
modes φn,m to operators.

ζ

x0

x1

z = eζ

ζ = ln z

z

ex
0

eix
1

Figure 1.1: The conformal map between the Euclidean cylinder and the complex plane.

Radial Ordering and OPEs

Having defined the reference frame of the complex plane, we can now express the conserved charge
associated to the conformal conserved current (1.24) by integrating its ‘time’ component along a
6The Lorentizan version is recovered by Wick rotating x0 → ix0.
7These are the z and z̄ defined in the previous Section, we now rename them in order to save the latin characters to
later dub the complex plane coordinates.

6



CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

‘fixed-time’ surface, that in plane coordinates reads:

Qϵ,ϵ̄ ≡
1

2πi

∮︂
C0

(︂
dz T (z)ϵ(z) + dz̄ T (z̄)ϵ̄(z̄)

)︂
, (1.34)

where the constant-radius contour is taken counterclockwise and includes z = 0.
Then, as usual in QFT, any conserved charge Q generates the infinitesimal transformation of a

generic field Φ(z, z̄) through the ‘equal-time’ commutation relation, which in this case reads:

δϵ,ϵ̄Φ(w, w̄) ≡
[︁
Qϵ,ϵ̄,Φ(w, w̄)

]︁
=

∮︂
C0

dz

2πi
[T (z)ϵ(z),Φ(w, w̄)] +

∮︂
C0

dz̄

2πi

[︁
T (z̄)ϵ̄(z̄),Φ(w, w̄)

]︁
. (1.35)

However, in order to avoid an ambiguity in the above expression, we need to state whether w and w̄
are included or not in the contour C0. To do so, recall that in ordinary QFT correlation functions
are only defined up to time-ordering of the operators, which now on the plane is equivalent to the
radial-ordering defined for commuting/anticommuting operators as

R
(︁
A(z, z̄)B(w, w̄)

)︁
≡

{︄
A(z, z̄)B(w, w̄) , |z| > |w| ,
±B(w, w̄)A(z, z̄) , |z| < |w| .

(1.36)

Then, an equal-time commutation/anticommutation relation gets∮︂
C0
dz
[︁
A(z), B(w)

]︁
∓ =

∮︂
|z|>|w|

dz A(z)B(w)∓
∮︂
|z|<|w|

dz B(w)A(z) =

∮︂
Cw
dz R

(︁
A(z), B(w)

)︁
. (1.37)

At this point we can express (1.35) as

δϵ,ϵ̄Φ(w, w̄) =

∮︂
Cw

dz

2πi
ϵ(z)R

(︂
T (z)Φ(w, w̄)

)︂
+

∮︂
Cw

dz̄

2πi
ϵ̄(z̄)R

(︂
T (z̄)Φ(w, w̄)

)︂
. (1.38)

Notice that, if we take Φ(w, w̄) to be primary of weight (h, h̄), the latter expression recovers (1.20)
only if

R
(︁
T (z)Φ(w, w̄)

)︁
=
hΦ(w, w̄)

(z − w)2
+
∂wΦ(w, w̄)

z − w
+ · · · ,

R
(︁
T (z̄)Φ(w, w̄)

)︁
=
h̄Φ(w, w̄)

(z̄ − w̄)2
+
∂w̄Φ(w, w̄)

z̄ − w̄
+ · · · ,

(1.39)

where the non-singular terms are not fixed. Relation of this kind are called Operator Product Expan-
sions (OPEs), and from now on we will drop the radial-ordering notation which would be understood
in every OPEs. Notice that if Φ is only quasi-primary, a similar relation holds, but allows for higher
order poles, which are not fixed in general.

Concerning the notation, in the following we will denote a general OPE between two operators local
operators Oi(z, z̄) and Oj(w, w̄)

Oi(z, z̄)Oj(w, w̄) =
∑︂
k

Ckij(z − w, z̄ − w̄)Ok(w, w̄) , (1.40)

where Ckij are singular translationally-invariant functions and k runs over a complete set of local
operators in the CFT. Such relation is always understood as inside a time/radial-ordered expectation
value.

More explicitly, considering two local chiral operators A(z) and B(w), we will allow for a fine number
N > 0 of singularity on the OPE:

A(z)B(w) =

N∑︂
n=−∞

{AB}n(w)
(z − w)n

, (1.41)
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1.3. QUANTIZATION OF CFT

where {AB}n(w) are non singular. We then define the Wick contraction between two local operators
as the singular part of their OPE and the normal ordered product as its the regular part, i.e.

A(z)B(w) = A(z)B(w)+ :A(z)B(w) : , (1.42)

where, explicitly, we have the Wick contraction

A(z)B(w) ≡
N∑︂
n=1

{AB}n(w)
(z − w)n

, (1.43)

and the normal ordered product can be expressed as8 (we report the most used notations)

:AB : (w) ≡ (AB)(w) ≡ {AB}0(w) = lim
z→w

[︂
A(z)B(w)−A(z)B(w)

]︂
=

∮︂
Cw

dz

2πi

A(z)B(w)

z − w
. (1.44)

In addition, one should be careful when contracting with a normal ordered product and use the
generalized Wick theorem, e.g.:

A(z)(BC)(w) =
1

2πi

∮︂
Cw

dx

x− w

{︃
A(z)B(x)C(w) + (−1)p(A)p(B)B(x)A(z)C(w)

}︃
,

(AB)(z)C(w) =
1

2πi

∮︂
Cw

dx

z − x

{︃
:A(x)B(x)C(w) : + (−1)p(A)p(B)B(x)A(x)C(w)

}︃
,

(1.45)

where p(Φ) = 0, 1 if the operator Φ is commuting/anticommuting.
Moreover, notice that, when the operators are expanded into modes (1.33), the normal-ordering can

be shown to be equivalent to put the ‘creation’ modes φn,m, with n ≤ −h and m ≤ −h̄, on the left
and the ‘annihilation’ modes on the right:9

(AB)m =
∑︂

n≤−hA

AnBm−n ±
∑︂

n≥−hA

Bm−nAn . (1.46)

Finally, we will often express the OPE only by its singular terms, and we will denote it as

A(z)B(w) ∼ A(z)B(w) . (1.47)

TT OPE and the Virasoro Algebra

We would now like to recover the OPE of the stress-energy tensor with itself. However, we cannot
use the expression (1.39) with Φ = T , since, as we will shortly prove, T (z) and T (z̄) are not primary
fields. In order to obtain the TT -OPE then, consider the general Laurent expansion

T (z)T (w) ∼
∞∑︂
n=1

cn(w)

(z − w)n
, (1.48)

for some non-singular functions cn(w). Now, recall that the stress-energy tensor must have a scaling
dimension of ∆[T ] = 2, since integrated over space gets the energy of the system, and a spin of
s[T ] = 2, since it is a symmetric rank-2 tensor. Comparing with (1.22) we get that T (z) has weights
(2, 0), and thus, assuming that T is quasi-primary, the relation (1.39) gets the first and second order
poles fixed as

c1 = ∂wT (w) , c2 = 2T (w) . (1.49)
8In general the normal order of operators inserted at two different points is obtained by Taylor expiation:

:A(z)B(w) :=
∑︂
k≥0

(z − w)k

k!
:∂kAB : (w) .

9The designation ‘creation’ and ‘annihilation’ will be justified in the following paragraphs. The sign here depends on
whether the fields commute/anticommute.
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Moreover, since on the right-hand side we have a quantity of scaling dimension ∆[TT ] = 4, the higher
order poles must have a scaling dimension ∆[cn] = 4−n. However, as we will show, in a unitary CFT
h, h̄ ≥ 0, and thus the highest pole is of order n = 4, with c4 a dimensionless constant, while the third
order pole vanishes because of the of the symmetry T (z)T (w) = T (w)T (z). All in all, we get that the
TT -OPE can be expressed as:

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
, (1.50)

where c is some dimensionless constant called the central charge that we will soon understand.10 A
similar reasoning can be done for T (z̄), which gets

T (z̄)T (w̄) ∼ c̄/2

(z̄ − w̄)4
+

2T (w̄)

(z̄ − w̄)2
+
∂̄T (w̄)

z̄ − w̄
, (1.51)

for some other constant c̄.

One can then make use of (1.35) with to get the infinitesimal transformation rule for T (z):

δϵ,ϵ̄T (z) = ϵ(z)∂T (z) + 2∂ϵ(z)T (z) +
c

12
∂3ϵ(z) , (1.52)

which, if ‘exponentiated’ gives the finite transformation rule of the stress-energy tensor under conformal
transformations:

T (z) ↦−→ T ′(z) =

(︃
∂f

∂z

)︃2

T
(︁
f(z)

)︁
+

c

12
S
{︁
f(z), z

}︁
, (1.53)

where S
{︁
f(z), z

}︁
≡ f ′′′/f ′−3/2(f ′′/f ′)2 is the Schwarzian derivative. Notice that for f ∈ PGL(2,C) ⊃

PSL(2,C) the latter vanishes: S
{︁
f(z), z

}︁
= 0, and thus T (z) indeed transform as a quasi-primary

field with (h, h̄) = (2, 0) in accord with (1.19).

Another useful relation to obtain is the algebra generated by the mode expansion of the stress-energy
tensor. Let’s then expand the stress-energy tensor in Laurent modes according to (1.33):

T (z) =
∑︂
n∈Z

Ln
zn+2

, T (z̄) =
∑︂
n∈Z

L̄n
z̄n+2

. (1.54)

Observe now that the conserved charge associated to conformal transformation (1.34) reduces to the
modes Ln if we consider transformation of the form (1.14) (i.e. ϵ(z) = −ϵnzn+1):

Qϵn =

∮︂
dz

2πi
T (z)(−ϵnzn+1) = −ϵnLn . (1.55)

Thus, we can interpret the expansion modes of the stress tensor as the generators of infinitesimal
conformal transformations. Moreover, we can compute their algebra by evaluating

[Lm, Ln] =

∮︂
C0

dw

2πi

∮︂
Cw

dz

2πi
zm+1wn+1R

(︁
T (z)T (w)

)︁
=

∮︂
C0

dw

2πi

∮︂
Cw

dz

2πi
zm+1wn+1

(︃
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ · · ·

)︃
=

∮︂
C0

dw

2πi
wn+1

[︂
(m+ 1)m(m− 1)wm−2 c

2 · 3!
+ 2(m+ 1)wmT (w) + wm+1∂wT (w)

]︂
,

(1.56)

where we used that the residue of order n is computed as Resz=w f(z) = 1
(n−1)!∂

n−1
z

(︁
(z−w)nf(z)

)︁⃓⃓
z=w

.

10We will use the ‘sans-serif’ font to denote the central charge in order to distinguish from the ghost-fields that we will
introduce in the following sections.
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Finally, along with the antiholomorphic counterpart, this gets two instances of the so-called Virasoro
Algebra:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm,−n ,

[L̄m, L̄n] = (m− n)L̄m+n +
c̄

12
(m3 −m)δm,−n ,

(1.57)

where [Lm, L̄n] = 0. Notice that it resemble the classical (infinitesimal) conformal algebra (i.e. the
Witt algebra) (1.16) with an additional term proportional to the central charge, which is a consequence
of the quantization of the theory. Moreover, observe that for {L−1, L0, L1} and {L̄−1, L̄0, L̄1} the
central term vanishes and they exactly reproduce the global conformal algebra classically generated
by {ℓ−1, ℓ0, ℓ1} ∪ {ℓ̄−1, ℓ̄0, ℓ̄1}.

Virasoro Verma Module

Having established the quantum algebra associated to the conformal symmetry, we can now turn into
the study of the representation theory of such algebra, which will in the end give the physical spectrum
of the theory.

To do so, let us begin by defining a generic in-state as custom in ordinary (Euclidean) QFT:

|Φin⟩ ≡ lim
x0→−∞

Φ(x0, x1) |0⟩ , (1.58)

where |0⟩ is the vacuum of the theory. When mapped to the complex plane, the infinite past is sent
to the origin:

|Φin⟩ = lim
z,z̄→0

Φ(z, z̄) |0⟩ . (1.59)

Thus, in a CFT, states on the cylinder are in one-to-one correspondence with local operators inserted
at the origin: this is sometimes referred to as the state-operator map.11

Notice that in order to have the previous expression well-defined, we need to ask to be non-singular
at z = 0 = z̄, which in terms of the expansion modes (1.33) is equivalent to require

φn,m |0⟩ = 0 , for n > −h , m > −h̄ . (1.60)

Thus we interpret such modes as ‘annihilation’ modes and the ones with n ≤ −h and m ≤ −h̄ as
‘creation’ modes.

Exploiting conformal transformation we can also obtain the expression of the out-states

⟨Φout| ≡ lim
z,z̄→∞

⟨0| ˜︁Φ(z, z̄) . (1.61)

Indeed, the infinite future has been mapped to z = ∞, which in turn can be sent back to the origin of
the plane by the conformal transformation z ↦→ w(z) = 1/z. Then, assuming Φ(z, z̄) is quasi-primary
of weights (h, h̄), using the transformation rule (1.19) with f(w) = 1/w we can write

⟨Φout| ≡ lim
w,w̄→0

⟨0| ˜︁Φ(w, w̄) = lim
w,w̄→0

⟨0|Φ(1/z, 1/z̄)(−w−2h)(−w̄−2h̄) ≡ lim
w,w̄→0

⟨0|Φ(w̄, w)† = |Φin⟩† ,

(1.62)
where we identified the adjoint operator Φ(z, z̄)† = Φ(1/z̄, 1/z)z̄−2hz−2h̄, whose expression can be
obtained by considering that the adjoint operation on a field Φ(x0, x1) = eHx

0
Φ(0, x1)e−Hx

0 amounts
to a time-inversion x0 → −x0 which on the plane gets mapped as z → 1/z∗. Notice that the adjoint
of expansion modes in (1.33) then gets φ†m,n = φ−m,−n. Moreover, is clear now that, as expected,
the correlation functions of normal ordered operators vanishes, indeed the modes from (1.46) vanishes
because of(1.60) and its ajoint version:

⟨(AB)m(w)⟩ ≡
⟨︂
0
⃓⃓⃓ ∑︂
n≤−hA

AnBm−n +
∑︂

n≥−hA

Bm−nAn

⃓⃓⃓
0
⟩︂
= 0 . (1.63)

11Such map is in place because conformal invariance allows to map the cylinder to the complex plane (for d > 2 conformal
transformations can map R× Sd−1 → Rd).
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CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

Specializing now for the representation theory of the Virasoro algebra, we take Φ(z, z̄) = T (z), and
we define the vacuum of the theory as the state |0⟩ which gets well-defined states when applied to
T (z):

T (z) |0⟩ =
∑︂
n∈Z

Ln
zn+2

|0⟩ , with Ln =

∮︂
dz

2πi
zn+1T (z) , (1.64)

which is regular at z = 0 only for n ≤ −2 and so we must have

Ln |0⟩ = 0 , n ≥ −1 . (1.65)

Using the adjoint L†
n = L−n we get that the latter implies

⟨0|Ln = 0 , n ≤ 1 . (1.66)

Notice then that both |0⟩ and ⟨0| are invariant under the global conformal group PSL(2,C). More-
over, the above rotations implies that ⟨0|T (z) |0⟩ = 0 as expected from the vacuum energy. Identical
relations also holds for T (z̄).

Consider now a state associated to a primary field Φ(z, z̄) of weights (h, h̄) given by
⃓⃓
h, h̄

⟩︁
≡ Φ(0, 0) |0⟩,

then for n ≥ −1 we have

Ln
⃓⃓
h, h̄

⟩︁
= LnΦ(0, 0) |0⟩ = 0 +

[︁
Ln,Φ(w, w̄)

]︁⃓⃓⃓
w=w̄=0

|0⟩ =

=

∮︂
dz

2πi
zn+1T (z)Φ(w, w̄)

⃓⃓⃓
w=w̄=0

|0⟩

=

∮︂
dz

2πi
zn+1

[︃
hΦ(w, w̄)

(z − w)2
+
∂wΦ(w, w̄)

z − w
+ · · ·

]︃ ⃓⃓⃓⃓
⃓
w=w̄=0

|0⟩

=
[︁
h(n+ 1)wnΦ(w, w̄) + wn+1∂Φ(w, w̄)

]︁ ⃓⃓⃓
w=w̄=0

|0⟩ ,

(1.67)

where we used (1.65). Analogous relation holds for L̄n, which then gets

L0

⃓⃓
h, h̄

⟩︁
= h

⃓⃓
h, h̄

⟩︁
, and L̄0

⃓⃓
h, h̄

⟩︁
= h̄

⃓⃓
h, h̄

⟩︁
,

Ln
⃓⃓
h, h̄

⟩︁
= 0 = L̄n

⃓⃓
h, h̄

⟩︁
, n > 0 .

(1.68)

Such states are said to be primary or highest-weight states. Recall also that, even at the classical
level, we have recognized that H = L0 + L̄0 is the Hamiltonian (generator of dilatation on the plane)
and J = L0 − L̄0 is the angular momentum (generator of the rotations), thus the scaling dimension
∆ = h+ h̄ is indeed the energy of the state and s = h− h̄ is the (Euclidean) spin.

Finally, notice that from a primary state, one can act on it with N different L−ni with ni > 0 to
produce new states, which are called descendant and N is refeered as the level. Moreover, because of
the Virasoro algebra [L0, L−n] = nL−n, a descendant L−n

⃓⃓
h, h̄

⟩︁
gets its conformal dimension increased

to (h+ n), while acting with Lm with m > 0 lowers the weight to (h−m). Such construction allows
to build an infinite tower of descendant states starting from a primary state |ψ⟩: such set is called the
Verma module of |ψ⟩, and constitute the irreducible representation of the Virasoro algebra.

Central Charge and Unitarity

As a final note, let us clarify the physical interpretation of the the central charge introduced in (1.50),
along with some constraints coming from unitarity.

First of all, let us obtain the expression of the stress-energy tensor on the (Euclidean) cylinder of
radius R starting from the one on the complex plane T (z). We can make use of the transformation
rule (1.53) with the inverse of the map (1.32) – i.e. ζ = f(z) = R ln z – which gives:

Tcyl(ζ) =
1

R2

(︂
T (z)z2 − c

24

)︂
. (1.69)

11
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Taking then the vacuum expectation value of this we obtain that the vacuum energy density on the
cylinder is non-vashing:

⟨0|Tcyl(ζ) |0⟩ = − c

24R2
, (1.70)

since we have seen that ⟨0|T (z) |0⟩ = 0 on the plane, and a similar relation holds for T cyl(z̄). One can
then compute the total vacuum energy on the cylinder12

E ≡ ⟨0|H |0⟩ = 1

2π

∫︂ 2πR

0
dx1 ⟨T 00

cyl(x
0, x1)⟩0 =

1

2π

∫︂ 2πR

0
dx1 ⟨Tcyl(ζ) + T cyl(ζ̄)⟩0 = −(c+ c̄)

24R
. (1.71)

The central charge is then proportional to the Casimir energy of the system, and can thus be in-
terpreted as a result of introducing the macroscopic length scale R in the boundary conditions of
the cylinder. Indeed, the Casimir energy vanishes as R → +∞. We note in passing that similarly,
one can compute the energy and the momentum of a primary state on the cylinder. In fact, given
|ψ⟩ = Ψ(0) |0⟩ with conformal weights (h, h̄), using (1.69) we get

Eψ = ⟨ψ|H |ψ⟩ = 1

2π

∫︂ 2πR

0
dx1⟨Tcyl(ζ) + T cyl(ζ̄)⟩ψ

=
1

2πR2

∫︂ 2πR

0
dx1

⟨︃
ψ

⃓⃓⃓⃓(︁
T (z)Ψ(0)z2 + T (z̄)Ψ(0)z̄2

)︁
− c+ c̄

24

⃓⃓⃓⃓
0

⟩︃
=

1

2πR2

∫︂ 2πR

0
dx1

[︃(︃
h+ h̄− c+ c̄

24

)︃
+
(︂
e(x

0+ix1)/R∂Ψ(0) + e(x
0−ix1)/R∂̄Ψ(0)

)︂]︃
⟨ψ|ψ⟩

=
1

R

(︃
h+ h̄− c+ c̄

24

)︃
=

1

R

(︃
∆− c+ c̄

24

)︃
,

(1.72)

where we used (1.39) for the TΨ-OPE of a generic primary (and its antiholomorphic version), the
map (1.32) and assumed that |ψ⟩ is normalized to unity.13 Analogously we get the momentum:

Pψ ≡ − i

2π

∫︂ 2πR

0
dx1⟨T 01

cyl(x
0, x1)⟩ψ =

1

2π

∫︂ 2πR

0
dx1⟨Tcyl(ζ)− T̄cyl(ζ̄)⟩ψ

=
1

2πR2

∫︂ 2πR

0
dx1

⟨︃
ψ

⃓⃓⃓⃓(︁
T (z)Ψ(0)z2 − T (z̄)Ψ(0)z̄2

)︁⃓⃓⃓⃓
0

⟩︃
=

1

R

(︁
h− h̄

)︁
=

s

R
.

(1.73)

Furthermore, if we define the CFT on a generic 2-dimensional manifold with a metric gµν , then the
curvature introduces a macroscopic scale and it can be shown that the expectation value of the trace
of the stress-energy tensor with respect to any state is non-vanishing and is instead proportional to
the central charge and the Ricci scalar of the background metric:

⟨Tµµ (x)⟩g = − c

12
R(2)(x) = − c̄

12
R(2)(x) , (1.74)

which is called the trace anomaly or Weyl anomaly14. Hence, in order to consistently couple a CFT
with gravity, one need to require c = c̄; moreover, if one is also interested in preserving the Weyl
symmetry, it must be that c = 0 = c̄.

12We use here the usual QFT expression for the energy E =
∫︁
T 00
QFT = (2π)−1

∫︁
T 00
CFT, see (1.23). Same holds for the

momentum.
13Notice that all the terms of the form

∫︁ 2πR

0
dx1 azn = ex

0/R
∫︁ 2πR

0
dx1 aeinx

1/R = 0 for a periodic in x1 ∼ x1 + 2πR
and n ∈ Z, thus we do not worry about the regular terms in the OPE.

14The name is suggestive of the fact that ⟨Tµµ ⟩ represent a physical observable that depends on the Weyl scale factor,
thus breaking the conformal invariance. Indeed, performing a Weyl transformation, in d = 2 we can always put
gµν = e2ωδµν which gets R(2) = −2e−2ω□ω.
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Finally, we conclude by with a note on unitarity. Consider the norm of the generic level-1 descendant⃦⃦
L−n

⃓⃓
h, h̄

⟩︁⃦⃦
=
⟨︁
h, h̄

⃓⃓
L†
−nL−n

⃓⃓
h, h̄

⟩︁
=
⟨︁
h, h̄

⃓⃓
[Ln, L−n]

⃓⃓
h, h̄

⟩︁
= n

⟨︁
h, h̄

⃓⃓
L0

⃓⃓
h, h̄

⟩︁
+

c

12
(n3 − n)

⟨︁
h, h̄

⃓⃓
h, h̄

⟩︁
=
(︂
2nh+

c

12
(n3 − n)

)︂ ⟨︁
h, h̄

⃓⃓
h, h̄

⟩︁
,

(1.75)

where n > 0 and we used the Virasoro algebra and (1.68), similarly holds for L̄−n
⃓⃓
h, h̄

⟩︁
. Requiring

then the unitarity of the Hilbert space amounts to have a positive semi-definite non-degenerate norm.
Thus, for large n unitarity imposes c, c̄ ≥ 0 while for n = 1 we have that h, h̄ ≥ 0, where the inequality
is saturated only for the vacuum.15

1.4 Examples of Free CFTs
In the following Section we will present some peculiar examples of free conformal field theories that
will turn out useful in the discussion of (super)string theory.

1.4.1 Free Bosons

Let us start by considering a free massless16 scalar field X(x0, x1) defined on a 2-dimensional Riemann
manifold (M, h) with Euclidean signature. The action of such fields is taken to be (the proportionality
constant are chosen conveniently to make later contact with string theory)

S[X,h] =
1

4πα′

∫︂
M
d2x

√
+hhµν∂µX ∂νX . (1.76)

If we specialize to the case of the Euclidean cylinder of unit radius – i.e. M = R×S1, and hµν(x) = δµν
– and change to the complex coordinate z = x0 + ix1 and z̄ = x0 − ix1 we obtain,17

S[X] =
1

2πα′

∫︂
d2z ∂X∂̄X . (1.77)

In order to obtain information on the propagator, consider that the equation of motion gets ∂∂̄X(z, z̄) =
0, and thus a general solution can be split it into an holomorphic and antiholomorphic part:

X(z, z̄) = X(z) +X(z̄) . (1.78)

Observe that, because of the equation of motion the two derivatives of X(z, z̄) are holomorphic and
antiholomorphic:

J(z) ≡ ∂X(z, z̄) , J̄(z̄) ≡ ∂̄X(z, z̄) . (1.79)
Further, notice that the action (1.77) is invariant under conformal transformations if X(z, z̄) has a
classical conformal dimensions18 (h[X], h̄[X]) = (0, 0) – i.e. transforms as X ′(z, z̄) = X(w, w̄) – or,
equivalently, that J and J̄ has respectively weights (1, 0) and (0, 1). Indeed under such transformation
we get

S ↦−→ S′ =
1

2πα′

∫︂
d2z ∂zX

′(z, z̄)∂z̄X(z, z̄)

=
1

2πα′

∫︂ (︃
∂z

∂w

∂z̄

∂w̄
d2w

)︃(︃
∂w

∂z
∂w

)︃
X(w, w̄)

(︃
∂w̄

∂z̄
∂w̄

)︃
X(w, w̄)

=
1

2πα′

∫︂
d2w ∂wX(w, w̄)∂w̄X(w, w̄) = S .

(1.80)

15Actually for c = 0 it can be shown that the only unitary representation of the algebra is the trivial one – i.e. the one
with only the vacuum.

16This is mandatory if we want a CFT, since a massive term would introduce a scale that would break conformal
invariance.

17Here the integration measure is given by d2x ≡ dx0 ∧ dx1 = −i/2dz̄ ∧ dz =≡ −i/2d2z.
18Since the theory is free, this would not develop an anomalous dimension after quantization.
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Moreover, by making use of the path-integral formalism, one finds that the propagator satisfy:

0 =

∫︂
DX δ

δX(z, z̄)

[︂
X(w, w̄)e−S[X]

]︂
=

∫︂
DX

[︃
δ(2)(z − w, z̄ − w̄) +

1

πα′∂z∂z̄X(z, z̄)X(w, w̄)

]︃
e−S[X] ,

(1.81)

which gives the condition

∂z∂z̄⟨X(z, z̄)X(w, w̄)⟩ = −πα′δ(2)(z − w, z̄ − w̄) . (1.82)

Expressing then the XX-OPE with the normal-ordering prescription (1.42) and making use of the
identity19 ∂z̄−1 = ∂̄z−1 = 2πδ(2)(z, z̄) we get the OPE

X(z, z̄)X(w, w̄) ∼ −α
′

2
ln |z − w|2 , (1.83)

which can be further spitted into the holomorphic and antiholomorphic part using (1.78):

X(z)X(w) ∼ −α
′

2
ln(z − w) , X(z̄)X(w̄) ∼ −α

′

2
ln(z̄ − w̄) . (1.84)

Observe that the logarithmic nature of the OPE is not compatible with conformal transformations,
which makes X not even quasi-primary and conformal dimension ill-defined at the quantum level.
However, the fields (1.79) display instead OPEs of the expected form:

J(z)J(w) ∼ −α
′

2

1

(z − w)2
, J̄(z̄)J̄(w̄) ∼ −α

′

2

1

(z̄ − w̄)2
. (1.85)

In order to confirm that ∂X and ∂̄X are indeed primary fields, let us compute the stress-energy tensor
of the theory. According to (1.23), we should take the variation with respect to hµν of (1.76) and thus
obtain

Tµν = − 1

α′ :

(︃
∂µX∂νX − 1

2
hµνh

αβ∂αX∂βX

)︃
: , (1.86)

where normal order is requested in order to make the expression well-defined at the quantum level.
In complex coordinates then it gets (recall hzz = 0 = hz̄z̄ and hzz̄ = 1/2 = 1/hzz̄)

T (z) ≡ Tzz(z) = − 1

α′ : ∂X∂X : , T (z̄) ≡ Tz̄z̄(z̄) = − 1

α′ : ∂̄X∂̄X : , Tzz̄ = 0 = Tz̄z , (1.87)

which as expected is traceless and factorizes into an holomorphic and antiholomorphic components.
Let’s then consider the OPE between T and ∂X using the generalized Wick theorem (1.45)

T (z)∂X(w) ∼ − 1

α′
(︁
∂X∂X

)︁
(z)∂X(w)

= − 1

α′

∮︂
Cw

dx

z − x

[︃
: ∂X(x)∂X(x)∂X(w) : +∂X(x)∂X(x)∂X(w)

]︃
= Res

x=w

[︃
∂X(x)

(z − x)(x− w)2

]︃
=

∂X(w)

(z − w)2
+
∂2X(w)

z − w
,

(1.88)

19This can be obtained by considering the following identity in flat Euclidean space∫︂
d2x ∂µ∂µ ln(x

νxν) =

∫︂
d2x ∂µ

2xµ

xνxν
= 2

∫︂
d2x

[︃
∂0

(︃
x0

(x0)2 + (x1)2

)︃
+ ∂1

(︃
x1

(x0)2 + (x1)2

)︃]︃
= 2

∮︂ [︃(︃
x0

(x0)2 + (x1)2

)︃
dx1 −

(︃
x1

(x0)2 + (x1)2

)︃
dx0

]︃
= 2

∮︂
dθ = 4π ,

where used the flat metric, Green’s theorem and and the polar coordinates (x0, x1) = (r cos θ, r sin θ). Then we can
write the distributional identity in the complex coordinates z = x0 + ix1 and z̄ = x0 − ix1:

∂µ∂µ ln |x|2 = 4πδ(2)(x) ⇐⇒ ∂∂̄ ln(zz̄) = 2πδ(2)(z, z̄) ,

since in our conventions ∂µ∂µ = 4∂z∂z̄ and the delta function gets a factor from the (modulus) of the Jacobian of
the change of variables (x0, x1) ↦→ (z, z̄), i.e δ(2)(z, z̄) = δ(2)(x)/| det J | = δ(2)(x)/2. Other convention may choose to
normalize differently the delta function.
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from which we correctly see that J = ∂X is indeed a primary field of weight h = 1 and h̄ = 0 (the
latter comes trivially from the fact that the OPE with ∂̄X is vanishing). Similarly we get that J̄ = ∂̄X
is a primary with (0, 1) weights.

Another example of primary field that will be used extensively is :eikX(w,w̄) : with k ∈ R some
constant, whose OPE with the stress-energy tensor gets

T (z) :eikX(w,w̄) : ∼ − 1

α′

∑︂
n≥0

(ik)n

n!
:∂X(z)∂X(z) ::Xn(w, w̄) :

= − 1

α′

∑︂
n≥1

(ik)n

n!

1

2πi

∮︂
Cw

dx

z − x

[︃
:∂X(x)

(︃
−α

′n

2

:Xn−1(w, w̄) :

x− w

)︃
: +

+ ∂X(x)

(︃
−α

′n

2

:Xn−1(w, w̄) :

x− w

)︃]︃
=

1

2

∑︂
n≥1

(ik)n

(n− 1)!

:∂X(w) :Xn−1(w, w̄) : : + ∂X(w) :Xn−1(w, w̄) :

z − w

=
(ik) :∂X(w)eikX(w,w̄) :

z − w
− ikα′

4

∑︂
n≥1

(ik)n

(n− 1)!

:Xn−1(w, w̄) :

(z − w)2

=
α′k2/4 :eikX(w,w̄) :

(z − w)2
+
∂ :eikX(w,w̄) :

z − w
,

(1.89)

where we used again the generalized Wick theorem, the OPE given by (for n > 0): ∂zX(z) :Xn(w, w̄) :∼
∂z(X(z, z̄) : Xn(w, w̄) :) = −α′n/2 :Xn−1(w, w̄) : /(z − w) , and then we expanded the product
∂X(w) :Xn−1(w, w̄) : into its contraction and normal ordered part. Notice that form the first passage
we also get OPE

∂X(z) :eikX(w,w̄) : ∼ (−ikα′/2) :eikX(w,w̄) :

z − w
. (1.90)

After performing a similar calculation contracting with T we get that :eikX(z,z̄) : is a primary field
with weights

h
[︂
eikX

]︂
=
α′

4
k2 , h̄

[︂
eikX

]︂
=
α′

4
k2 . (1.91)

Notice then that the spectrum of this CFT is continuous (k ∈ R), which reflect the fact that X has
a non-compact range. If instead we had chosen X to have a finite range, e.g. X ∼ X + 2πR, the
single-valuedness of the vertex operator requires the quantization of the spectrum, in fact

:eik(X+2πR) : = :eikX : ⇐⇒ k ≡ kn =
n

R
, n ∈ Z . (1.92)

Even more generally, one can allow a different momentum of the holomorphic and antiholomorphic
components of X(z, z̄) = X(z) + X̄(z̄) by splitting the vertex operator into

:eikX(z,z̄) : = :ei(pX(z)+p̄X̄(z̄)) : , with p ≡ pn,w =
n

R
+ wR , p̄ ≡ p̄n,w =

n

R
− wR , n,w ∈ Z ,

(1.93)
where n and w are referred as the ‘momentum’ and ‘winding’ of X. The conformal weight now are
different in the holomorphic and antiholomorphic sector, in fact (1.91) becomes

h
[︂
ei(pX+p̄X̄)

]︂
=
α′

4
p2 , h̄

[︂
eikX

]︂
=
α′

4
p̄2 . (1.94)

Finally, one can also compute the TT -OPE in a similar fashion and get:

T (z)T (w) ∼ 1/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
, (1.95)

from which we read the central charge c = 1 (and similarly c̄ = 1), that equals the number of free
bosons considered (in general, for N free bosons we get c = N = c̄).
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1.4. EXAMPLES OF FREE CFTS

As a final note on the free boson CFT we consider a slightly modified version of the original free
action by adding a term proportional to the Ricci scalar R(2)(x) of the Riemannian manifold (M, h).20

The action can be expressed as

S[X,h] =
1

4πα′

∫︂
M
d2x

√
h

[︃
hµν∂µX∂νX +

Q

2
R(2)X

]︃
, (1.97)

where Q is a (dimensionful) constant called the background charge of X.21 Such class of theory has
various names, in the context of string theory is often called linear dilaton theory, whereas in condensed
matter is referred as the Coulomb-gas model. Notice that the above action is no longer invariant under
(chiral) translation X → X+a as the original one. Moreover, R(2) introduces a scale that breaks local
conformal invariance even at classical level, indeed performing a Weyl transformation of the metric
hµν ↦→ e2ωhµν gets22

δωS = − Q

4πα′

∫︂
d2x

√
h
[︂
X□ω

]︂
= − Q

4πα′

∫︂
d2x

√
h
[︂
ω□X

]︂
, (1.98)

and along the classical equation of motion □X = QR(2)/2 this in general do not vanishes for non-flat
manifolds.23 Notice however that for a for a global scale transformation (ω constant), the action
differs only by a topological term (proportional to the Euler characteristics), and thus the classical
energy-momentum tensor computed using (1.23) is still traceless and is modified by a total derivative:

T (z) = − 1

α′ : ∂X∂X : +
1

α′Q∂
2X . (1.99)

One can verify by using the same OPE of the free case24 (1.83) that it still satisfy the Virasoro algebra
with central charge

cQ = 1 +
6

α′Q
2 . (1.100)

Moreover, in such theory the field J(z) = ∂X is no longer a primary, in fact

T (z)X(w) ∼ Q/2

(z − w)2
+
∂X(w)

z − w
,

T (z)∂X(w) ∼ Q

(z − w)3
+

∂X(w)

(z − w)2
+
∂2X(w)

z − w
,

(1.101)

while the vertex operator still is:

T (z) : eqX(w,w̄) : ∼
− q

4(α
′q + 2Q)

(z − w)2
: eqX(w,w̄) : +

∂ : eqX(w,w̄) :

z − w
, (1.102)

from which we get that now the conformal dimension is

h[eqX ] = −q
4
(α′q + 2Q) . (1.103)

20Since we are considering 2-dimensional manifolds, the Gauss-Bonnet theorems gives the topological invariant combi-
nation ∫︂

M
d2z

√
hR(2)(z, z̄) = 8π(1− gM) , (1.96)

where gM is the genus of the manifold.
21In following chapters will most often choose a normalization for which α′ = ±2, and thus the background charge is

represented by a dimensionless number Q ∈ C.
22Recall that under Weyl rescaling in d-dimensions,

√
hR(2) ↦→ e(d−2)ω

√
h
(︁
R(2) − 2(d− 1)□ω − (d− 1)(d− 2)∂µω∂

µω
)︁
.

23In d = 2 we do not distinguish between ‘Riemann-flat’ and ‘scalar curvature-flat’ since the Riemann curvature tensor
has only one independent component proportional to the Ricci scalar.

24Even with the additional term, the singular part of the XX-OPE is the same. Indeed performing a similar calculation
as in the previous case, one finds that the additional term in the equation of motion proportional to the curvature
amount for a regular term on the OPE.
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CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

1.4.2 bc-System and βγ-System

Another useful CFT that will turn out to describe the dynamics of the (holomorphic sector of) ghosts
in string theory is the so-called bc-system, which consists in a pair of anticommuting free scalar fields
b(z, z̄) and c(z, z̄), whose action is given by

Sbc[b, c] ≡
1

2π

∫︂
d2z b∂̄c . (1.104)

Observe that, (classical) conformal invariance requires that b and c transforms with weights (λ, 0) and
(1− λ, 0) respectively for some constant λ.

The equations of motion imply that (on-shell) b and c are both holomorphic functions

∂̄b(z, z̄) = 0 = ∂̄c(z, z̄) , (1.105)

while the propagator is computed similarly to (1.81):

∂̄b(z, z̄)c(w, w̄) = 2πδ(2)(z − w, z̄ − w̄) . (1.106)

The only non-singular OPE then reads:

b(z)c(w) ∼ 1

z − w
, c(z)b(w) ∼ 1

z − w
, (1.107)

which reflects the anticommuting nature of the fields.
The stress-energy tensor can by computed through Noether’s trick: for the transformation δz =

−ϵ(z) and δz̄ = −ϵ̄(z̄) the fields b and c transforms accordingly to (1.20)

δϵ,ϵ̄b = −ϵ∂b− λ∂ϵb− ϵ̄∂̄b , δϵ,ϵ̄c = −ϵ∂c− (1− λ)∂ϵc− ϵ̄∂̄c . (1.108)

Then promoting ϵ and ϵ̄ to functions of both z and z̄ and taking the variation of the action (1.104)

δϵ,ϵ̄Sbc =
1

2π

∫︂
d2z

[︂
(δϵ,ϵ̄b)∂̄c+ b∂̄(δϵ,ϵ̄c)

]︂
=

1

2π

∫︂
d2z
[︂
(1− λ)∂(bc)− b∂c

]︂
∂̄ϵ ,

(1.109)

where most of the terms cancel by integration by parts. By comparing with (1.30) we can read off the
stress tensor components:

Tbc(z) = :(∂b)c : −λ∂(:bc :) , T bc(z̄) = 0 . (1.110)

Then we can confirm that b and c are indeed primaries with weights (λ, 0) and (1− λ, 0):

Tbc(z)b(w) ∼
1

2πi

∮︂
Cw

dx

z − x

∂b(x)

x− w
− λ∂z

2πi

∮︂
Cw

dx

z − x

b(x)

x− w

=
∂b(w)

z − w
+

λb(w)

(z − w)2
,

Tbc(z)c(w) ∼
1

2πi

∮︂
Cw

dx

z − x

(︃
−c(x)∂x

1

x− w

)︃
− λ∂z

2πi

∮︂
Cw

dx

z − x

−c(x)
x− w

= Res
x=w

c(x)

(z − x)(x− w)2
+ λ∂z

c(w)

z − w

=
∂c(w)

z − w
+

(1− λ)c(w)

(z − w)2
.

(1.111)

Moreover, computing the TT -OPE one gets the central charge:

cbc = −3(2λ− 1)2 + 1 , c̄bc = 0 . (1.112)
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1.4. EXAMPLES OF FREE CFTS

Notice then that such CFT is unitary only for (3−
√
3)/6 < λ < (3 +

√
3)/6.

Moreover, we observe that the action (1.104) enjoys an additional U(1) symmetry called ghost
number symmetry. Indeed under δb = iϵb and δc = −iϵc the action is invariant and the Noether
current reads

Jbc(z) = − :bc : (z) , J̄bc(z̄) = 0 , (1.113)

whose OPE with the stress tensor reads:

Tbc(z)J(w) ∼
1− 2λ

(z − w)3
+

Jbc(w)

(z − w)2
+
∂Jbc(w)

z − w
. (1.114)

Then such current is a primary of weight (1, 0) only for λ = 1/2, nonetheless the ghost number is a
conserved quantity.

One can also conceive a similar theory but in the antiholomorphic sector, with fields b̄ and c̄, and
all the previous results still holds with opposite chirality.

As a final note, one can also consider a similar system to the one described above, but with com-
muting fields β(z, z̄) and γ(z, z̄) with weights respectively (λ, 0) and (1− λ, 0), namely the βγ-system

Sβγ [β, γ] =
1

2π

∫︂
d2z β∂̄γ . (1.115)

Analogously to before, the equation of motion restricts the fields to be holomorphic, and the OPE
then reads

β(z)γ(w) ∼ − 1

z − w
, γ(z)β(w) ∼ +

1

z − w
, (1.116)

whereas the stress-energy tensor has the same form of (1.110)

Tβγ(z) = :(∂β)γ : −λ∂(:βγ :) , T βγ(z̄) = 0 , (1.117)

and the central charge has opposite sign with respect to the one of the bc-system

cβγ = +3(2λ− 1)2 − 1 , c̄βγ = 0 . (1.118)

Again the action enjoys a similar ghost number symmetry as before, and one can also an antiholo-
morphic system with fields β̄ and γ̄ by swapping the chirality.

1.4.3 Free Fermions

Similarly at what we have done for the free boson theory, one can consider a free Majorana25 fermion
Ψ on the two-dimensional Euclidean manifold (M, h) starting from the action

S[Ψ, h] =
i

4π

∫︂
M
d2x

√
+h Ψγµ∂µΨ , (1.119)

where Ψ ≡ Ψ†γ0 is the usual Pauli conjugate and γµ satisfy the d = 2 (Euclidean) Clifford algebra
{γµ, γν} = 2hµν12. Then, on the Euclidean cylinder (hµν = δµν), we can choose γ0 = σ1, γ1 = σ2,
and passing to complex coordinates we get

S[ψ, ψ] =
1

4π

∫︂
d2z

(︂
ψ∂̄ψ + ψ∂ψ

)︂
, (1.120)

where we identified the components of Ψ as

Ψ(z, z̄) =

(︃
ψ(z, z̄)

ψ(z, z̄)

)︃
, (1.121)

25The Majorana condition in Euclidean signature require some caution, nonetheless it can be well-defined from the
analytic continuation in Lorentzian signature in dimension d ≡ 0, 1, 2, 3, 4 mod 8.
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CHAPTER 1. INTRODUCTION TO CONFORMAL FIELD THEORIES

with ψ† = ψ and ψ
†
= ψ since we taken Ψ to be Majorana.

Notice then that the action (1.120) has the form of the bc-system (1.104) in addition to its antiholo-
morphic counterpart when identifying b = c ≡ ψ/

√
2 and b̄ = c̄ ≡ ψ/

√
2, which imposes λ = 1/2 in

both cases. Hence ψ and ψ are primary fields with weights (1/2, 0) and (0, 1/2) respectively. Moreover,
the OPE now reads26

ψ(z)ψ(w) ∼ 1

z − w
, ψ(z̄)ψ(w̄) ∼ 1

z̄ − w̄
, (1.122)

while the stress tensors are given by

T (z) = −1

2
:ψ∂ψ : (z) , T (z̄) = −1

2
:ψ∂̄ψ : (z̄) , (1.123)

and central charges c = 1/2 = c̄.

26There factor of 1/2 is canceled by a factor of 2 since now the two fermions are identical.
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Chapter 2

Introduction to String Theory

One of the central challenges in modern theoretical physics is the reconciliation of general relativity
with quantum mechanics into a consistent theory of quantum gravity. Attempts to quantize gravity as
a point-particle field theory encounter severe ultraviolet divergences and conceptual puzzles, particu-
larly in regimes involving black holes and cosmological singularities. String theory provides a radical
alternative: the fundamental objects are not point-like particles but one-dimensional extended objects,
strings, whose different vibrational modes give rise to the variety of particles and forces observed in
nature. In this framework, gravity emerges naturally as one of the low-energy excitations, placing
string theory as a prime candidate for a unified description of all interactions, including quantum
gravity.

Beyond its role as a theory of unification, string theory offers concrete tools to address deep questions
in black hole physics, holography, and strongly coupled quantum systems. Crucially, it provides a
worldsheet formulation as a two-dimensional CFT, in which spacetime backgrounds arise as consistent
solutions of the string equations of motion. This interplay between geometry and worldsheet dynamics
makes string theory not only a framework for quantum gravity but also a powerful laboratory for
quantum field theory and holographic dualities. For the purposes of this thesis, where gauged WZW
models and their holographic applications will play a central role, it is essential to first review the
basic structures of string theory and its worldsheet description.

The Chapter is organized as follows. We begin with the bosonic string, introducing the worldsheet
action, its symmetries, and the classical solutions of free strings in flat spacetime. We then turn to the
quantization of the bosonic string via the path-integral approach, which requires the introduction of
Faddeev–Popov ghosts and the BRST formalism, leading to the critical dimension and the spectrum
of physical states. The second part of the Chapter introduces the superstring in the RNS formalism,
obtained by adding worldsheet supersymmetry. This brings in new sectors of the theory (Ramond
and Neveu–Schwarz sectors) and leads, after the GSO projection, to a consistent tachyon-free theory
with spacetime supersymmetry. Finally, we discuss strings in curved backgrounds, where consistency
requires the vanishing of the worldsheet beta functions. This condition is equivalent to the background
fields satisfying the equations of motion of ten-dimensional supergravity, thereby establishing the
crucial link between string theory and low-energy effective field theories. In the end we present the
low-energy description stemming from a certain brane system, namely the NS5-F1 system, which will
show the physical origin of the backgrounds considered in the rest of this work.

This review will provide the necessary foundations for the subsequent Chapters. In particular,
the worldsheet CFT formulation developed here sets the stage for the study of exact backgrounds
described by Wess–Zumino–Witten models.

The topic treated in this Chapter are covered by many standard string theory textbooks [1, 2,
30–34].

2.1 The Bosonic String

We are going to describe the dynamics of bosonic string through the usual Lagrangian formalism. To
do so, we need first to identify the action modeling the propagation of a free string in a D-dimensional
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2.1. THE BOSONIC STRING

spacetime (M, G) – i.e. a pseudo-Riemannian manifold with a Lorentzian metric Gµν – which we will
dub as the target (or ambient) space. Being a one-dimensional object, the string propagating in such
spacetime will sweep out a timelike two-dimensional pseudo-Riemannian embedded surface Σ ↪→ M,
the worldsheet, with an induced metric hab. More explicitly, if we parametrize the worldsheet with
the variables xa = (τ, σ), its coordinates in (a patch of) the spacetime target-space can be expressed
as Xµ(τ, σ) with µ = 0, . . . , D − 1.1 The induced metric on the worldsheet from the target-space is
given by the pullback

hab(x) = Gµν
(︁
X(x)

)︁∂Xµ

∂xa
∂Xν

∂xb
. (2.1)

The action associated to the propagation of the string on the ambient space is then given in analogy
with the action of a relativistic point particle. In fact, for the latter, the action can be expressed as
the integral of the proper-time of the particle, which represents the ‘length’ of the ambient worldline
traced out by the particle.2 One can then generalize it to the two-dimensional worldsheet which should
express the ‘proper area’ of the worldsheet. This is the so called Nambu-Goto action:

SNG[X] = −T
∫︂
Σ
d2x

√︁
− det(hab) , (2.2)

where T is called the tension of the string. If we choose the worldsheet coordinates dimensionless (in
natural units ℏ = 1 = c), i.e. [xa] = 1, while the ambient coordinates are taken to be a length, i.e.
[Xµ] = L1 = E−1, then the tension has the units of a squared-energy: [T ] = E2.3 Historically such
parameter has been related to the so-called universal Regge slope α′:

T =
1

2πα′ , (2.3)

from which we see α′ is a squared-length: [α′] = E−2 = L2, and thus its squared-root identifies the
characteristic length of the string:

ℓs ≡
√
α′ . (2.4)

As for the point particle, one is able to express the Nambu-Goto action in a formulation in which
the ‘fields’ Xµ appears quadratically. To do so, we promote the worldsheet metric to a dynamical
degree of freedom γab(x), and the corresponding action is now given by the Polyakov action:4

SPoly[X, γ] = − 1

4πα′

∫︂
Σ
d2x

√
−γ γab∂aXµ∂bX

ν Gµν(X) , (2.5)

where γ ≡ det(γab). Notice that the equation of motion for γab are obtained from

δγSPoly = − 1

4πα′

∫︂
Σ
d2x

√
−γ
(︃
hab −

1

2
γabγ

cdhcd

)︃
δγab

!
= 0 . (2.6)

On-shell then, the dynamical metric γab is related to the induced metric hab in (2.1) by

hab√
−h

=
γab√
−γ

. (2.7)

1In the following the greek indices µ, ν, ρ, . . . will denote the target-space directions and are raised/lowerd with the
spacetime metric G, while the latin indices a, b, c, . . . are reserved for the worldsheet directions and are raised/lowered
with the dynamic worldsheet metric γ (defined in the following).

2More precisely, the action of a massive point particle can be expressed as

S = −m
∫︂
dλ

√︂
−GµνẊµẊν =

1

2

∫︂
dλ

[︂
e−1(λ)GµνẊ

µẊν − e(λ)m2
]︂
,

where λ parametrize the worldline. The second expression is valid also for m = 0 and introduces a dynamical einbein
which on-shell gets back the first formulation.

3In the MKS system, the tension has units of a energy per unit length as expected.
4Such formulation is also useful to describe p-dimensional objects (p ≤ D), the so-called p-Branes, for which the action
is given by

S
(p)
Poly[X, γ] = −Tp

2

∫︂
Σ

dp+1x
√
−γ γab∂aXµ∂bX

ν Gµν(X) ,

where Tp is the tension of the brane and now Σ represents the (p+1)-worldvolume manifold swept out by the p-Brane.
Such class of theories are also sometimes known as non-linear sigma models.
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CHAPTER 2. INTRODUCTION TO STRING THEORY

Taking the inverse and plugging back into the Polyakov action (2.5) we get back the Nambu-Goto
action (2.2). Thus the two are equivalent, but in the following we will mostly consider the Polyakov
formulation since the quadratic appearance of the fields makes it easier to handle in the path-integral
formulation.

2.1.1 Symmetries of the Action

Having identified the action, we can now discuss the symmetries of the Polyakov action. We summarize
the symmetry transformations as follows:

• Target-space Poincaré Invariance:

Xµ(x) ↦−→ X ′µ(x) = ΛµνX
ν(x) + aµ ,

γab(x) ↦−→ γ′ab(x) = γab(x) ,
(2.8)

where (Λ, a) ∈ P1,D−1 ≡ O(1, D − 1)⋉R1,D−1. Note it is a global symmetry.

• Worldsheet Diffeomorphism Invariance:

Xµ(x) ↦−→ X ′µ(x′) = Xµ(x) ,

γab(x) ↦−→ γ′ab(x
′) =

∂xc

∂x′a
∂xd

∂x′b
γcd(x) .

(2.9)

Also known as reparameterization invariance, is a local symmetry reflecting the gravitational
nature of the theory. For an infinitesimal change of coordinate xa ↦→ x′a = xa − ϵa(x), |ϵ2| ≪ 1,
it reads as:

δXµ(x) = ϵa(x)∂aX
µ(x) ,

δγab(x) = ∇aϵb(x) +∇bϵa(x) ,
(2.10)

where the worldsheet covariant derivative ∇aϵb = ∂aϵb − Γcabϵc is defined in terms of the Levi-
Civita connection.

• Worldsheet Weyl Invariance:

Xµ(x) ↦−→ X ′µ(x) = Xµ(x) ,

γab(x) ↦−→ γ′ab(x) = e2ω(x)γab(x) ,
(2.11)

where ω(x) is some scalar function on the worldsheet. Note that also this is a local symmetry
of the worldsheet.

Note that while the first two symmetries are also valid for the Nambu-Goto formulation, the Weyl
invariance is a nuance of the Polyakov action. In fact the equation (2.7) relating the two formulations
only determines γab up to a local rescaling, so that is actually the Weyl equivalence class [γab] that
determines the embedding of the worldsheet in the target-space. Moreover, observe that the last
two symmetries are local and thus can be treated as gauge symmetries of the model. Furthermore,
we have that the Weyl invariance imposes the stress-energy tensor to be traceless, in fact under the
infinitesimal version of (2.11), δωγab = −2ωγab, the Polyakov action becomes

0 = δωSPoly =

∫︂
Σ
d2x

δSPoly
δγab

δωγ
ab = − 1

4π

∫︂
Σ
d2x

√
−γ Tab(−2ωγab) =

1

2π

∫︂
Σ
d2x

√
−γ ωT aa , (2.12)

where we used the definition (1.23) for the stress tensor which in our case reads:

Tab =
1

α′Gµν

(︃
∂aX

µ∂bX
ν − 1

2
γabγ

cd∂cX
µ∂dX

ν

)︃
. (2.13)

Since the worldsheet theory is two-dimensional, the tracelessness of the stress tensor, along with the
diffeomorphism invariance, is equivalent to the conformal invariance at the classical level.5

5Recall that, at the classical level, for d > 2 conformal invariance still implies Weyl invariance and tracelessness of the
stress tensor, but the converse is no longer true.

23



2.1. THE BOSONIC STRING

We can then exploit the reparameterization invariance to locally express the worldsheet metric in
the so-called conformal gauge:

γab(x) = e2ω(x)ηab , (2.14)

where ηab = diag(−1,+1) is the two-dimensional Minkowski metric. Then, one can use the Weyl
invariance to remove the scale factor and reduce to the unit gauge6

γab = ηab . (2.16)

Again, this is a local statement, valid in some patch of the worldsheet manifold. This is then valid
globally only if there are no topological obstructions, that is only if the worldsheet manifold is actually
flat, which imply that it has vanishing Euler characteristics.7 Finally it is useful to express the metric
in the worldsheet light-cone coordinates:

ξ+ ≡ x0 + x1 , ξ− ≡ x0 − x1 , (2.17)

in which the only non-vanishing components of the Minkowski metric is η+− = η−+ = −1/2 =
1/η+− = 1/η−+ and the derivatives reads ∂± = (∂0 ± ∂1)/2.

2.1.2 Free Strings in Minkowski Spacetime

Having identified the action describing the string dynamics, we can now focus on some of its classical
aspects, and the quantization will be discussed in the next Section. To do so, even though so far the
discussion of the action is valid for any worldsheet manifold Σ, in the following (and in the rest of
this thesis) we will consider closed strings, for which the worldsheet is represented by a (Lorentzian)
infinite cylinder Σ = R×S1, with x1 ∼ x1+2π. Moreover, in this Section we will restrict our analysis
to a Minkowski target-space background, i.e. Gµν(X) = ηµν .

At the classical level, as we have seen, we can choose the conformal gauge (2.14) for the worldsheet
metric,8 for which the Polyakov action (2.5) reads

SPoly = − 1

4πα′

∫︂
R×S1

d2x ηab∂aX
µ∂bX

νηµν

=
1

2πα′

∫︂
Σ
d2ξ ∂+X

µ∂−Xµ
(2.18)

where we used the light-cone coordinate (2.17).9 Notice that in these coordinates the action is equiv-
alent to the one of one timelike free boson and D − 1 spacelike free bosons expressed by the CFT in
Section 1.4.1 (see (1.77)).

Let’s now consider the equations of motion. Varying the action with respect to Xµ such that
δXµ(x0 = −∞, x1) = 0 = δXµ(x0 = +∞, x1) we have

δXSPoly =
1

2πα′

∫︂
R×S1

d2x δXµ(−∂20 + ∂21)Xµ −
1

2πα′

∫︂ +∞

−∞
dx0 (∂1Xµ)δX

µ
⃓⃓⃓x1=2π

x1=0

!
= 0 , (2.19)

6In fact, since is symmetric, the worldsheet metric has 3 independent components, which can be fixed locally by the a
change of the 2 worldsheet coordinates and 1 Weyl rescale. More precisely this can be done for any two-dimensional
metric since a Weyl transformation can always make the metric locally flat. In fact under such transformation the Ricci
scalar gets √

γR ↦−→
√︁
γ′R′ =

√
γ(R− 2∇2ω) . (2.15)

Thus one can set R′ = 0 (which is equivalent to require the metric to be Riemann-flat since in two dimension the
Riemann tensor is proportional to the Ricci scalar), by solving ∇2ω = R/2 for ω, which is always possible locally. Then
a change of coordinates can put the resulting flat metric it in the form of (2.16).

7Recall that in d = 2, Riemann-flat and Ricci-scalar-flat are equivalent and that the integral of the Ricci scalar is
proportional to the Euler characteristics (see (1.96)).

8In fact the infinite cylinder admits a flat metric ds2 = −(dx0)2 + (dx1)2, moreover note that the Euler characteristics
indeed gets χ(Σ) = χ(R × S1) = χ(R)χ(S1) = 0, since χ(S1) = 0 (the value of χ(R) actually depends on the precise
definition of Euler characteristics).

9Here the integral measure is taken to be d2ξ ≡ dξ− ∧ dξ+ = 2(dx0 ∧ dx1) ≡ 2d2x.
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CHAPTER 2. INTRODUCTION TO STRING THEORY

which for the closed string imposes a periodic boundary condition on Xµ:

Xµ(x0, x1 + 2π) = Xµ(x0, x1) . (2.20)

The equations of motion for Xµ then gets

(−∂20 + ∂21)X
µ = 4∂+∂−X

µ = 0 , (2.21)

constrained by (2.20). In the light-cone coordinates, we can split Xµ(x) into a left-moving and a
right-moving components:

Xµ(x) = Xµ(ξ+, ξ−) = Xµ
L(ξ

+) +Xµ
R(ξ

−) . (2.22)

Then the most general periodic solution satisfying (2.20) is given by the Fourier expansion

Xµ
L(ξ

+) =
1

2
aµ +

1

2
α′pµξ+ + i

√︃
α′

2

∑︂
n ̸=0

1

n
αµne

−inξ+ ,

Xµ
R(ξ

−) =
1

2
aµ +

1

2
α′pµξ− + i

√︃
α′

2

∑︂
n ̸=0

1

n
ᾱµne

−inξ− ,

(2.23)

where the normalization are chosen for later convenience. Note that the left- and right-moving parts
are only coupled through the zero modes aµ and pµ. Moreover, requiring Xµ ∈ R, implies that

aµ, pµ ∈ R , αµ−n = (αµn)
∗ , ᾱµ−n = (ᾱµn)

∗ . (2.24)

In these conventions, the Fourier modes αµn and ᾱµn are positive frequencies modes for n < 0 and
positive frequencies modes n > 0.10 Moreover, aµ and pµ can be interpreted as the target-space center
of mass position (at x0 = 0) and total momentum of the string (e.g. pµ can be shown to generate the
spacetime translations Xµ ↦→ Xµ + cµ).

Consider now the equation of motion for the worldsheet metric of the action (2.18) before the gauge
fixing:

δγSPoly = − 1

4π

∫︂
d2x

√
−γ Tabδγab

!
= 0 , (2.25)

where the stress tensor is expressed by (2.13). Thus, on-shell all the components of the stress tensor
must vanish; in light-cone coordinates this we have that T+− = 0 = T−+ already, so we just need to
impose

T++ = ∂+X
µ∂+Xµ

!
= 0 , T−− = ∂−X

µ∂−Xµ
!
= 0 . (2.26)

Using the expansion (2.23) we can express such condition as

0 = T++ = (∂+X)2 =
α′

2
ηµν

∑︂
n,m∈Z

αµmα
ν
ne

−i(m+n)ξ+ =
α′

2
ηµν

∑︂
n,m∈Z

αµmα
ν
n−me

−inξ+ ≡ α′
∑︂
n∈Z

Lne
−inξ+ ,

0 = T−− = (∂−X)2 =
α′

2
ηµν

∑︂
n,m∈Z

ᾱµmᾱ
ν
ne

−i(m+n)ξ− =
α′

2
ηµν

∑︂
n,m∈Z

ᾱµmᾱ
ν
n−me

−inξ− ≡ α′
∑︂
n∈Z

L̄ne
−inξ− ,

(2.27)
where we denote the zero-mode αµ0 ≡

√︁
α′/2 pµ ≡ ᾱµ0 and recognized the Virasoro modes11

Ln ≡ 1

2

∑︂
m∈Z

αn−m · αm , L̄n ≡ 1

2

∑︂
m∈Z

ᾱn−m · ᾱm . (2.28)

10As usual, after canonical quantization, they would represents creation and annihilation operators.
11One can connect with the formalism in the previous Chapter by Wick rotating x0 → ix0 into the Euclidean space and

using the transformation rule (1.53) with the usual map (1.32) to go into the complex plane form the cylinder. Indeed,
for the left-moving sector, after the Wick rotation

T++(ξ
+) = α′

∑︂
n∈Z

Lne
−in(x0+x1) −→ T++(ζ) = α′

∑︂
n∈Z

Lne
−in(ix0+x1) = α′

∑︂
n∈Z

Lne
−nζ ,
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2.2. STRING PATH-INTEGRAL QUANTIZATION

Thus any classical solution of the form (2.23) must satisfy a countably infinite number of constraints
represented by

Ln = 0 = L̄n , n ∈ Z . (2.29)

In particular, the zero-modes gives the mass of the string:

0 = L0 =
1

2

∑︂
m∈Z

α−m · αm =
1

2
α2
0 +

∑︂
m>0

α−m · αm = −α
′

4
M2 +N , (2.30)

where we used the definition of the oscillator’s zero-mode αµ0 , recognized the Minkowski mass M2 =
−pµpµ and the level of excitation N ≡

∑︁
m>0 αm · α−m. Moreover, since for the closed string the

oscillator’s zero-modes are equal in the left- and right-moving sector, we have the so-called level
matching condition

M2 =
4

α′

∑︂
m>0

α−m · αm =
4

α′

∑︂
m>0

ᾱ−m · ᾱm . (2.31)

Notice that M has indeed the dimension of a mass, which comes form the normalization chosen for
the stress tensor modes.

2.2 String Path-Integral Quantization
After discussing the classical closed bosonic string we now turn to study its quantization. One could
naively proceed with the usual covariant quantization by promoting the Fourier modes to operators
and Poisson brackets to commutation relation, and then, due to the gauge symmetries, one need to
impose constraints on the the states in order to remove the gauge redundancy. Another approach
was introduced, the so-called light-cone quantization, which consisted in first solving the classical
constraints and then quantizing the physical solutions.

We will however discuss a third, more powerful method, which is borrowed form the quantization
of Yang-Mills theories and will be useful in the following Chapters: the BRST quantization. Such
approach makes use of the path-integral formalism, which is best defined in Euclidean signature on
the worldsheet instead of the Lorentzian one used so far. From now on we will then always assume
an Euclidean signature if not stated otherwise and denote the Euclidean worldsheet metric by gab.
Moreover we take also the target space metric to have Euclidean signature, and in particular for the
flat spacetime we have Gµν = δµν .

2.2.1 Faddeev-Popov Ghosts

In order to systematically treat the gauge symmetries at the quantum level we will now review the
usual Faddeev-Popov formalism for gauge-fixing. We start by considering the partition function

Z =
1

V

∫︂
DXDg e−S[X,g] , (2.32)

where the Polyakov action in Euclidean signature now reads

S[X, g] =
1

4πα′

∫︂
Σ
d2x

√
g gab∂aX

µ∂bX
ν δµν , (2.33)

and going to the complex plane z = eζ :

T (z) =

(︃
∂z

∂ζ

)︃−2

T++(ζ) = α′
∑︂
n∈Z

Lnz
−n−2 ,

which indeed matches (1.54) (up to the constant α′). Notice that we only ignored the Casimir shift induced by the
Schwarzian derivative in (1.53) since we are discussing the theory at the classical level. In fact, one can confirm that
the Poisson brackets of the stress tensor modes generate the classical Witt algebra (1.16), e.g.

{Lm, Ln}P.B. = i(m− n)Lm+n .
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and V = Vol
(︁
diff(Σ)⋉Weyl(Σ)

)︁
represents the volume of the gauge group realized by the diffeomor-

phism and Weyl transformations which relate equivalent physical configurations.12

The idea of the Faddeev-Popov method is then to systematically gauge-fix the partition function.
As we have seen, the diff⋉Weyl-symmetry allow us to fix the metric to an arbitrary fiducial metric ĝab.
Concretely, denoting with ζ the combined coordinate and Weyl transformations in (2.9) and (2.11),
for any starting metric there will always be some ζ such that:13

ζ : gab(x) ↦−→ ĝ
(ζ)
ab (x

′) = e2ω(x)
∂xc

∂x′a
∂xd

∂x′b
gcd(x) . (2.34)

The Faddeev-Popov determinant is then defined by

1 = ∆FP[g]

∫︂
Dζ δ

[︁
g − ĝ(ζ)

]︁
, (2.35)

where Dζ is the Haar measure of the gauge group (i.e. invariant under gauge transformations).
Notice that the above expression must be gauge-invariant, and since the both the measure and the
delta function are, also ∆FP[g] = ∆FP[g

(ζ)].
Inserting the above identity in the partition function (2.32) we obtain

Z[ĝ] =
1

V

∫︂
DζDX(ζ) ∆FP

[︁
ĝ(ζ)
]︁
e−S

[︁
X(ζ),ĝ(ζ)

]︁
=

1

V

∫︂
DζDX ∆FP

[︁
ĝ
]︁
e−S

[︁
X,ĝ
]︁

=

∫︂
DX ∆FP

[︁
ĝ
]︁
e−S

[︁
X,ĝ
]︁
,

(2.36)

where in the first line we solved the Dirac delta, in the second we used the gauge-invariance of the
Faddeev-Popov determinant, of the action and of the measure14 , and finally we integrated over the
whole gauge group, which cancel the volume term.

At this point one needs to evaluate ∆FP

[︁
ĝ
]︁
. To do so, we consider an infinitesimal gauge transfor-

mation near the identity for ĝab:

δĝab = 2ωĝab + ∇̂aϵb + ∇̂bϵa , (2.37)

where the covariant derivative is computed form the fiducial metric. Inserting this in (2.35) we have

∆−1
PF[ĝ] =

∫︂
DωDϵ δ

[︁
2ωĝab + ∇̂aϵb + ∇̂bϵa

]︁
=

∫︂
DωDϵDβ exp

[︃
2πi

∫︂
d2x
√︁
ĝ βab(2ωĝab + ∇̂aϵb + ∇̂bϵa)

]︃
=

∫︂
DϵDβ̃ exp

[︃
4πi

∫︂
d2x
√︁
ĝ β̃ab∇̂aϵb

]︃
,

(2.38)

where we used the integral representation of the Dirac delta in the second line introducing a symmetric
field βab, and integrated out the Weyl factor which fixes βab to be symmetric and traceless with respect
to the fiducial metric: β̃abĝab

!
= 0. We can then invert the determinant by promoting β̃ab and ϵa to be

anticommuting fields, which we also rescale by a convenient factor as:

β̃ab −→ bab/2π ,

ϵa −→ ca/2π ,
(2.39)

12The semidirect product is justified by the fact that the Weyl scale parameter depends on the worldsheet coordinates,
and thus Weyl transformations do not commute with diffeomorphisms.

13This is again a local statement as we discussed after (2.16). Moreover, notice that such procedure leaves a residual gauge
freedom represented by Weyl transformation that cancel the coordinate change: these are conformal transformation.
This can be seen explicitly in the unit gauge ĝab = δab and in the complex coordinates z = x0 + ix1, z̄ = x0 − ix1 for
which, under a Weyl rescale ω and a change of coordinates z ↦→ z′ = f(z), the metric ds2 = (dx0)2 + (dx1)2 = dzdz̄ ↦→
ds2(ζ) = e2ω|∂zf |−2dz′dz̄′; thus for ω = ln |∂zf | the metrics remains invariant. Furthermore, we will assume that the
gauge-fixing do not introduces Gribov copies.

14It must be DX(ζ) = DX in order to avoid gauge anomalies.
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2.2. STRING PATH-INTEGRAL QUANTIZATION

for which we can read the ghost action:

∆FP[ĝ] =

∫︂
DbDc e−Sgh[b,c] =

∫︂
DbDc exp

(︃
i

2π

∫︂
d2x
√︁
ĝ bab∇̂acb

)︃
. (2.40)

In particular, if we choose as fiducial metric the conformal gauge ĝab = e2ωδab and go to the complex
coordinates, the ghost action reads:

Sgh[bab, c
a, ĝ] =

1

4π

∫︂
d2z e2ω

(︁
bzz∇̂zcz + bz̄z̄∇̂z̄cz̄

)︁
=

1

2π

∫︂
d2z

(︁
bzz∂z̄c

z + bz̄z̄∂zc
z̄
)︁
,

(2.41)

where in the first line we used the tracelessness of bab and the integral measure d2x = −id2z/2, while
in the second we lowered the covariant derivative index with ∇̂z = ĝzz̄∇̂z̄ = 2e−2ω∇̂z̄ and that in
complex coordinate and in the conformal gauge, the covariant z̄-derivative of an holomorphic quantity
reduces to the ordinary derivative.15 By identifying bzz ≡ b, bz̄z̄ ≡ b̄, cz ≡ c and cz̄ = c̄ we see that
the Faddeev-Popov ghosts in these coordinates represents a bc and b̄c̄ system of the kind discussed in
Section (1.4.2). Moreover, since the above action is Weyl invariant (no factors of ω appears), the ghosts
bab and ca must be neutral under Weyl transformations. Thus their conformal dimensions depends only
on their rank, in particular bzz and cz form a bc-system of holomorphic weight (h[b], h[c]) = (2,−1),
while bz̄z̄ and cz̄ form a b̄c̄-system of antiholomorphic weights (h̄[b̄], h̄[c̄]) = (2,−1).

Bosonic Critical Dimension

Putting all together, we have that the total gauge-fixed Euclidean action in conformal gauge and
complex coordinates for the bosonic string propagating in D-dimensional flat spacetime reads:

Stot[X, b, c] = SPoly[X] + Sgh[b, c] =
1

2π

∫︂
Σ
d2z

[︃
1

α′∂X
µ∂̄Xνδµν + b∂̄c+ b̄∂c̄

]︃
, (2.42)

which is manifestly Weyl invariant and represents a CFT with D free bosons and a bc and b̄c̄ systems
of weights (2,-1). The quantization of the theory can then be carried out with the tools developed in
the previous Chapter.

Note now that the total central charges are then given by (see (1.112))

ctot = c (Xµ) + c (bc) + c(b̄c̄) = D − 26 + 0 , c̄tot = c̄(Xµ) + c̄(bc) + c̄(b̄c̄) = D + 0− 26 . (2.43)

We have ctot = c̄tot as expected form a CFT consistently coupled to gravity. Moreover, recalling the
discussion around (1.74), in other for the Weyl gauge symmetry to be non-anomalous at the quantum
level, we need to require that the whole theory has a vanishing central charge ctot = 0 = c̄tot, which
is realized only if we fix the target-space dimension to be

D = 26 . (2.44)

This is the so-called critical dimension of the bosonic string, and is the only value for which the
bosonic string theory is non-anomalous and well-defined.

2.2.2 BRST Symmetry

After having identified the full action of the gauge-fixed theory (2.42), we are now ready to study its
the physical Hilbert space of states. In the gauge-fixed form this is done through the BRST formalism,
15In fact we have ∇̂z̄c

z = ∂z̄c
z + Γ̂zz̄ac

a, but the Christoffel symbols vanishes:

Γ̂zz̄a =
1

2
ĝzz̄(∂z̄ ĝaz̄ + ∂aĝz̄z̄ − ∂z̄ ĝz̄a) = 0 ,

due to ĝzz = 0 = ĝz̄z̄ and the that it is symmetric.
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in which, after gauge-fixing, the gauge symmetry is replaced by a fermionic residual symmetry of the
action that mixes the matter fields with the Faddeev-Popov ghosts: this is the BRST symmetry.

We start by discussing the BRST formalism for a generic residual gauge symmetry (i.e. after
gauge-fixing) represented by a finite-dimensional Lie group G = Lie g, whose algebra has the general
form

[Ki,Kj ] = ifij
kKk , i, j, k = 1, . . . , dim g . (2.45)

Then the BRST symmetry is generated by the BRST-charge

Q = ci
(︃
Ki −

1

2
ifij

kcjbk

)︃
, (2.46)

where ci and bj are the Faddeev-Popov ghosts arising after gauge-fixing the theory and which in general
satisfy {ci, bj} = δij . Notice that the BRST-charge is Hermitian (if ci and bi are and the structure
constants fijk are real) nilpotent by construction Q2 = −1

4f[ij
kfl]m

m(cjciclbm) = 0. Moreover, it
generates the following transformation on the ghosts:

δci = {Q, ci} = −1

2
ifkl

ickcl ,

δbi = {Q, bi} = Ki − ifij
kcjbk ≡ Ki +Kgh

i ≡ K̃i

(2.47)

The ‘total’ generators K̃i, which now includes also the ghosts, still satisfy the g algebra (2.45).
Using the BRST-charge (2.46) we can now identify the Hilbert space of the physical states. Start

by considering BRST-invariant Hamiltonian eigenstates, i.e. |φ⟩ such that

Q |φ⟩ = 0 . (2.48)

In the zero-ghost sector such states are naturally gauge-invariant. However, such set contains states
of the form

|φ⟩ = Q |ψ⟩ ∈ ImQ , (2.49)
which are trivially BRST-invariant due to the nilpotency of Q. Such states decouples in S-matrix
elements16 since the have null-norm due to the nilpotency and Hermiticity of Q: ⟨φ|φ⟩ = ⟨χ|QQ |χ⟩ =
0. Thus such null states are redundant and leads to the same S-matrix elements. The actual Hilbert
space of physical states is then represented by the cohomology set of the BRST-charge:

H = CohomQ ≡ kerQ

ImQ
. (2.50)

In a CFT, due to the state-operator map, the BRST-invariance condition can be expressed in terms of
the field Φ(z, z̄) such that |φ⟩ = Φ(0) |0⟩, for which (2.48) reads as [Q,Φ] = 0. In particular, for states
with no ghost excitation this reduces to requiring the gauge-invariance of the operator: [Ki,Φ] = 0.

Let’s now apply the BRST formalism to the bosonic string. In this case, as noted before, the residual
gauge symmetry is represented by the conformal transformation, which are generated by the infinite-
dimensional Virasoro algebra. Because of this we will need to introduce normal-ordering in Q and
check if it still remains nilpotent. The generalization of (2.46) to the Virasoro algebra is given by

Q =
∑︂
m∈Z

(︄
c−mL

X
m − 1

2

∑︂
n∈Z

(m− n) :c−mc−nbm+n :

)︄
=
∑︂
m∈Z

:c−m

(︃
LXm +

1

2
Lgh
m

)︃
: , (2.51)

where we used the Virasoro structure constants ifmnp ≡ (m − n)δp,m+n (confront (2.45) and (1.57))
and identified cm ≡ c−m = (2πi)−1

∮︁
dz z−m−2c(z). Here Virasoro generators are given by (c.f. (2.28))

LXm =

∮︂
dz

(2πi)
zm+1TX(z) =

1

2

∑︂
n∈Z

:αm−n · αn : ,

Lgh
m =

∮︂
dz

(2πi)
zm+1T gh(z) =

∑︂
n∈Z

(n+m) :bm−ncn : ,

(2.52)

16Recall that the the Hamiltonian commutes with BRST-charge since it must be gauge-invariant (or equivalently, the
BRST-symmetry can be seen as Noether symmetry and thus its charge must be conserved: Q̇ = i[H,Q] = 0).
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where the stress tensors obtained form (2.42) (c.f. (1.87) and (1.110) with λ = 2):

TX(z) = − 1

α′ :∂X · ∂X : , T gh(z) = −2 :b∂c : − :∂bc : . (2.53)

Notice that Ltot
m = LXm +Lgh

m corresponds to the generators K̃i in (2.47). Moreover, using the normal-
order prescription (1.44) we can express the BRST-charge as:

Q =

∮︂
C0

dz

2πi
:c(z)

[︃
TX(z) +

1

2
T gh(z)

]︃
: ≡

∮︂
C0

dz

2πi
Jbrst(z) . (2.54)

Using this last representation we can check the nilpotency of the BRST-charge:

2Q2 = {Q,Q} =

∮︂
C0

dw

2πi

∮︂
Cw

dz

2πi
Jbrst(z)Jbrst(w) =

∮︂
C0

dw

2πi

∮︂
Cw

dz

2πi

cX − 26

12

:∂3cc : (w)

z − w
, (2.55)

which vanishes only if the central charge of the matter sector cX
!
= 26 = c(bc), which gets the critical

dimension found in (2.44). Moreover, using the OPEs (1.83) (with an additional factor of δµν) and
(1.107) we can see that Q generates the fermionic transformations:

δcX(z) = [Q,Xµ(z)] = :c∂Xµ : (z) ,

δcc(z) = {Q, c(z)} = :c∂c : (z) ,

δcb(z) = {Q, b(z)} = T tot(z) ,

(2.56)

where T tot = TX + T gh. One can show that such transformations leaves the action (2.42) invariant.

BRST Constraints

Let’s then turn to identifying the physical states of the bosonic string. As we noted a vertex operator
Ψ(z, z̄) identifies a BRST-invariant state |ψ⟩ = Ψ(0) |0⟩ if it commute with the BRST-charge, where
|0⟩ is the SL(2,C)-invariant vacuum of the theory. This can be expressed as the tensor product of the
matter vacuum |0⟩X studied in the previous Chapter, and the vacuum of the ghost sector |0⟩gh:

|0⟩ ≡ |0⟩X ⊗ |0⟩gh . (2.57)

Let us focus on the ghost-sector vacuum. Analogously to the matter vacuum, it must satisfy the
regularity conditions (c.f. (1.60))

bn |0⟩gh , for n > −2 ,

cn |0⟩gh , for n > +1 . (2.58)

Hence the latter is not annihilated by all positive modes and therefore is not an highest-weight state
of the bc-algebra while is height-weight of the Virasoro algebra. In order to find the ground state in
the ghost sector notice that we have17

Lgh
0 bn |0⟩gh = [Lgh

0 , bn] |0⟩gh = −nbn |0⟩gh ,

Lgh
0 cn |0⟩gh = [Lgh

0 , cn] |0⟩gh = −ncn |0⟩gh .
(2.59)

Thus, comparing with (2.58), the lowest energy state is given by c1 |0⟩gh, which has weight hgh = −1

(with respect to Lgh
0 ). Moreover, since the zero-modes commutes with Lgh

0 (see above), also the state
17In general for a field of weight h Φ(z) =

∑︁
n φnz

n−h, primary with respect to L0, we have

[L0, φn] =

∮︂
0

dw

2πi

∮︂
w

dz

2πi
zT (z)wn+h−1Φ(w) =

∮︂
0

dw

2πi
wn+h−1

[︂
hΦ(w) + w∂Φ(w)

]︂
= −n

∮︂
0

dw

2πi
wn+h−1Φ(w) = −nφn ,

where we used the TΦ-OPE for primary fields (1.39).
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c0c1 |0⟩gh has energy hgh = −1.18 The ground state of the ghost sector then is doubly degenerate and
is represented by

|↓⟩ ≡ c1 |0⟩gh = c(0) |0⟩gh , and |↑⟩ ≡ c0c1 |0⟩gh = − :c∂c(0) : |0⟩gh . (2.60)

One can pass form one to the the other using the zero-modes c0, b0:

c0 |↓⟩ = |↑⟩ , b0 |↑⟩ = |↓⟩ , (2.61)

while c0 |↑⟩ = 0 and b0 |↓⟩ = 0 due to the anticommutation relation {c0, b0} = 1. The states |↕⟩ belong
to the irreducible representation of the zero-modes algebra. Moreover we have that they have both
null norms, but are not orthogonal to each other: 0 ̸= ⟨↑ | ↓⟩ = ⟨↓ | ↑⟩ = ⟨0|c−1c0c1 |0⟩ = 1, where we
are free to choose a convenient normalization. Observe also that such states are now annihilated by
all positive ghost modes and are thus highest-weight states.

We can then represents a generic physical state as the tensor product of a state in the matter sector
|φ⟩X = Φ(0) |0⟩X and a ghost ground state, which can either be |↑⟩ and |↓⟩. Let’s begin by considering
the latter (we include also the antiholomorphic sector):

|ψ⟩ = |φ⟩X ⊗ |↓⟩ ⊗
⃓⃓
↓̄
⟩︁
= Φ(0, 0)c(0)c̄(0) |0⟩ . (2.62)

The BRST-invariant condition (2.48) with the BRST-charge (2.51) gets:19

Q |ψ⟩ =

[︄
c0(L

X
0 − 1) +

∑︂
m>0

c−mL
X
m

]︄
|ψ⟩ = 0 , (2.63)

which imply that |φ⟩X must be a Virasoro primary of weight h = 1 (c.f. (1.68)):

(LX0 − 1) |φ⟩X = 0 , and LXn |φ⟩X = 0 , n > 0 . (2.64)

If we had instead chosen |↑⟩ in (2.62) we wouldn’t had obtained the the first condition in the above.
In order to exclude such possibility we demand the following additional constraint:

b0 |ψ⟩ = 0 , (2.65)

which is referred as the Seigel gauge.20

For the closed string, the above discussion is totally parallel in the antiholomorphic sector. In
particular, we have that the Seigel gauge gives the level matching condition (2.31):

0 = {Q, b0 − b̄0} |ψ⟩ = (Ltot
n − L̄tot

n ) |ψ⟩ , (2.66)

where we used the mode expansion of (2.56). Moreover, it also gets the mass formula for the string.
Expressing excitation number of the total Virasoro zero-mode as Ntot =

∑︁
n>0

[︁
α−n · αn + n(b−ncn +

c−nbn)
]︁

(which represents the level of the descendant) we can express

Ltot
0 =

α′

4
p2 − 1 +Ntot , (2.67)

18For holomorphic systems such as the bc one, the Hamiltonian is represented by only the holomorphic generator L0 and
thus conformal dimension and energy coincide.

19The shift of a = −1 in the zero-mode matter Virasoro comes form the normal-ordering of the ghosts. In fact for the
positive modes cm>0 |↓⟩ = 0, the commutation relation {bn, cm} = δm+n,0 and (2.52) we have

Lgh
0 |↓⟩ =

∑︂
n∈Z

(−n) :bnc−n : |↓⟩ =

⎡⎣∑︂
n≥1

n(b−ncn + c−nbn)− 1

⎤⎦ |↓⟩ = − |↓⟩ .

20The name indicate it is indeed a choice. One is free to use choose another BRST-gauge, which however in general do
not gets manifestly the Virasoro constraints.
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and requiring Q |ψ⟩ = 0 = b0 |ψ⟩ is equivalent to:

0 = {Q, b0} |ψ⟩ = Ltot
0 |ψ⟩ ⇐⇒ M2 =

4

α′ (Ntot − 1) , (2.68)

which, for physical states, matches the classical one (2.31) (in fact (2.62) has Ntot = NX+1). Moreover,
if a Q-closed descendant |Ntot, p⟩ of level Ntot and momentum p do not satisfy the mass formula, then
is Q-exact. In fact, if Ltot

0 |ψ⟩ = htot |ψ⟩ with htot ≠ 0 we can write |Ntot, p⟩ = 1
htotQb0 |Ntot, p⟩ ∈ ImQ.

Is also possible to show that, in general, every non-trivial Q-cohomology class has a representative of
the form (2.62).

2.2.3 Bosonic String Spectrum

We can now finally study the spectrum of the bosonic string. As we discussed, all the physical states can
be express in the local form (2.62). However, the vertex operator Ψ(0, 0) = c(0)c̄(0)Φ(0, 0) represent
the emission or absorption of a physical on-shell string mode |ψ⟩ = Ψ(0, 0) |0⟩ from a specific point on
the worldsheet. Note that for a physical state the total conformal dimension h[Ψ] = hX [Φ]+hbc[cc̄] =
1− 1 = 0, thus the vertex is conformally invariant.

Another possibility to preserve the diff ⋉ Weyl-invariance (before gauge fixing, or equivalently the
conformal invariance when fixed in the conformal gauge), is to sum over all possible insertion points.
We then have that a generic physical vertex operator (for the closed string) can be expressed in the
integrated form

V = gs

∫︂
Σ
d2z Φ(z, z̄) , (2.69)

where is custom to include the string coupling constant gs.21 Notice that in order to be conformally
invariant, since the measure has weights (with respect to LX0 ) (h, h̄) = (−1,−1), the operator Φ(z, z̄)
must be a primary (with respect to LX0 ) of weights (h, h̄) = (1, 1) as imposed by (2.64). Observe that
in the integrated form, physical vertex operator do not admits ghosts. Moreover, the BRST-invariance
is satisfied by means of

[Q,V ] = gs

∫︂
d2w

∮︂
0
dw

∮︂
w

dz

2πi
Jbrst(z)Φ(w, w̄)

= gs

∫︂
d2w

∮︂
w

dz

2πi

[︂
c(z)TX(z)Φ(w, w̄) + · · ·

]︂
= gs

∫︂
d2w

∮︂
w

dz

2πi
c(z)

[︃
Φ(w, w̄)

(z − w)2
+
∂Φ(w, w̄)

z − w
+ · · ·

]︃
= gs

∫︂
d2w ∂

(︁
c(w)Φ(w, w̄)

)︁
= gsc(w)

∮︂
0
dw̄ Φ(w, w̄) = 0 .

(2.70)

It turns out that we need both forms of the vertex operators in order to have the right amount of
ghosts in the path-integral.

Let’s then study the first exited states of the spectrum.

Tachyon

The ground state is represented by a matter-Virasoro highest-weight state (i.e. NX = 0 = N̄X)22 with
a momentum pµ. The associate vertex operator is then then given by

V0 = gs

∫︂
d2z :eip·X(z,z̄) : . (2.71)

In order to satisfy the Virasoro constraints (2.64) the conformal dimensions of matter field Φ(z, z̄) =
eip·X(z,z̄) (which is indeed a primary, see Section 1.4.1) must satisfy

h =
α′

4
p2

!
= 1 , h̄ =

α′

4
p2

!
= 1 , (2.72)

21This is often takes a definition for gs.
22Due to the level-matching condition (2.66) for the closed strings, the levels in the holomorphic and antiholomorphic

sector must be the same.
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which gives the a mass:
M2 = − 4

α′ . (2.73)

This identifies the tachyon state of the bosonic string. Such pathological behavior is one of the
motivation to generalize the discussion of string to a supersymmetric settings which we will discuss
shortly.

First Excited States

The first excited states are represented by level NX = 1 = N̄X Virasoro-descendants of the tachyon:

V1 = gs

∫︂
d2z ζµν :∂Xµ(z)∂̄Xν(z̄)eip·X(z,z̄) : , (2.74)

where ζµν is a constant spacetime tensor that represents the polarization of the state. Form the
ΦTX -OPE, one can see that the matter field is a primary only if it satisfy the transverse polarization
condition:

pµζµν = 0 , (2.75)

moreover, the weight condition imposes that

h = 1 +
α′

4
p2

!
= 1 , h̄ = 1 +

α′

4
p2

!
= 1 , (2.76)

which impose that the massless condition M2 = 0.
We will see in the next Chapter that these represents the graviton (for ζµν symmetric and traceless),

the B-field (for ζµν antisymmetric) and the dilaton (for the trace ζµµ ).

2.3 Superstrings and SCFTs
We have seen that the bosonic string spectrum contains a tachyon mode, which is clearly unphysical;
moreover there is no way to produce spacetime fermions using just bosonic strings. These limitations
are both overcome by the introduction of supersymmetry into the mix, which leads to Superstring
Theory.

There are two main approaches when it comes to introduce supersymmetry in the string theory
framework: the Ramond-Neveu-Schwarz (RNS) formalism, which consists in formulating the world-
sheet theory in a supersymmetric fashion, and the Green-Schwarz (GS) formalism, which instead leads
to a manifest supersymmetry in the target-space.

In the following we will explore the RNS approach and live the discussion of the GS formalism (or
better a combination of the two) for one of the following Chapters.

2.3.1 The Supersymmetric String Action

As done for the bosonic string, we would like to identify the action governing the propagation of the
superstring in a flat Minkowski D-dimensional target-space. The idea then is to start again from the
Polyakov action (2.5) with Gµν = ηµν and generalize it to include also worldsheet fermionic degrees
of freedom.

For the matter sector we introduce the D worldsheet fermions Ψµ(x), which will represent the
superpartners of the bosons Xµ(x). Notice that since Xµ are taken to be real, we must impose the
Majorana condition on Ψµ, which gets 2D fermionic degrees of freedom. We should then introduce
also D auxiliary scalar fields Fµ which, all together, form a N = 1 supermultiplex Xµ =

√︁
2/α′Xµ +

iϑΨµ + iϑ̄Ψ
µ
+ ϑϑ̄Fµ.

Since in the Polyakov action, before gauge fixing, the metric is also a dynamical degree of freedom,
we should also introduce its superpartner. In particular, the supergravity multiplet consists of the
zwin-bein23 eµa(x) and a worldsheet Majorana spinor dubbed gravitino χa. Again, since off-shell the
23The n-bein formalism is custom in any SUGRA formulation in n-dimensions. In this case they satisfy the usual

relations that link the worldsheet and the target-space metric: eµaeνb gab = ηµν .
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metric has only one degree of freedom, to match the two fermionic one of the gravitino, we need to
introduce an additional auxiliary bosonic field A.24

One then can show that the supersymmetric generalization of the Polyakov action, before gauge
fixing, is given by25

S = − 1

4π

∫︂
Σ
d2x

√
−g

[︄
1

α′ g
ab∂aX

µ∂bX
ν + iΨ

µ
γa∂aΨ

ν − i

2
χ̄aγ

bγaΨµ

(︄√︃
2

α′∂bX
ν − i

4
χ̄bΨ

ν

)︄]︄
ηµν ,

(2.77)
where γa are the gamma matrices realizing the worldsheet Clifford algebra {γa, γb} = 2gab12. It enjoys
a similar set of symmetries as the one discussed in Section 2.1.1, and is also invariant under the local
supersymmetry transformations

δϵX
µ = i

√︃
α′

2
ϵ̄Ψµ , δϵe

µ
a =

i

2
ϵ̄eµaγ

aχa ,

δϵΨ
µ =

1

2
γa

(︄√︃
2

α′∂aX
µ − i

2
χ̄aΨ

µ

)︄
ϵ , δϵχα = 2Daϵ ,

(2.78)

where ϵ(x) is a Majorana spinor and Da is the covariant derivative with torsion.
Using the local supersymmetry, the diffeomorphism invariance and the target-space Poincaré sym-

metry, one is able to reduce to the so-called superconformal gauge fixing

eµa = eωδµa , χa = γaλ , (2.79)

where λ = 1/2γaχa is the γ-trace part of the gravitino. One can then use a Weyl and super-Weyl
transformation to reduce to the (super) unitary gauge eµa = δµa and χa = 0.

In supercoformal gauge, the supersymmetric Polyakov action reads26

S[X,Ψ] = − 1

4π

∫︂
Σ
d2x

[︂ 1
α′ η

ab∂aX
µ∂bX

ν + iΨ
µ
γa∂aΨ

ν
]︂
ηµν . (2.80)

Notice that the two contributions resemble the form of free CFTs (1.76)–(1.119).27 The gauge-fixed
action then is still invariant under the usual conformal transformations, but also under the global
supersymmetry:

δϵX
µ = i

√︃
α′

2
ϵ̄Ψµ , δϵΨ

µ =
1

2

√︃
2

α′ γ
a∂aX

µϵ . (2.81)

As for the bosonic string, it will be useful to express the action in the Euclidean signature and in
complex coordinates, in which we have (see Section 1.4.1 and 1.4.3):

S[X,ψ, ψ] =
1

4π

∫︂
d2z

[︃
2

α′∂X
µ∂̄Xν + ψµ∂̄ψν + ψ

µ
∂ψ

ν
]︃
ηµν , (2.82)

where ψµ and ψ
µ are real components of the Majorana spinor Ψµ.28

24In d-dimensions, a spin-2 field has d(d− 1)/2 real degrees of freedom off-shell (i.e. after removing the gauge freedom,
but before imposing the equations of motions); wheras a spin-3/2 field has 2n−ϵ(d−1) real degrees of freedom off-shell,
where n = dimCl1,d−1(R)C = 2⌊d/2⌋ is the dimension of the spinor Clifford algebra and ϵ = 0, 1, 2 if the field is a
Dirac-, a Weyl-/Majorana- or a Weyl+Majorana-spinor (the latter is consistent in general for a spinor of SO(p, q) iff
p− q ≡ 0 mod 8).

25There are no kinetic terms for Fµ and A since are auxiliary fields. Moreover the kinetic term for the gravitino vanish
in two-dimensions since it should reads as χ̄aγabcDbχc, where 3!γabc ≡ γ[aγbγc] = 0 in two-dimensions. The additional
term is needed for supersymmetry-invariance.

26We rescaled Ψ → e−ω/2Ψ
27The difference in signs are due to the Lorentzian signature instead of the Euclidean one.
28Notice that the action can be written as a manifestly supersymmetric N = 1 superspace integral

S =
1

4π

∫︂
d2z d2ϑ DXµD̄Xµ ,

where D = ∂ϑ+ϑ∂z is the superspace derivative. There is actually an additional component coming from the F -terms,
which is however decouples since is auxiliary (i.e. no kinetic term).
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From this we obtain the (holomorphic component) stress-energy tensor

T (z) = − 1

α′∂X
µ∂Xµ −

1

2
ψµ∂ψµ , (2.83)

which generates the usual conformal transformations. In addition we also have the generator of the
supersymmetry transformations (2.81), i.e. the supercurrent, which reads:29

G(z) = i

√︃
2

α′ψ
µ∂Xµ , (2.84)

and similarly for the antiholomorphic part. Together they realize the so-called N = (1, 0) supercon-
formal or super-Virasoro algebra:

T (z)T (w) ∼ c/2

(z − w)4
+

2T (2)

(z − w)2
+
∂T (w)

w
,

T (z)G(w) ∼ 3/2G(w)

(z − w)2
+
∂G(w)

z − w
,

TF (z)G(w) ∼
2c/3

(z − w)3
+

2T (w)

z − w
,

(2.85)

where the central charge is given by

c = c (Xµ) + c (ψµ) + c
(︂
ψ
µ
)︂
= D +

D

2
+ 0 =

3

2
D = c̄ . (2.86)

Notice that the supercurrent is a primary of weight h[G] = 3/2 with respect to the stress tensor.
Moreover, the fact that the GG-OPE closes on the stress tensors signals the fact that supersymmetry
transformations can be thought as the ‘square-root’ of conformal transformations.

Analogous relation clearly holds for the antiholomorphic sector and all together generates a N =
(1, 1) superconformal algebra. Thus (2.82) represents a N = 1 superconformal field theory (SCFT).

2.3.2 Ramond and Neveu-Schwarz Sectors

After having identified the action we can now discuss in details the fermionic sector. We start by
considering the equations of motion, similarly to what we have done to obtain the boundary condition
of Xµ (see (2.20)), if we take the variation with respect to ψµ of the Euclidean version of (2.80) and
impose it to vanish we find the equations of motion30

∂ζ̄ψ
µ = 0 , ∂ζψ

µ
= 0 , (2.87)

and the the boundary conditions

ψµ(ζ1 + 2πi) = ±ψµ(ζ) , and ψ
µ
(ζ̄ − 2πi) = ±ψµ(ζ) . (2.88)

Here we can allow for antiperiodic conditions since ψµ are fields. Moreover, the periodic fermions
defines the so-called Ramond sector of the theory while the antiperiodic one the Neveu-Schwarz sec-
tor. Notice that, with both choices, the action remains periodic on the cylinder, and the Lorentz
invariance imposes the same sign choice in all µ-directions; however, such choice can be different in
the holomorphic and antiholomorphic sectors, which then will lead to four different subsector of the
Hilbert space: (R, R), (NS, R), (R, NS) and (NS, NS).

In a given sector we can then expand the fermions in Fourier modes:

ψµ(ζ) =
∑︂
r∈Z+ν

ψµr e
−rζ , ψ

µ
(ζ̄) =

∑︂
r∈Z+ν̄

ψ
µ
r e

−rζ̄ , with ν, ν̄ =

{︄
1
2 , NS

0 , R
. (2.89)

29This can be computed form the gauged unfixed action using the definition Ga ≡ − 4π√
g
δS
iδχ̄a

.
30Here ζ = x0 + ix1 is the complex coordinate on the Euclidean cylinder.
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Notice that because of the Majorana condition, the modes (ψµr )∗ = ψµ−r and (ψ
µ
r )

∗ = ψ
µ
−r are real. If

we then perform a conformal transformation we obtain (see (1.19) and recall h[ψ] = 1/2):

ψµ(z) =
∑︂
r∈Z+ν

ψµr

zr+1/2
, ψ

µ
(z̄) =

∑︂
r∈Z+ν̄

ψ
µ
r

z̄r+1/2
. (2.90)

Notice that after the conformal map, the boundary conditions (2.88) translates on the plane with the
opposite sign (e.g. ψµ(e2πiz) = ∓ψµ(z) in the R- or NS-sector respectively). However, if not otherwise
state, we will always reefer at the periodic/antiperiodic condition of the cylinder.

Similarly we can also expand the supercurrent (2.84), which shares the same boundary conditions
as the one chosen for the fermions (recall h[G] = 3/2):

G(z) =
∑︂
r∈Z+ν

Gr

zr+3/2
, Ḡ(z̄) =

∑︂
r∈Z+ν̄

Ḡr

z̄r+3/2
. (2.91)

In terms of modes, super-Virasoro algebra (2.85) reads

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0 ,

{Gr, Gs} = 2Lr+s +
c

12
(4r2 − 1)δr+s,0 ,

[Lm, Gr] =
m− 2r

2
Gm+r ,

(2.92)

where r, s are integers in the R-sector and half-integers in the NS-sector. The same is valid in the
antiholomorphic sector.

2.4 Superstring BRST Quantization

The discussion made so far for the superstring was done at the classical level. As seen for the bosonic
string, gauge fixing the action at the quantum level introduces ghost fields. Since now, in addition to
the previous gauge symmetries, the superstring action also enjoys a local supersymmetry, there will
be a new pair of ghosts that will represent the superpartners of the usual bc-ghosts: these are the
superconformal ghosts β and γ. These shares the same boundary conditions of the supercurrent TF
and realize a βγ-system of the kind described in Section 1.4.2 with λ = h[β] = 3/2 which, together
with the bc-ghosts, form a N = (1, 0) SCFT.31

Thus the total gauge-fixed Euclidean action in superconformal gauge and complex coordinate for
the superstring propagating in D-dimensional flat spacetime is given by:

Stot[X,ψ, b, c, β, γ] =
1

2π

∫︂
d2z

[︃
1

α′∂X
µ∂̄Xµ +

1

2
ψµ∂̄ψµ +

1

2
ψ
µ
∂ψµ + b∂̄c+ b̄∂c̄+ β∂̄γ + β̄∂γ̄

]︃
.

(2.93)
In order to avoid the conformal anomaly and maintain the Weyl-invariance also at the quantum level,
we still need to impose the vanishing of the total central charges:

ctot = c̄tot = c (Xµ) + c (ψµ) + c (bc) + c (βγ) = D +
D

2
− 26 + 11 =

3

2
D − 15

!
= 0 , (2.94)

which gets that the critical dimension of the target-space for a consistent superstring theory is

D = 10 . (2.95)
31One can guess the weights of the superconformal ghosts by comparing with the usual conformal ghosts. In the later

case the c-ghost played the role of the vector parameterizing the infinitesimal diffeomorphism transformations (see
(2.39)) and thus had h[c] = −1. On the other hand, for the superconformal transformations, the gauge parameter
represented by γ is a Grassmann variable and thus we have 1− λ = h[γ] = −1/2.
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2.4.1 RNS Spectrum

We are now ready to determine the spectrum of the superstring in the RNS formalism. Since the
modes expansions for the fermions are different depending on the sector they live in, we should discuss
the spectrum separately.

As for the bosonic case, the most versatile approach to do so is using the BRST quantization. One
in fact can show that the gauge-fixed action (2.93) still enjoys a fermionic symmetry generated by the
BRST-charge:

Q =

∫︂
dz

2πi
:c(z)

[︃
TX,ψ(z) +

1

2
T gh(z)

]︃
+ γ(z)

[︃
GX,ψ(z) +

1

2
Ggh(z)

]︃
: , (2.96)

where the stress tensor and supercurrent of the matter sector are defined in (2.83)–(2.84), while the
ghost ones are expressed as

T gh(z) = T bc(z) + T βγ(z) = (∂b)c− 2∂(bc) + (∂β)γ − 3

2
∂(βγ) ,

Ggh(z) = Gbc(z) +Gβγ(z) = −1

2
(∂β)c+

3

2
∂(βc)− 2bγ .

(2.97)

One can verify that at the critical dimension D = 10 (or in general if the total central charge vanish)
the BRST-charge is nilpotent and the physical Hilbert space is represented by the Q-cohomology
classes. As discussed previously, we can choose to work in the Seigel BRST-gauge (2.65), in which,
the BRST-invariant condition reduces to the Virasoro constraints:

(LX,ψ0 − ν) |φ⟩ = 0 , and LX,ψn |φ⟩ = 0 , n > 0 , (2.98)

where the constant ν = 0, 1/2 depends on the R- or NS-sector and comes from the normal-ordering
of the ghost modes, similarly to the bosonic case. Thus physical states must be (matter) primaries
of weight 0 or 1/2 depending on the sector. In addition to this, we also have the constraints coming
from the supercurrent, whose mode expansion also depends on the sector and the constraint is given
by

GX,ψr |φ⟩ = 0 , r ≥ ν . (2.99)

For the NS-sector these are sufficient to identify the physical states, however, in the R-sector, there is
a redundancy due to the fact that the βγ-system is integer-modded, and in particular the zero-modes
β0 and γ0 give rise to an infinite degeneracy. This multiplicity is interpreted as giving an infinite
number of equivalent description of each physical state which are labeled by the so-called (ghost)
picture-number. One then can fix the picture by requiring the additional condition in the R-sector,
for example:

β0 |φ⟩ = 0 , (2.100)

which selects the states with canonical (holomorphic) picture-number q = −1/2. We will not further
indulge in the discussion of the ghost picture since in the rest of this work we will mainly focus on the
NS-sector of the spectrum.

We are now ready to discuss the ground and the first-excited states in both sectors.

NS-Sector Spectrum

We start by identifying the NS ground state, which is defined as usual by requiring the annihilation
of all the positive matter modes:

αµn |0⟩NS = 0 , n ∈ Z>0 ,

ψµr |0⟩NS = 0 , r ∈ 1

2
+ Z>0 .

(2.101)

Since there are no fermionic zero-modes in the NS-sector, the NS vacuum is unique and essentially
behaves like the one in the bosonic string. In particular, if we allow for a spacetime momentum pµ,
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the only non-trivial physical condition (2.98)–(2.99) is from the mass-shell:32(︃
LX,ψ0 − 1

2

)︃
|N = 0, p⟩NS =

(︃
α′p2 − 1

2

)︃
|0, p⟩NS = 0 , (2.102)

which gives that the NS ground state is tachyonic: M−2 = −2α′. We will take care of this problem in
the following paragraph.

The excited states are then obtained by acting with matter negative modes on such ground state.
In particular, the first excited state is represented by

|ξ,N = 1/2, p⟩NS = ξµψ
µ
−1/2 |0, p⟩NS , (2.103)

where ξµ is a spacetime polarization vector. The physical state conditions now reads

0 =LX,ψ0 |ξ, 1/2, p⟩NS = α′p2 |ξ, 1/2, p⟩NS ,

0 =GX,ψ1/2 |ξ, 1/2, p⟩NS =
√
2α′ξµp

µ |ξ, 1/2, p⟩NS ,
(2.104)

which gets that such state is a massless vector living in the fundamental representation of the massless
little group SO(8):

M2 = 0 , ξµp
µ = 0 . (2.105)

Notice that, form the point of view of the target-space, the NS ground state is spacetime scalar (i.e.
spin-0 field). In addition, since all the excited states are generated by actin on the NS ground state
with negative matter modes, which are spacetime vectors, they will all be spacetime bosons.

R-Sector Spectrum

The R vacuum is defined in a similar fashion as before:

αµn |0⟩R = 0 , n ∈ Z>0 ,

ψµr |0⟩R = 0 , r ∈ Z>0 .
(2.106)

where now both bosonic and fermionic modes are integer-modded. Because of this, in the R-sector
fermionic zero-modes are now allowed. From the ψµψν-OPE (similar to (1.122)), one can obtain that
the zero-modes satisfy

{ψµ0 , ψ
ν
0} = ηµν . (2.107)

The fermionic zero-modes (rescaled by a factor of
√
2) then generates the worldsheet Clifford algebra

and play the role of the spacetime gamma matrices Γµ =
√
2ψµ0 . Moreover, since {ψµr , ψν0} = 0 for all

r > 0, ψµ0 takes ground states into other ground states, which then collectively form a representation
of the Clifford algebra (i.e. a Clifford module), which in D = 10 has dimension 2⌊D/2⌋ = 32, that are
the number of complex components of a Spin(1, 9) spinor.

The physical conditions now gets:

0 =LX,ψ0 |0, p⟩R = α′p2 |0, p⟩R ,

0 =GX,ψ0 |0, p⟩R = α′Γµp
µ |0, p⟩R ,

(2.108)

which gives the massless condition and the associated spacetime Dirac equation of motion (in mo-
mentum space). Then the on-shell condition reduces the degrees of freedom by half, and the Majo-
rana+Weyl condition leaves with 8 on-shell degrees of freedom (see 24), corresponding to the compo-
nents of a spinor in the irreducible representation of Spin(8) .

The excited states are obtained by acting with the negative matter modes on the R ground state,
and thus will produce spacetime spinors.
32This is clear if we express the first term of the supercurrent mode as

GX,ψ1/2 =
√
2α′pµψ

µ
1/2 + · · · .
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2.4.2 GSO Projection

The spectrum described so far still presents some problems. Namely, the presence of the tachyon in
the NS-sector and the apparent broken spacetime supersymmetry, which is clear form the fact that, for
example, there is no spacetime spinor that matches the mass of the tachyon. Such issues are resolved
by imposing an additional constraint which truncates the spectrum leaving with physical states that
preserve spacetime supersymmetry: this is the Gliozzi-Scherk-Olive (GSO) projection.

It is realized by defining the G-parity operator

G ≡ (−1)F+1 =

{︄
(−1)

∑︁
r≥1/2 ψ

i
−rψ

i
r+1 , NS ,

Γ11(−1)
∑︁
r≥1 ψ

i
−rψ

i
r , R ,

(2.109)

where F is the worldsheet fermion number (which is defined mod 2) and Γ11 ≡ Γ0Γ1 · · ·Γ9 is the
10-dimensional analog of γ5, which satisfy Γ2

11 = 1 and {Γ11,Γ
µ} = 0 and whose eigenvectors are

represented by Weyl spinors. Notice that in the above parity operator appears only the transverse
(i.e. physical) fermionic modes (which are indexed by i = 1, . . . , 8). Observe also that such operator
anticommutes with ψµ(z).

The GSO projection then consists of keeping only the states with a positive G-parity in the NS-
sector, i.e. with an odd worldsheet fermionic number. On the other hand, in the R-sector one can
choose to project away the positive or negative G-parity states depending on the chirality of the spinor
ground state, but the choice in purely conventional.

We thus have that the GSO projection removes the NS tachyon, since it has no worldsheet fermionic
modes:

G |0⟩NS = − |0⟩NS . (2.110)

On the contrary, the first excited state in the NS-sector survives the GSO projection and thus become
the actual physical ground state of the NS-sector. This also gives some hope in the restoring of
spacetime supersymmetry, since now both the R and NS ground states are massless and have 8 on-
shell degrees of freedom.

One can in fact show that the GSO projection leads to a completely spacetime supersymmetric
spectrum, and also that it is necessary required by the modular-invariance of the one-loop and two-
loop string perturbation theory.

2.4.3 Massless Closed-String Spectrum

Finally we can use all the developed machinery to express the massless states for the closed strings.
To do so, as noted before, we need to consider the four possible combination of left- and right-moving
modes: (R, R), (NS, R), (R, NS) and (NS, NS).

After the GSO projection, the tachyon in the NS-sectors is eliminated, while in the R-sectors we
need to choose whether project onto positive or negative G-parity states depending on the chirality of
the ground state on which they are built. This leaves us with two possibilities for the G-parity value
of the holomorphic and antiholomorphic R-sectors: either is the same, or is opposite. This leads to
two different closed superstring theory dubbed type IIA and type IIB.

The type IIA theory is defined by choosing the R ground state in the holomorphic and antiholo-
morphic sectors to have opposite chirality. The massless states in its spectrum can then be expressed
as

ψi−1/2 |0⟩NS ⊗ ψ
j
−1/2 |0⟩NS ,

ψi−1/2 |0⟩NS ⊗ |+⟩R , and |−⟩R ⊗ ψ
i
−1/2 |0⟩NS ,

|−⟩R ⊗ |+⟩R .

(2.111)

Here |±⟩R denotes the R ground state with positive/negative chirality (i.e. eigenvalue ±1 with respect
to Γ11).
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For the type IIB theory instead, the R ground states are chosen with the same chirality, chosen
positive for convention. This leads to the massless states

ψi−1/2 |0⟩NS ⊗ ψ
j
−1/2 |0⟩NS ,

ψi−1/2 |0⟩NS ⊗ |+⟩R , and |+⟩R ⊗ ψ
i
−1/2 |0⟩NS ,

|+⟩R ⊗ |+⟩R .

(2.112)

Note that in both theories there are 8 × 8 = 64 physical massless states. These can be classified as
follows:

• NS-NS Sector : Is the same in both type IIA and type IIB theories and contains a scalar (1 state)
Φ called dilaton, an antisymmetric 2-form gauge field (28 states) Bµν called the Kalb-Ramond
tensor and a symmetric traceless rank-2 tensor (35 states) hµν representing the graviton. This
is exactly the massless spectrum of the bosonic string.

• NS-R and R-NS Sectors: Each of these contains a spin-3/2 gravitino χµa (56 states) and a spin-1/2
fermion λa called the dilatino (8 states). In the type IIB the gravitino have the same chirality,
whereas in the type IIA are opposite.

• R-R Sector: Contains bosons obtained by tensoring a pair of Majorana-Weyl spinors. In type
IIA the two spinors have opposite chirality and one obtains a 1-form (vector) gauge field Cµ (8
states) and a 3-form gauge field Cµνρ (56 states). In the type IIB case the Majorana-Weyl spinor
have same chirality and produce a 0-form (scalar) guage field C (1 state), a 2-form guage field Cµν
(28 states) and a 4-form gauge field Cµνρσ with a self-dual field strength (i.e. F5 = dC4 = ⋆F5)
(35 states).

As a final note observe that in both theories there are two Majorana-Weyl gravitinos, and therefore
they form a N = 2 supergravity multiplet.

2.5 Strings on Curved Backgrounds
Up to this point we have been discussing string theory in Minkowski background. We would now like
to generalize to dynamical target-space backgrounds. In the bosonic setting, this was already in part
anticipated by the Polyakov action (2.5) with a non-trivial spacetime metric Gµν(X). In Euclidean
signature this is

S[X, g] =
1

4πα′

∫︂
Σ
d2x

√
g gab∂aX

µ∂bX
νGµν(X) . (2.113)

As we have discussed in the previous Chapter, the massless spectrum of the bosonic string include a
traceless symmetric rank-2 tensor hµν , i.e. the graviton. We expect it to be connected the spacetime
metric Gµν through the perturbative expansion

Gµν(X) = δµν + hµν(X) . (2.114)

The action then takes the form

S[X, g] = S0 + V = S0 +
1

4πα′

∫︂
Σ
d2x

√
g gab∂aX

µ∂bX
νhµν(X) , (2.115)

where S0[X, g] is the Polyakov action in flat Euclidean spacetime in (2.33). Notice that V resembles
the shape of the first excited bosonic vertex operator (2.74). In particular, for a plane-wave with
momentum pµ we indeed have that hµν(X) = ζµνe

ip·X , with ζµν traceless and symmetric. In the
path-integral the above action enters as an exponential and the same does the vertex operator, which
is then interpreted an insertion of a coherent state of gravitons in the flat background changing the
spacetime metric δµν → Gµν .
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In an analogous way, we can further generalize this procedure to include also the other massless
states in the bosonic spectrum described in Section 2.2.3. This leads to33

S[X, g] =
1

4πα′

∫︂
Σ
d2x

√
g
[︂
gab∂aX

µ∂bX
νGµν(X) + iεab∂aX

µ∂bX
νBµν(X) + α′Φ(X)R(2)

]︂
. (2.116)

Let us discuss more closely the different factors appearing and their effects on the symmetries of the
action.

The Kalb-Ramond B-field arise form the inclusion of coherent states of antisymmetric polarizations,
and plays the of an ‘electromagnetic’ gauge potential. There is in fact a spacetime gauge symmetry

Bµν ↦−→ Bµν + ∂µξν − ∂νξµ , (2.117)

which leaves the action invariant. The B-field has then an associated 3-form ‘field strength’ H = dB
called the torsion, that will provide an antisymmetric component to the spacetime affine connection.
Note that the inclusion of the B-field still preserves all the symmetries of the original Polyakov action.

On the other hand, if we consider the inclusion of the dilaton Φ(X), we can see that, unless the
worldsheet is flat or the dilaton is constant, the additional term spoils the Weyl-invariance even at
the classical level (c.f. Section (1.4.1)). Let’s then for a moment consider the constant mode of the
dilaton (i.e. its vacuum expectation value) which is conventionally chosen to be its asymptotic value:

Φ0 ≡ ⟨Φ⟩ = lim
X→∞

Φ(X) , (2.118)

then its contribution in the action (2.116) gives the constant mode times the Euler characteristics of
the worldsheet manifold (see (1.96)): Φ0χ(Σ). One can show then that this relates the dilaton VEV
to the string coupling constant gs as

gs = eΦ0 . (2.119)

Notice that for string perturbation theory, we need to have that the string is localized in a region
where eΦ(X) ≪ 1 for all X.

2.5.1 Supergravity Equations

As noted above, the action (2.116) is no more manifestly Weyl-invariant even at the classical level. To
resolve this issue, we highlight the fact that the problematic dilaton term appears in the action with
a factor of the Reggie constant α′, which in this context plays the role of a loop-expansion parameter,
since it appears in front of the original action.34 Thus one could hope that the α′ one-loop contribution
coming form the metric and B-field cancel the tree-level Weyl-anomaly introduced by the dilaton. One
can show that trace-anomaly for the action (2.116) takes the form:

⟨T aa ⟩ = − 1

2α′βµν(G)g
ab∂aX

µ∂bX
ν − i

2α′βµν(B)εab∂aX
µ∂bX

ν − 1

2
β(Φ)R(2) (2.120)

where βαβ(G) = µ∂µGαβ(X;µ) is the usual β-function for the spacetime metric, and similarly for the
other fields. They can be computed by means of perturbation theory, and at leading non-trivial order
in α′ read

βµν(G) = α′Rµν + 2α′∇µ∇νΦ− α′

4
HµλκH

λκ
ν +O

(︁
(α′)2

)︁
,

βµν(B) = −α
′

2
∇λHλµν + α′∇λΦHλµν +O

(︁
(α′)2

)︁
,

β(Φ) = −α
′

2
∇2Φ+ α′∇µΦ∇µΦ− α′

24
HµνλH

µνλ +O
(︁
(α′)2

)︁
,

(2.121)

33Here εab is the worldsheet Levi-Civita tensor density, normalized as √
gε01 = +1, the factor of i is due to the Wick

rotation of a single time-derivative and R(2) is the worldsheet Ricci scalar.
34More precisely, if the targe-space background has a characteristic radius of curvature rc, the effective dimensionless

coupling is represented by
√
α′/rc. For regimes in which

√
α′/rc ≪ 1, one can use perturbation theory to expand the

background fields in powers of X and α′ obtaining the contributions of increasing number of loops as customary in
QFT.

41



2.5. STRINGS ON CURVED BACKGROUNDS

where Rµν is the spacetime Ricci tensor. Requiring the Weyl-invariance amounts to impose

βµν(G) = βµν(B) = β(Φ) = 0 . (2.122)

The above are also known as the supergravity equations of motion. Notice that for Φ = 0 = Bµν they
reduce to the vacuum Einstein equations for the spacetime metric: Rµν = 0.

These equations can be obtained as the equations of motion form a low-energy effective action that
describes the low-energy dynamics of the string propagating on a curved target-space background. We
will not indulge further in this description since in the following Chapters we will develop a framework
that will be exact in the α′-expansion.

2.5.2 Example of Supergravity Solution: NS5-F1 System

In order to motivate the particular class of backgrounds that we will consider in the rest of this work,
we discuss briefly an example of a peculiar string and brane system and the associated supergravity
solution.

We start by considering a type II string theory on the 10-dimensional background R1,4 × S1
y × T4.

In it we admit n5 ∈ N NS5-branes35 wrapped around S1
y × T4 and n1 ∈ N fundamental strings (F1)

wound around the circle S1
y of radius R and with no momentum on it.36 The spacetime metric, torsion

3-form and dilaton solving the (2.122) are given by (in the string frame) [10, 12]

ds2 =
1

f1(r)

(︂
− dt2 + dy2

)︂
+ f5(r)

(︂
dr2 + r2dΩ2

3

)︂
+

4∑︂
i=1

dx2i ,

H = 2

[︃
n5 +

g2sn1
v4

f5(r)

f1(r)
⋆6

]︃
ωS3 ,

e2Φ = g2s
f5(r)

f1(r)
,

(2.123)

where (x1, . . . , x4) parametrize T4, (r,Ω3) are the spherical coordinates parameterizing the spacelike
R4 directions transverse to the fivebranes wrapping, gs is the asymptotic string coupling as defined
in (2.119), ⋆6 is the Hodge-dual in the 6 coordinates (t, y, r,Ω3) and ωS3 is the volume-form on S3;
moreover, fi are harmonic functions in the radial coordinate given by

fi(r) = 1 +
Qi
r2

, (2.124)

with the conserved charges Qi expressed in terms of:

Q1 =
g2sℓ

2
s

v4
n1 , Q5 = ℓ2sn5 , (2.125)

where v4ℓ4s ≡ Vol(T4). The above solution is sometimes referred to as the extremal NS5–F1 black
brane solution.37 Finally, observe also that in the limit r → +∞ the metric is asymptotically flat (i.e.
R1,9).

A particularly interesting configuration is obtained in the so-called fivebrane decoupling limit for
which we rescale r ↦→ gsr and Qi ↦→ g2sQi and take the limit of gs → 0. This has the effect of dropping
the ‘+1’ form the fivebrane harmonic function:

f5(r) ≃
Q5

r2
, (2.126)

35An NS5-brane is a solitonic object with a (1+5)-dimensional worldvolume and which is magnetically coupled to the
NS B-field.

36There exists a generalization with also some momentum charge along the circle (the NS5-F1-P system) which however
we will not discuss.

37The terms are more clear in the non-extremal case, in which appears a parameter r0 which sets the radial distance
of a black-hole-like horizon. We note in passing that such configuration, in type IIB theory, is S-dual to the D1-D5-P
bound state also much studied in the literature [11].
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while on the other hand f1(r) remains as before. We thus effectively considering the geometry in the
NS5-branes’ near-horizon region with r2 ≪ Q5. In the fivebrane decoupling limit (2.123) becomes

ds2 ≃ 1

f1(r)

(︂
− dt2 + dy2

)︂
+Q5

dr2

r2
+Q5dΩ

2
3 +

4∑︂
i=1

dx2i ,

H ≃ 2n5

[︃
1 +

(︃
1− 1

f1(r)

)︃
⋆6

]︃
ωS3 ,

e2Φ ≃ g2sQ5

r2f1(r)
.

(2.127)

We can then study the near and far F1-horizon limits of such geometry by considering r2 ≪ Q1 and
r2 ≫ Q1 (but still r2 ≪ Q5, which is possible only if Q1 ≪ Q5).

Far form the region r2 ≪ Q1 ≪ Q5 the string harmonic function f1(r) ≃ Q1/r
2 and we reduce to

ds2 ≃ n5

[︃
r̃2

α′

(︂
− dt2 + dy2

)︂
+
α′

r̃2
dr̃2 + α′dΩ2

3

]︃
+

4∑︂
i=1

dx2i ,

H ≃ 2n5

[︂
1 + ⋆6

]︂
ωS3 ,

e2Φ ≃ n5
n1
v4 ,

(2.128)

where we defined the rescaled adimensional radial coordinate r̃ = r
√︁
n5/Q1. Notice then that the

metric is locally that of AdS3×S3×T4 with the radii of the AdS3 and S3 given by √
n5 units of the string

length. However, since y ∼ y+2πR is compactified, the global geometry of the AdS3 factor is actually
the one of a massless, non-rotating extremal BTZ black hole.38 Moreover, the dilaton is such regime
is a constant scalar field, for which the effective 6-dimensional string coupling g26 ≡ g2s/v4 = n5/n1
remains in the perturbative regime – so that there exists a consistent weakly-coupled, low-energy
supergravity description – only if n1 ≫ n5. Finally note that the H-field is now self-dual, which can
be shown to enhance the supercharges form 8 to 16.

On the other hand, in the near-horizon limit of the string Q1 ≪ r2 ≪ Q5 we get f1(r) ≃ 1 and the
background is defined by

ds2 ≃
(︂
− dt2 + dy2

)︂
+ dφ2 +Q5dΩ

2
3 +

4∑︂
i=1

dx2i ,

H ≃ 2n5ωS3 ,

e2Φ ≃ e2φ/
√
Q5 ,

(2.129)

where we defined the (dimensionful) radial coordinate φ ≡
√
Q5 ln

(︁√
Q5/r

)︁
. Observe thus that in this

limit the geometry in flat: R1,1 × S1
y × S3 × T4 and the dilaton is linear in the new radial coordinate:

this is the so-called linear dilaton regime.
Hence, we found that, in the fivebrane decoupling limit, the NS5-F1 bounded state in R1,4×S1

y×T4

sources a geometry that interpolates between BTZ × S3 × T4 in the IR and the linear dilaton in the
UV.39 The above discussion is valid in the supergravity regime, where Q5 = α′n5 ≫ α′, whoever, in
the next Chapter we will develop a formalism in which the analysis will be exact in the α′-expansion.
This also provides the physical origin of the backgrounds that we will study in the following Chapters.
As a final note, as mentioned before, it is possible to generalize this discussion by allowing the F1
strings to carry some non-vanishing momentum on the S1

y circle, which is known in the literature as
the NS5-F1-P system and whose fivebrane-decoupled geometry interpolates between the linear dilaton
background and a rotating non-extremal BTZ black hole characterized by 3 charges.

38As noted above, the discussion can be generalized to non-extremal BTZ black-holes with an horizon at r ̸= 0.
39The IR/UV designation refer to the boundary dual CFT, as will be clarified in the last Chapters.
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Chapter 3

WZW Models

In making progress with the description of the dynamics of strings in curved background, it will
be essential to understand of a particular class of sigma model called Wess-Zumino-Witten (WZW)
models. These are exactly solvable two-dimensional conformal field theories that describe the world-
sheet dynamics and ultimately the strings propagating on curved group manifolds at all orders of the
α′-expantion.

This Chapter introduces the structure of WZW models and their gauging procedure. We begin
with a review of the fundamental ingredients of the WZW action and its symmetries, followed by a
discussion of the associated current algebras and their realization via the Sugawara construction. We
then present a general procedure to gauge the WZW action with a particular focus on the null-gauged
realization and its quantization. For the main part of we will follow [28] while for the last Section on
gauging we will reefer at [35, 36].

3.1 Wess-Zumino-Witten Models
In the following we’ll consider a simple1 Lie group G whose Lie algebra g=Lie(G) naturally admits a
non-degenerate inner product given by:

⟨X,Y ⟩ = Tr[XY ] , X, Y ∈ g , (3.1)

where the elements of g are viewed in some faithful matrix representation of G and Tr is the usual
matrix trace. More precisely, we define the representation-invariant Killing metric2 of the algebra g
in terms of the generators in any irreducible finite-dimensional representation Λ by

2κab = Tr′
[︁
TΛ
a T

Λ
b

]︁
≡ 1

IΛ
Tr
[︁
TΛ
a T

Λ
b

]︁
, (3.2)

where IΛ ≡ dim(Λ)C2(Λ)/ dim(g) is the (second order) Dynkin index of the representation Λ expressed
in terms of the quadratic Casimir eigenvalue C2(Λ). If g is also compact, one can choose a basis in
which the metric is orthonormal.

Principal Chiral Model

The first building block of WZW-models is the so-called principal chiral model which describes the
classical dynamics of the fields. The principal chiral model on G is defined by the nonlinear sigma
model that describes the dynamics of the embedding map g from an orientable Riemann surface
Σ without boundary (the worldsheet) to the target group manifold G (the spacetime target-space).
Working at leading order in gs-expansion for closed strings, we’ll take the worldsheet to be the Riemann
1We will then extend to semi-simple groups, which is required to have a non-degenerate Killing form on the corresponding
Lie algebra (based on a characteristic-0 field, e.g. C or R). Moreover, one could also relax the requirement by allowing
also U(1) factors into G, i.e. requiring G to be reductive.

2Notice we will use κab and κab to lower/raise indices respectively; the factor of 2 is purely conventional and is inserted
for later convenience.
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sphere3 (i.e. Σ = Ĉ ∼= S2) with an Euclidean signature metric. Such choice allow us to describe the
embedding map as function of complex coordinates4 on the worldsheet g(z, z̄):

g : S2 → G , (3.3)

whose dynamics is then described by the action:

S0 = − 1

4λ2

∫︂
S2

Tr′
[︁
g−1dg ∧ ⋆g−1dg

]︁
= − 1

4λ2

∫︂
S2

d2xTr′
[︁
g−1∂µgg

−1∂µg
]︁

= +
i

4λ2

∫︂
S2

d2zTr′
[︁
g−1∂g g−1∂̄g

]︁
.

(3.4)

Here λ ∈ R/{0} is a dimensionless constant that would be fixed shortly and (g−1∂µg) ∈ g is the
pullback of the (left-invariant) Maurer-Cartan form to S2. Notice the second line is expressed in the
(x0, x1) coordinates, while the third in the complex (z, z̄) coordinates.

We will always choose a unitary representation for g in order to have a positive definite action (and
thus a well defined path integral). Indeed, for g† = g−1, we have that

S0 =− 1

4λ2

∫︂
S2

d2xTr′
[︁
g−1∂µgg

−1∂µg
]︁

=+
1

4λ2

∫︂
S2

d2xTr′
[︁
∂µg

−1∂µg
]︁
=

1

4λ2

∫︂
S2

d2xTr′
[︂
(∂µg)

†(∂µg)
]︂
≥ 0 .

(3.5)

Let us notice now that the action (3.4) enjoys a (classical) global G × G-symmetry, which acts on
g(z, z̄) by

g(z, z̄) ↦−→ gL g(z, z̄) g
−1
R , (3.6)

for some constant elements gL, gR ∈ G. We can then identify two (on-shell) conserved currents JµL and
JµR associated with the left and right invariance. Indeed the classical equation of motion are obtained
from

δS0 = − 1

2λ2

∫︂
S2

d2xTr′
[︁(︁
−g−1δgg−1∂µg + g−1δ∂µg

)︁
g−1∂µg

]︁
= − 1

2λ2

∫︂
S2

d2xTr′
[︁
∂µ
(︁
g−1δg

)︁
g−1∂µg

]︁
= +

1

2λ2

∫︂
S2

d2xTr′
[︁
g−1δg∂µ

(︁
g−1∂µg

)︁]︁
≡ +

1

2λ2

∫︂
S2

d2xTr′
[︁
g−1δg∂µJ

µ
R

]︁
.

(3.7)

Then, on-shell, the left and right currents are conserved:

∂µJ
µ
R = 0 ⇐⇒ 0 = g(∂µJ

µ
R)g

−1 = ∂µ(∂
µgg−1) ≡ ∂µJ

µ
L , (3.8)

which in complex coordinates reads as:

∂J z̄L + ∂̄JzL = 0 , ∂J z̄R + ∂̄JzR = 0 . (3.9)
3Because of the uniformization theorem, this is the only choice for a genus-0 closed simply-connected Riemann surface.
Notice that the cylinder is conformally equivalent to the (punctured) complex plane, which can be one-point compactified
into the Riemann sphere.

4Here we take z = x0 + ix1 and z̄ = x0 − ix1, where x0 and x1 are the Euclidean time-like and space-like coordinates
on the Euclidean worldsheet (x1 ∼ x1 + 2π for closed strings); we can get back to the Lorentzian worldsheet by Wick
rotating x0 → ix0. The Euclidean worldsheet metric in both coordinates then reads ds2 = (dx0)2 + (dx1)2 = dzdz̄, so
ηzz̄ = ηz̄z = 1/2 = 1/ηzz̄ are the only non-zero entry and ∂z = 2∂z̄ ≡ 2∂̄ and ∂z̄ = 2∂z ≡ 2∂. Moreover, the measure
d2x ≡ dx0 ∧ dx1 = − i

4
(dz + dz̄)∧ (dz − dz̄) = −i/2 dz̄ ∧ dz ≡ −i/2 d2z (beware that different authors may use different

conventions here).
Notice also that the actual Riemann sphere is obtained through the conformal map z → ζ = ez = ex

0+ix1 .
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Moreover, although the action (3.4) is classically conformally invariant5, this generally does not hold
anymore at the quantum level because it is not possible for the currents to satisfy the (anti)holomorphy
condition. Indeed, both currents (viewed as a g-valued one-form on the worldsheet: J = g−1dg ∈
Ω1(Σ)⊗ g) can be seen to satisfy the flatness condition6:

F ≡ dJ + J ∧ J =
(︂
∂µJν − ∂νJµ + [Jµ, Jν ]

)︂
dxµ ∧ dxν = 0 . (3.10)

So, if we require the (anti)holomorphy of the components of the currents (say ∂̄Jz = 0 and ∂Jz̄ = 0),
then, using also (3.9), we’d have that:

−J ∧ J = dJ = d(Jzdz + Jz̄dz̄) = (∂̄Jz − ∂Jz̄)dz̄ ∧ dz
?
= 0 , (3.11)

which is not true if g is non-abelian. Thus, for non-abelian algebras, the theory (3.4) does not contain
(anti)holomorphic currents, and consequently exhibits a conformal anomaly. In fact, it can also be
shown that the 1-loop β-function associated with the coupling λ gets [37]:

β(λ2) = −h
∨

2π
λ4 , (3.12)

where h∨ is the dual Coxeter number. Thus, non-abelian theories (h∨ ̸= 0) develop asymptotic
freedom, which spoils the conformal invariance.

WZ Term

In order to recover the conformal invariance at the quantum level also for non-abelian groups, it is
necessary to add the so-called Wess-Zumino Term (at level k) to the action (3.4):

SWZ[g̃] = − ik

4π

∫︂
B
Tr′
[︁
g̃−1dg̃ ∧ g̃−1dg̃ ∧ g̃−1dg̃

]︁
=

= − ik

24π

∫︂
B
d3y ϵijk Tr′

[︁
g̃−1∂ig̃ g̃

−1∂j g̃ g̃
−1∂kg̃

]︁
.

(3.13)

Here the map g̃ is an extension of g to a 3-dimensional surface B such that ∂B = Σ and k ∈ R is a
generic constant for now.

For a generic Lie group G, in order to avoid a so-called topological obstruction to the existence of
(3.13), we must require that the second integral homology class of G is trivial: H2(G;Z) ∼= 0.
Moreover, if G is simply-connected, this requirement can be better translated in terms of homotopy7.
Indeed, having chosen Σ ∼= S2, we have that all the maps g : S2 → G are homotopic to the constant
map since π2(G) ∼= 0 for any Lie group G, and we thus can extend the map g to the 3-manifold B. One
can see that (3.13) is invariant under homotopically equivalent extensions of g relative to ∂B = S2 by
computing its variation:

δSWZ = − ik

4π

∫︂
B
Tr′
[︁(︁
−g̃−1δg̃ g̃−1dg + g̃−1dδg̃

)︁
∧ g̃−1dg̃ ∧ g̃−1dg

]︁
= − ik

4π

∫︂
B
dTr′

[︁
g̃−1δg̃ g̃−1dg̃ ∧ g̃−1dg̃

]︁
= − ik

4π

∫︂
S2

Tr′
[︁
g̃−1δg̃ g̃−1dg̃ ∧ g̃−1dg̃

]︁
= +

ik

4π

∫︂
S2

Tr′
[︁
g̃−1δg̃ d(g̃−1dg̃)

]︁
= 0 .

(3.14)

5Actually one sees more clearly is invariant under Weyl transformations, which in two dimensions is equivalent to
conformal invariance.

6Indeed one can interpret J as a gauge potential for the gauge group G, and thus the field strength of a pure gauge
vanishes.

7This is thanks to Hurewicz theorem, which states that, for n ≥ 2, if a topological space X is (n − 1)-connected (i.e.
πi(X) ∼= 0, ∀i < n), then Hi(X;Z) ∼= 0 for i < n and πn(X) ∼= Hn(X;Z). Thus in the case of simply-connected spaces
(π1(X) ∼= 0) we have H2(X;Z) ∼= π2(X).
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where we used Stokes’ theorem and the fact that the two extensions must match at the boundary (i.e.
δg̃|∂B = 0).

However, to have a well-defined WZ-term (and ultimately the path integral) one must further impose
the invariance under the choice of topologically inequivalent extensions, equivalent to a different choice
of B. In such a case, the relevant condition is to restrict the level k to take only values such that,
defining SWZ =

∫︁
H, the equivalence class [H/2π] must belong to the third integral cohomology class

of G: [H]/2π ∈ H3(G;Z).
Again, in case of simply-connected Lie groups, we can better understand such condition in terms of
homotopy. Consider two different extensions glued together along the common boundary:

g̃ : (B ⊔ B)/∂B ≃ S3 → G , (3.15)

where ≃ denotes a topological homeomorphism. Such maps are then classified by π3(G) up to ho-
motopy. For groups such that π3(G) ∼= 0, all possible extensions g̃ are all homotopic to the constant
map, and thus the WZ-term is indipendent of the choice of B; if instead π3(G) ≉ 0 the level k must
be restricted to certain values in order to have a single-valued path integral.
For example, any compact simple Lie group has π3(G) ∼= Z, thus different extensions belong to different
homotopic classes which are labeled by an integer. Further assuming that G has an SU(2)-subgroup
one can explicitly compute the difference of (3.13) under homotopic inequivalent 3-manifold. In fact,
considering now g̃ : S3 → S3 ≃ SU(2) ⊂ G mapping into the SU(2) subgroup of G, we can parametrize
it by:

g̃(y) = y0 − iykσk ∈ SU(2), y ∈ S3 ⊂ R4 . (3.16)

Because both the principal chiral model and the WZ-term (3.4)-(3.13) are invariant under the symme-
try (3.6), we can choose to evaluate g̃(y) at y∗ = (y0, yk) = (1, 0), giving the constant (g̃−1∂kg̃)

⃓⃓
y∗

=

−iσk. Thus, taking the difference of (3.13) evaluated on two inequivalent surfaces get8:

∆SWZ = − ik

24π

∫︂
S3

d3y ϵijk Tr′
[︁
g̃−1∂ig̃ g̃

−1∂j g̃ g̃
−1∂kg̃

]︁
=

= − i(−i)
3k

24π
Vol(S3)ϵijk Tr′ [σiσjσk] =

=
πk

24
ϵijk Tr′

[︂
[σi, σj ]σk

]︂
=

=
iπk

3
ϵijkϵijk = 2πik .

(3.17)

Then, in order for the path integral to be well-defined, we must required e−SWZ to be single-valued,
which translate into requiring that:

k ∈ Z . (3.18)

Notice that such an argument could be generalized using g̃(y)n, where n ∈ Z represents the number
of times the physical space S3 is mapped onto the target SU(2)-subgroup and thus classifies the ho-
motopy classes of π3(G).

In summary, if G is a simply-connected compact Lie group (e.g. SU(2)), the WZ-term is well-defined
only for k ∈ Z ∼= π3(G) ∼= H3(G;Z) 9. Some honorable exceptions are given by G = SO(3) (compact
but not simply-connected) for which k ∈ 2Z, and G = ˜︂SL(2,R) (the universal cover of SL(2,R),
simply-connected but non-compact) for which H3(SL(2,R);Z) ∼= 0 and thus k ∈ R.

8Notice here g is in the fundamental (i.e. spin-j=1/2) representation of su(2), whose Dynkin index is IF =
dim(F )C2(F )/ dim(su(2)) = 2 · 1

2
( 1
2
+ 1)/3 = 1/2 and thus Tr′ [σiσj ] = 2Tr[σiσj ] = 4δij .

9Because of Hurewicz theorem, we have that π1(G) ∼= 0 ∼= π2(G) for simply-connected Lie groups, so H2(G;Z) ∼=
0 and π3(G) ∼= H3(G;Z), and for the universal coefficient theorem we have that H3(G;Z) = Hom(H3(G;Z),Z) ⊕
Ext(H2(G;Z),Z) = Hom(H3(G;Z),Z). So if G is also compact H3(G;Z) ∼= H3(G;Z) ∼= π3(G) ∼= Z.
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Conformal Critical Point

At this stage, the WZW model is described by the sum of (3.4) and (3.13):

S[g] = S0[g]+SWZ[g] = − 1

4λ2

∫︂
S2

d2xTr′
[︁
g−1∂µgg

−1∂µg
]︁
− ik

24π

∫︂
B
d3y ϵijk Tr′

[︁
g−1∂ig g

−1∂jg g
−1∂kg

]︁
.

(3.19)
We should now check if the conformal invariance is maintained at the quantum level.
One could again compute the 1-loop β-function for the coupling constant [37]:

β(λ2) = −h
∨λ4

16π

[︄
1−

(︃
λ2k

4π

)︃2
]︄
. (3.20)

Thus, we could hope to recover the conformal invariance for λ2 = ±4π/k. Notice that this is a
perturbative result that can be trusted as long as λ≪ 1 (k ≫ 1).

We can however obtain the same result form an exact calculation by checking if the conserved
currents associated to the left and right G-multiplication satisfy the (anti)holomorphy condition. The
equation of motion are obtained from the variation of S[g], which in complex coordinates reads:

δS = − i

2λ2

∫︂
S2

d2zTr′
[︂
g−1δg

(︁
∂(g−1∂̄g)+∂̄(g−1∂g)

)︁]︂
− ik

8π

∫︂
S2

d2zTr′
[︂
g−1δg

(︁
∂(g−1∂̄g)−∂̄(g−1∂g)

)︁]︂
,

(3.21)
which brings: (︃

1 +
λ2k

4π

)︃
∂
(︁
g−1∂̄g

)︁
+

(︃
1− λ2k

4π

)︃
∂̄
(︁
g−1∂g

)︁
= 0 . (3.22)

Thus, choosing appropriately λ, we can satisfy the (on-shell) (anti)holomorpy condition for the con-
served currents. Taking λ2 = 4π/k and k > 0 (since λ ∈ R) we get that the right-moving current
J̄ ≡ k g−1∂̄g is antiholomorphic, and in turn this implies that J ≡ −k ∂gg−1 is holomorphic10:

∂J̄ = ∂(k g−1∂̄g) = 0 =⇒ 0 = gJ̄g−1 = ∂̄(k ∂gg−1) ≡ −∂̄J . (3.23)

Such choice of the coupling constant λ identify the conformal critical point of the WZW model, for
which the system is conformally invariant also at the quantum level (notice the result is valid in all
regimes for allowed k). So finally, the WZW model at level k is defined by the action:

SWZW[g] = − k

16π

∫︂
S2

Tr′
[︁
g−1dg ∧ ⋆g−1dg

]︁
− ik

4π

∫︂
B
Tr′
[︁
g−1dg ∧ g−1dg ∧ g−1dg

]︁
=

ik

16π

∫︂
S2

d2zTr′
[︁
g−1∂g g−1∂̄g

]︁
− ik

24π

∫︂
B
d3yϵijk Tr′

[︁
g−1∂ig g

−1∂jg g
−1∂kg

]︁
,

(3.24)

along with the (possible) quantization condition on k.
Notice that, as we will later show, at the critical point the action enjoys an enhanced symmetry:

the global symmetry (3.6) has been promoted to a ‘local’ G(z)×G(z̄)-symmetry acting as:

g(z, z̄) ↦−→ gL(z) g(z, z̄) g
−1
R (z̄) , (3.25)

so that J(z) and J̄(z̄) are indeed holomorphic and antiholomorphic respectively.

3.2 Current Algebra and Sugawara Construction
Having established the classical action, we can now turn to the quantum theory. To quantize the WZW
model one could, as usual, compute the Poisson brackets of the fields and their conjugate momenta
10Choosing λ2 = −π/k would have led to the holomorphy of the dual current J̃ = g−1Jg, but for k < 0 the action is

unbounded from below and the path integral is ill-defined.
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and then promote them to commutator relations, however, we can extend the conformal nature of the
theory to obtain the relevant OPE’s.

Considering then the holomorphic current J(z) as a g-valued one-form, we can expand it in a basis
of the Lie algebra such that the generators Ta are normalized as:

Tr′ [TaTb] = 2κab, [Ta, Tb] = if c
ab Tc , (3.26)

where κab is the (representation-invariant) Killing metric already defined in (3.2) and f c
ab are the

structure constants of g, and thus the current reads:

J(z) = Ja(z)Ta . (3.27)

Explicitly, taking g ∈ G close to the identity, the current can be expressed in terms of local coordinates
on G near the identity:

g = eix
aTa =⇒ J = −k∂gg−1 = −ik∂xaTa . (3.28)

To obtain the correct current OPE, consider an infinitesimal transformations (3.25) by two infinites-
imal parameters ω(z) = ωa(z)Ta and ω̄(z) = ω̄a(z̄)Ta such that gL(z) = 1+ω(z) and gR(z̄) = 1+ω̄(z̄),
so that δg = ωg − gω̄. The WZW action (3.24) transforms as

δSWZW[g] =
i

4π

∫︂
d2z Tr′

[︁
∂̄(ωJ)

]︁
+Tr′

[︁
∂(ω̄J̄)

]︁
= (3.29)

= −
∮︂

dz

4πi
Tr′ [ω(z)J(z)] +

∮︂
dz̄

4πi
Tr′
[︁
ω̄(z̄)J̄(z̄)

]︁
= (3.30)

= −
∮︂

dz

2πi

2κab
2
ωa(z)Jb(z) +

∮︂
dz̄

2πi

2κab
2
ω̄a(z̄)J̄b(z̄) , (3.31)

where the relative sign comes from the fact that we have taken a counterclockwise contour on the z-
plane, which corresponds to a clockwise contour on the z̄-plane. On the other hand, the transformation
for a generic field X under the currents J, J̄ is given by the Ward identity:

δαα̃X(w, w̄) = −κabRes
z=w

ωa(z)Jb(z)X(w, w̄) + κabRes
z̄=w̄

ω̄a(z̄)J̄b(z̄)X(w, w̄) . (3.32)

If we choose X(w, w̄) = J(w) = Ja(w)Ta we get:

δJc(w) = −κabRes
z=w

ωa(z)Jb(z)Jc(w) , (3.33)

on the other hand, applying δω,ω̄g = ωg − gω̄ to J = −k∂g g−1 we get

δJ = [ω, J ]− k∂ω = (if c
ab ω

aJb − k∂ωc)Tc , (3.34)

and thus we read off that the JJ-OPE:

Jb(z)Jc(w) ∼ kκbc

(z − w)2
+
if bcdJ

d(w)

z − w
. (3.35)

Furthermore, one can express the current algebra in terms of the commutator relation by expanding
the currents Ja(z) in its Laurent series about z = 0:11

Ja(z) =
∑︂
n∈Z

Jan
zn+1

. (3.36)

Notice that Ja0 represents the conserved charge of the symmetry current:

Ja0 =

∮︂
dz

2πi
Ja(z) , (3.37)

11Notice from the form of the expansion (i.e. the modes are shifted by the conformal weight h = 1) that we have
performed the conformal transformation z → z = ex

0−ix1 is order to employ the radial quantization formalism.
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when integrated over an equal-time surface (equivalent to a fixed-radius circle in radial quantization).
The current algebra in terms of mode give then rise to the commutation relation:

[Jam, J
b
n] =

∮︂
C0

dw

2πi

∮︂
Cw

dz

2πi
zmwnJa(z)Jb(w) = kmκabδm+n,0 + ifabcJ

c
m+n . (3.38)

The resulting Lie algebra is referred as the affine Kac-Moody algebra of g at level k and is denoted as ĝk
or gk. Notice that only the zero modes (i.e. the conserved charges) satisfy the symmetry algebra of the
theory g, all other modes generate a central term and do not commute with the Hamiltonian. Thus,
along with the antiholomorphic sector, we see that the full affine algebra of the WZW model is gk⊕gk.

We can now finally check the quantum conformal invariance of the model by proving that the stress
tensor T (z) satisfies the Virasoro algebra (1.50):

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
. (3.39)

In this context, there is a standard procedure to build the stress tensor: the so-called Sugawara
construction.

At the classical level, the stress tensor is computed from the variation of the action (3.24) with
respect to a change in the metric, which in complex coordinates gives:12

T (z) =
1

2k
κabJ

a(z)Jb(z) . (3.40)

Passing at the quantum level, one expects a similar bilinear invariant combination of the conserved
currents, possibly with a corrected prefactor γ:

T (z) ≡ γκab(J
aJb)(z) , (3.41)

where, as usual, we used the normal-ordered product to remove the singular components of the JJ
OPE:

(JaJb)(z) ≡ 1

2πi

∮︂
dx

x− z
Ja(x)Jb(z) . (3.42)

We then fix γ by requiring that the conserved currents Ja is a primary with weight one with respect
to the stress tensor:

T (z)Ja(w) = Ja(w)T (z) =
γ

2πi

∮︂
z

dx

x− z
κbcJ

a(w)
(︁
Jb(x)Jc(z)

)︁
=

=
γ

2πi

∮︂
z

dx

x− z
κbc

(︃
Ja(w)Jb(x)Jc(z) + Jb(x)Ja(w)Jc(z)

)︃
=

=
γ

2πi

∮︂
z

dx

x− z
κbc

(︃[︃
kκab

(w − x)2
+
ifabdJ

d(x)

w − x

]︃
Jc(z) + Jb(x)

[︃
kκac

(w − z)2
+
ifacdJ

d(z)

w − z

]︃)︃
=

= 2γ
kJa(z)

(w − z)2
+

γ

2πi

∮︂
z

dx

x− z

(︃
ikκ d

b f
ab
d

(w − x)(x− z)2
+

ikκ d
c f

ac
d

(w − z)(x− z)2
+

+
i2κbcf

ab
d f

dc
eJ

e(z)

(w − x)(x− z)
+
i2κbcf

ac
d f

bd
eJ

e(z)

(w − z)(x− z)
+
κbcf

ab
d (J

dJc)(z)

w − x
+
κbcf

ac
d (J

bJd)(z)

w − z

)︃
=

= 2γ
kJa(z)

(w − z)2
− γ
(︁
fabd f

bd
e

)︁ Je(z)

(w − z)2
= 2γ(k + h∨)

Ja(z)

(w − z)2
!
=

Ja(w)

(z − w)2
+
∂Ja(w)

z − w
,

(3.43)
12It is interesting to note that in this construction the stress tensor is an element of the universal enveloping algebra

of ĝk. Moreover, notice that the full symmetry algebra of the WZW model is described by (in terms of modes)
the Virasoro algebra (1.57), the Kac-Moody algebra (3.38) and the additional ‘mixed’ relation [Lm, J

a
n ] = −nJam+n

which comes by requiring Ja(z) to be Virasoro primaries of unit weight as we will do shortly. The last relation then
show that the Virasoro generators acts as a derivation on ĝk – i.e. D(·) ≡ [Lm, · ] : ĝk → ĝk is linear and satisfy
D([Jam, J

b
n]) = [D(Jam), Jbn]+ [Jam, D(Jbn)]. Thus the global structure of the symmetry group of the WZW model is given

by the semi-direct product of the Virasoro group and the ‘affine group’ Ĝk (formally, the central extension of the loop
group of G): Vir⋉ Ĝk.
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where we used that fabc = −facb and fabb = 0,13 and defined the dual Coxeter number h∨ by:

facd f
cd
b ≡ −2h∨κab . (3.44)

Thus we fix:
γ =

1

2(k + h∨)
. (3.45)

By a similar calculation one can finally compute the TT -OPE:

T (z)T (w) =
1

4πi (k + h∨)

∮︂
w

dx

x− w

(︃
κabT (z)J

a(x)Jb(w) + κabJ
a(x)T (z)Jb(w)

)︃
=

=
k dim g

2(k + h∨)(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

(3.46)

which reproduces the Virasoro algebra of (3.39) with the central charge:

c =
k dim g

k + h∨
. (3.47)

We highlight here that, if we want to restrict to a unitary CFT we need to impose c ≥ 0, thus the
range of possible levels of the model is actually restricted by unitarity.

Of particular interest in the following will be the algebras g = sl(2,R) and g = su(2) for which we
have:

c
(︁
sl(2,R)k

)︁
=

3k

k − 2
, c

(︁
su(2)k

)︁
=

3k

k + 2
. (3.48)

For these model to be unitary it must be that k ≤ 0 ∨ k > 2 for sl(2,R)k and k ∈ Z≥0 ∪ Z<−2 for
su(2)k.14 Similar relations also holds for all the antiholomorphic sector, and c̄ = c.

Notice that so far the Sugawara construction has been given in terms of a Kac-Moody algebra gk
based on a simple algebra g, in case g being semi-simple, i.e.

g =
n⨁︂
i=1

g(i) , (3.49)

the Sugawara construction gives:

Tg(z) =

n∑︂
i=i

Tg(i)(z) , c =
n∑︂
i=1

ki dim g(i)

ki + h∨i
, (3.50)

where the levels ki are a priori independent.

3.3 Gauged WZW Model

We are now interest in gauging the WZW model (3.24). In particular, we will be considering a WZW
model based on a reducible group G = G1 × · · · ×Gn with levels k = (k1, . . . , kn), which would then
be gauged by a reducible subgroup H = H1 × · · · × Hm ⊂ G. That is, we would like to promote a
subset of the ‘local’ G(z)×G(z̄)-symmetry (3.25) to a more general symmetry:

g(z, z̄) ↦−→ ℓ
(︁
h(z, z̄)

)︁
g(z, z̄)r

(︁
h(z, z̄)

)︁−1
, h ∈ H , (3.51)

13Recall that for g semi-simple, fabc ≡ κcdf
d

ab is totally antisymmetric.
14We will actually see in the next Chapter that for sl(2,R)k the level is additionally restricted.
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where ℓ, r : H ↪→ G are left/right group homomorphism which will induce an embedding on the
corresponding algebras.15

As usual, we also introduce a set of h-valued gauge fields Aµ =
(︁
A(z, z̄), Ā(z, z̄)

)︁
, which would

transform under H as

A ↦−→ hAh−1 + ∂hh−1, Ā ↦−→ hĀh−1 + ∂̄hh−1, h ∈ H . (3.52)

Since we’re considering semi-simple groups, the gauge-invariant action of the (asymmetric) coset model
G/H 16 with levels k can be expressed as [36]

S
[︁
g,A, Ā

⃓⃓
k, ℓ, r

]︁
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
−

n∑︂
i=1

m∑︂
t=1

iki
8π

∫︂
d2zTr′i

[︂
ℓ(Āt) ∂gig

−1
i − r(At) g

−1
i ∂̄gi +

+ ℓ(Āt) gi r(At) g
−1
i − 1

2
ℓ(Āt)ℓ(At)−

1

2
r(Āt)r(At)

]︂
.

(3.53)
However, such action is now actually invariant under gauge transformations (3.51)–(3.52) for any
choice of the embeddings ℓ and r and levels k. Indeed, taking h = eiω ∈ H, an infinitesimal gauge
transformation reads

δAt = i∂ωt + i[ωt, At], δĀt = i∂̄ωt + i[ωt, Āt]

δgi = iℓ(ωt) gi − igi r(ωt), ωt = ωt(z, z̄) ∈ h(t), t = 1, . . . ,m ,
(3.54)

and the anomaly of the action (3.53) gets

δS =
n∑︂
i=1

m∑︂
t=1

ki
16π

∫︂
d2z Tr′i

[︁
ℓi(Āt)∂ℓ

i(ωt)− ri(Āt)∂r
i(ωt) + ri(At)∂̄r

i(ωt)− ℓi(At)∂̄ℓ
i(ωt)

]︁
, (3.55)

which vanishes for any ω(z, z̄) ∈ h if we require:

n∑︂
i=1

kiTr
′
i

[︁
ℓi(Xt)ℓ

i(Yt)
]︁
=

n∑︂
i=1

kiTr
′
i

[︁
ri(Xt)r

i(Yt)
]︁

∀Xt, Yt ∈ h(t), ∀t = 1, . . . ,m . (3.56)

Notice that, if we choose ℓ(Ā) = 0 = r(A), the gauge fields in (3.53) actually decouples from g
and became simply Lagrange multipliers which can be integrated away. If we then require that
ℓ
(︁
ω(z, z̄)

)︁
= ωL(z) and r

(︁
ω(z, z̄)

)︁
= ωR(z̄), the anomaly (3.55) vanishes. This proves (taking H = G)

that the original WZW action (3.24) is indeed invariant under the ‘local’ G(z)×G(z̄)-symmetry (3.25).

In the following we will then present some peculiar choice of the embeddings ℓ and r that satisfy such
constraints.

3.3.1 Vector/Axial Gauging

One trivial choice to satisfy (3.56) would be to take a diagonal combination

ℓ(X) = ±r(X), ∀X ∈ h , (3.57)

for which we get a so-called vector or axial gauging respectively.17

15As group homomorphism ℓ satisfy ℓ(H1H2) = ℓ(H1)ℓ(H2) ∀H1, H2 ∈ H; this then induces an homomorphism between
the algebras which we will denote again by ℓ, r : h ↪→ g and satisfy ℓ

(︁
[h1, h2]

)︁
=

[︁
ℓ(h1), ℓ(h2)

]︁
∀h1, h2 ∈ h. The same

is valid for r. We will also use the notation ℓi, ri : h ⊃ h(t) ↪→ g(i) ⊂ g to denotes the maps between the individual
simple components of h and g.

16To be precise, here we should also include the dependence on the embeddings ℓ and r. When ℓ ̸= r we call the coset
construction asymmetric and often use the notation G/(HL ×HR).

17Notice that we are considering the algebra embedding in this case, for the group homomorphism the vector and axial
choice would read r(h) = ℓ(h) and r(h) = ℓ(h)−1 respectively, with h ∈ H.
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Most often in such cases is choose r = idh so that we have r(A) = A = ±ℓ(A) and r(Ā) = Ā = ±ℓ(Ā)
and the gauge transformation for g reads from (3.51):

g ↦−→ hgh−1 or g ↦−→ hgh, h = h(z, z̄) ∈ H . (3.58)

With these conventions is also easy to verify the gauge invariance of the action (3.53). For example,
the vectorial gauged action now reads

SV
[︁
g,A, Ā

⃓⃓
k
]︁
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
Ā ∂gig

−1
i −Ag−1

i ∂̄gi + Ā giAg
−1
i − ĀA

]︂
. (3.59)

Then, we can parametrize the gauge fields by some independent elements of H:

A ≡ ∂v v−1, Ā ≡ ∂̄ṽ ṽ−1, v(z, z̄), ṽ(z, z̄) ∈ H , (3.60)

and the action (3.59) then reads

SV
[︁
g,A, Ā

⃓⃓
k
]︁
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
(∂̄ṽṽ−1)∂gig

−1
i − (∂vv−1)g−1

i ∂̄i +

+ (∂̄ṽṽ−1)gi(∂vv
−1)g−1

i − (∂̄ṽṽ−1)(∂vv−1)
]︂

=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
(∂̄ṽṽ−1)∂(giv)(giv)

−1 − (∂vv−1)g−1
i ∂̄gi − (∂̄ṽṽ−1)(vv−1)

]︂
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
− (ṽ∂̄ṽ−1)∂(giv)(giv)

−1 − (∂vv−1)g−1
i ∂̄gi + (ṽ∂̄ṽ−1)(∂vv−1)

]︂
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
+
(︂
SWZW

[︁
ṽ−1giv

⃓⃓
ki
]︁
− SWZW

[︁
ṽ−1
⃓⃓
ki
]︁
− SWZW

[︁
giv
⃓⃓
ki
]︁)︂

+

+
(︂
SWZW

[︁
giv
⃓⃓
ki
]︁
− SWZW

[︁
gi
⃓⃓
ki
]︁
− SWZW

[︁
v
⃓⃓
ki
]︁)︂

+

−
(︂
SWZW

[︁
ṽ−1v

⃓⃓
ki
]︁
− SWZW

[︁
ṽ−1
⃓⃓
ki
]︁
− SWZW

[︁
v
⃓⃓
ki
]︁)︂

,

(3.61)
where we used that ∂vv−1 = −v∂v−1 and the Polyakov-Wiegmann identity [38]:

SWZW[ab | k] = SWZW[a | k] + SWZW[b | k] + ik

8π

∫︂
d2zTr′[a−1∂̄a ∂b b−1] . (3.62)

Then we obtain that the vector-gauged action can be rewritten as

SV
[︁
g,A, Ā

⃓⃓
k
]︁
=

n∑︂
i=1

SWZW

[︁
ṽ−1gi v

⃓⃓
ki
]︁
− SWZW

[︁
ṽ−1v

⃓⃓
ki
]︁
. (3.63)

In order to see explicitly the gauge-invariance notice that the parametrization (3.60) induces the
transformation rules of v and ṽ. Indeed, the gauge transformation for the gauge fields (3.52)

A = ∂v v−1 ↦−→ h(∂v v−1)h−1 + ∂hh−1 = ∂(hv)(hv)−1 ,

Ā = ∂̄ṽ ṽ−1 ↦−→ h(∂̄ṽ ṽ−1)h−1 + ∂̄hh−1 = ∂̄(hṽ)(hṽ)−1 ,
(3.64)

get that the parameters v, ṽ must transform under H as

v ↦−→ hv, ṽ ↦−→ hṽ . (3.65)

Then is clear that the vector-gauged action (3.59) is invariant under the gauge transformations g ↦→
hgh−1 and (3.65) with h ∈ H.
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3.3.2 Null-Gauging

Let’s now consider the case in which the two sides of anomaly-free condition (3.56) vanishes indepen-
dently, for which we get the null constraints:

n∑︂
i=1

kiTr
′
i

[︁
ℓi(Xt)ℓ

i(Yt)
]︁
= 0 =

n∑︂
i=1

kiTr
′
i

[︁
ri(Xt)r

i(Yt)
]︁

∀Xt, Yt ∈ h(t), ∀t = 1, . . . ,m . (3.66)

In order to better understand the implication of such choice, we will consider the case of a gauge group
with a single simple factor, in particular in the rest of this thesis we will use H = U(1).18 Then the
coset action (3.53) loses the last two terms because of the null condition (3.66) and gets (notice also
that now m = dimH = 1 so we can drop the index t)

SN
[︁
g,A, Ā

⃓⃓
k, ℓ, r

]︁
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
ℓ(Ā) ∂gig

−1
i − r(A) g−1

i ∂̄gi + ℓ(Ā) gi r(A) g
−1
i

]︂
.

(3.67)
As we have done for the vector gauging, is then possible to show that such action is indeed gauge-
invariant under (3.51)–(3.52). In fact, the null-gauged action (3.67) is equal to the vector-gauged
action (3.59) without the last term, thus, parameterizing again the gauge fields as (3.60), one can
rewrite the former as

SN
[︁
g,A, Ā

⃓⃓
k, ℓ, r

]︁
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
ℓi(∂̄ṽṽ−1)∂gig

−1
i − ri(∂vv−1)g−1

i ∂̄gi +

+ ℓi(∂̄ṽṽ−1)gir
i(∂vv−1)g−1

i

]︂
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
− iki

8π

∫︂
d2zTr′i

[︂
− (ℓi(ṽ)∂̄ℓi(ṽ)−1)∂(gir

i(v))(gir
i(v))−1 +

− (∂ri(v)ri(v)−1)g−1
i ∂̄gi

]︂
=

n∑︂
i=1

SWZW

[︁
gi
⃓⃓
ki
]︁
+
(︂
SWZW

[︁
ℓi(ṽ)−1gir

i(v)
⃓⃓
ki
]︁
− SWZW

[︁
ℓi(ṽ)−1

⃓⃓
ki
]︁
− SWZW

[︁
gir

i(v)
⃓⃓
ki
]︁)︂

+

+
(︂
SWZW

[︁
gir

i(v)
⃓⃓
ki
]︁
− SWZW

[︁
gi
⃓⃓
ki
]︁
− SWZW

[︁
ri(v)

⃓⃓
ki
]︁)︂

=

n∑︂
i=1

SWZW

[︁
ℓi(ṽ)−1gir

i(v)
⃓⃓
ki
]︁
− SWZW

[︁
ℓi(ṽ)−1

⃓⃓
ki
]︁
− SWZW

[︁
ri(v)

⃓⃓
ki
]︁
.

(3.68)
The first term is manifestly gauge-invariant under (3.51)–(3.65), while the last two terms vanishes due
to the null condition (3.66). Indeed, one can express the original WZW action (3.24) as

SWZW

[︁
ri(v)

⃓⃓
ki
]︁
=− ki

16π

∫︂
S2

d2xTr′
[︁
ri(v−1∂µv)r

i(v−1∂µv)
]︁
+

− iki
24π

∫︂
B
d3y

ϵjkm

2
Tr′
[︁
ri(v−1∂jv)r

i
(︁
[v−1∂kv, v

−1∂mv]
)︁]︁

= 0 ,

(3.69)

and then use the null constraint (3.66) (recall that the (pullback) of the Maurer-Cartan form v−1∂µv ∈
h); similarly SWZW

[︁
ℓi(ṽ)−1

⃓⃓
ki
]︁
= 0. Thus we can express the null-gauged WZW action in the mani-

festly gauge-invariant form

SN
[︁
g,A, Ā

⃓⃓
k, ℓ, r

]︁
= SWZW

[︁
ℓ(ṽ)−1gr(v)

⃓⃓
k
]︁
. (3.70)

18Notice that in the following Chapters we will consider cosets models of the form G/(U(1)L × U(1)R). The present
discussion treat the two chiral components HL and HR of H = U(1) through the embeddings ℓ and r and consider
only a single gauge field A since dimH = 1. Equivalently one could consider HL and HR as separate, chiral, and
independent gauge groups and use two independent gauge fields AL = (AL, ĀL) and AR = (AR, ĀR); then requiring
that the embeddings acts chirally – i.e. ℓ(XR) = 0 = r(XL) ∀XR ∈ hR, XL ∈ hL – and satisfy the anomaly-free
condition (3.56) has the effect of decoupling half of the components of the two gauge fields (namely, AL and ĀR) [26],
and the remaining components can then be recasted into the single gauge field A = (AR, ĀL) used here.
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BRST Quantization of Null-Gauged WZW

As a final point in the discussion of the null-gauged WZW model, we now briefly describe its BRST
quantization procedure.

To start, consider the partition function of a general gauged WZW model (3.53)

Z =

∫︂
DgDADĀ e−S

[︁
g,A,Ā

⃓⃓
k,ℓ,r

]︁
. (3.71)

Upon the parametrization of the gauge fields (3.60) we can express the partition function in terms of
the fields v and ṽ, provided that we include the Jacobian factor coming from the measures. This can
be computed from the variation of the gauge fields:

δA = ∂(δv)v−1 + ∂vδ(v−1) = D(δvv−1), δĀ = ∂̄(δṽ)ṽ−1 + ∂̄ṽδ(ṽ−1) = D̄(δṽṽ−1) , (3.72)

where D ≡ ∂ − [A, ] and D̄ ≡ ∂̄ − [Ā, ] are the usual covariant derivatives. Then the change of
variables (3.60) gets

Z =

∫︂
DgDvDṽ det[r(D)] det

[︁
ℓ(D̄)

]︁
e−S

[︁
g,A,Ā

⃓⃓
k,ℓ,r

]︁
. (3.73)

The functional determinants are [35]

det[r(D)] = eSWZW

[︁
r(v)
⃓⃓
h∨(H)

]︁ ⎛⎝dimH∏︂
t,q=1

det
[︁
κtq∂

]︁⎞⎠ ,

det
[︁
ℓ(D̄)

]︁
= eSWZW

[︁
ℓ(ṽ−1)

⃓⃓
h∨(H)

]︁ ⎛⎝dimH∏︂
t,q=1

det
[︁
κtq∂̄

]︁⎞⎠ ,

(3.74)

where h∨(H) is the dual Coxeter number of the gauge group H, as defined in (3.44).
Then if the gauging is null, the functional determinants of the covariant derivatives reduce to the

ones of the ordinary derivative since the prefactors vanishes, as we seen in (3.69), and thus one can
express the gauge-fixed partition function of the null-gauged WZW action as

Z =

∫︂
DgDvDṽ e−SN

[︁
g,A,Ā

⃓⃓
k,ℓ,r

]︁ [︄dimH∏︂
t=1

Db̃tDc̃t exp

(︃
−
∫︂
d2z b̃t∂̄c̃t

)︃]︄[︄dimH∏︂
t=1

D¯̃
btD¯̃ct exp

(︃
−
∫︂
d2z

¯̃
bt∂ ¯̃ct

)︃]︄
,

(3.75)
where we introduced a set of gauge ghosts which constitutes a bc-system of holomorphic weights (1, 0).
Finally, using (3.70), we can write

Z =

∫︂
DgDvDṽDb̃Dc̃D¯̃

bD¯̃c e−
(︁
SWZW[ℓ(ṽ)−1gr(v) |k]+Sgh[b̃,c̃,

¯̃
b,¯̃c]
)︁
, (3.76)

and thus treat the null-gauged coset model G/H as the ‘upstairs’ G WZW model with additional
ghost contributions.

Moreover, the gauge-fixed action has a residual local symmetry generated by the currents19 (normal
order is implied)

c̃tJ
t(z) ≡ ic̃t

(︁
J t(z) + J t

gh(z)
)︁
,

¯̃ctJ̄
t(z̄) ≡ i¯̃ct

(︁
J t

(z̄) + J t
gh(z̄)

)︁
,

(3.77)

where t = 1, . . . , dimH are the gauge indices, J t(z) and J t
(z̄) are the usual Kac-Moody currents at

levels k defined in Section 3.1 and satisfying the current algebra (3.35), and J t
gh(z) ≡ f trq : b̃q c̃r : (z)

19Notice that, in general, if the null-condition is not met, the auxiliary fields v and ṽ do not decouple from the theory
and get a contribution to the action from the prefactors of (3.74) which shifts the levels of the additional terms – i.e.
SWZW

[︁
ℓ(ṽ)−1

⃓⃓
k + h∨(H)

]︁
and SWZW

[︁
r(v)

⃓⃓
k + h∨(H)

]︁
. Then there would also be an additional contribution to the

currents given by the Kac-Moody currents at levels k + h∨(H) associated to those terms.
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and J t
gh(z̄) ≡ f trq :

¯̃
bq ¯̃cr : (z̄) are the ghost currents, which satisfy the Kac-Moody algebra of H at

level h∨(H). These currents then defines the BRST-charge associated to the (null) gauging:

Qnull ≡
∮︂

dz

2πi
c̃tJ

t , Q̄null ≡
∮︂

dz̄

2πi
¯̃ctJ̄

t , (3.78)

which, as expected, turns out to be nilpotent, because the gauge currents OPEs only get a simple pole
term:

J t(z)Jr(w) ∼
if trq J

q(w)

z − w
, J̄ t(z̄)J̄r(w̄) ∼

if trq J̄
q(w̄)

z̄ − w̄
. (3.79)

Consequently, requiring states to be gauge-invariant under H is equivalent to require that such states
belong to the cohomology of Qnull and J̄null. For example, in order to be gauge-invariant, the vertex
operator associated to a state without ghost excitations must satisfy:

J t(z)Φ(w, w̄) ∼ 0 , J̄ t(z̄)Φ(w, w̄) ∼ 0 . (3.80)
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Chapter 4

Strings in AdS3 Background

We will now specialize in the description of string dynamics on AdS3 background in both classical and
quantum settings. In particular, after reviewing the basics of the AdS geometry, we will study the
classical and the quantum version of the SL(2,R) WZW model, which provides an exact worldsheet
description of string theory on a AdS3 background supported by NS-NS flux. Next, the representation
theory of sl(2,R) will be described, giving the quantum spectrum of the strings propagating in AdS3.
Finally, the so-called Wakimoto realization is presented and linked with the description of the space-
time boundary theory. This Chapter is based on the classical literature on AdS3 strings [12, 39–42].

In the following we will often consider the Euclidean counterpart of AdS3, i.e. the upper-half 3-
hyperplane H+

3
∼= SL(2,C)/SU(2), which gets more well-defined results in the path integral formalism.

Moreover, we will also restrict our discussion to the presence of only NS-NS flux and no Ramond-
Ramond flux.

4.1 AdS3 Geometry

4.1.1 Poincaré Coordinates

A first approach to describe the worldsheet theory in ambient AdS3 is to employ the so-called Poincaré
coordinates, in which the metric and B-field of AdS3 with pure NS-NS fluxes in type IIB string theory
are:

ds2 =
L2

r2
(dr2 + dγdγ̄) = L2(dφ2 + e2φdγdγ̄), B =

L2

r2
dγ̄ ∧ dγ = L2e2φdγ̄ ∧ dγ , (4.1)

where L is the characteristic length of AdS, φ ∈ R parametrizes the radial coordinate r = e−φ so that
the boundary of AdS3 lies at φ→ +∞ and is parameterized by the coordinates γ and γ̄; in Euclidean
signature γ∗ = γ̄ ∈ C, while in Lorentzian signature γ, γ̄ ∈ R are independent1. In particular, in
Lorentzian signature, writing γ = y + t, γ̄ = y − t and rewriting r = L/r̃, from the first expression of
(4.1) we recover the AdS3 factor of the near-horizon geometry (2.128) sourced by the NS5-F1 bound
system described in Section 2.5.2, and we recognize that the curvature scale of AdS3 in that case is
given indeed by

L = ℓs
√
n5 . (4.2)

Using these, we can write the Polyakov action that describes the string dynamics in such background:

S =
L2

2πℓ2s

∫︂
Σ
d2z (∂φ∂̄φ+ e2φ∂̄γ∂γ̄) . (4.3)

Notice that the same result can be obtained by parameterizing a group element of H+
3 with the

coordinates (φ, γ, γ̄)

g =

(︃
1 0
γ 1

)︃(︃
eφ 0
0 e−φ

)︃(︃
1 γ̄
0 1

)︃
=

(︃
eφ eφγ̄
eφγ e−φ + eφγγ̄

)︃
∈ H+

3
∼=
SL(2,C)
SU(2)

. (4.4)

1Notice that only in Euclidean signature (φ, γ, γ̄) cover the whole H+
3 manifold, while in Lorentzian signature such

coordinates cover only the Poincaré patch of AdS3.
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The action is then obtained from (3.24) from which we identify the level of the WZW model as the
length of the radius of AdS3 given in units of the string length:

k =
L2

ℓ2s
= n5 . (4.5)

From here we can notice that the limit k ≫ 1 actually corresponds to taking the limit in which the
string length is much smaller than the AdS3 radius, and then it represents the classical limit of the
theory (i.e. leading order in α′). Linking this to the NS5-F1 system, using (4.2) in (4.5), we see that
the AdS3 part of its near-horizon geometry can be described by a WZW model on H+

3 with level set
by the number of NS5-branes: k = n5. We will discuss in detail this relation in a later Chapter, for
now note that the classical limit coincide then with the supergravity regime n5 ≫ 1.

Moreover, notice that, at the classical level, one can compute the generators of the global SL(2,R)×
SL(2,R) algebra, which coincide with the Killing vectors of the metric (4.1) [41]:

ξ+ = ∂γ , ξ3 = γ∂γ −
1

2
∂φ , ξ− = γ2∂γ − γ∂φ − e2φ∂γ̄ ,

ξ̄+ = ∂γ̄ , ξ̄3 = γ̄∂γ̄ −
1

2
∂φ , ξ̄− = γ̄2∂γ̄ − γ̄∂φ − e2φ∂γ ,

(4.6)

which, classically, are associated to the zero-modes of the conversed Kac-Moody currents2

J+ = ke2φ∂γ̄ , J3 = k(e2φγ∂γ̄ − ∂φ) , J− = k(e2φγ2∂γ̄ − 2γ∂φ− ∂γ) ,

J̄+ = ke2φ∂̄γ , J̄3 = k(e2φγ̄∂̄γ − ∂̄φ) , J̄− = k(e2φγ̄2∂̄γ − 2γ̄∂̄φ− ∂̄γ̄) ,
(4.7)

that can be computed as usual form the WZW with the parametrization (4.4).
However, while such action defines the classical sigma model on AdS3, from which one directly

compute the equations of motions of the string, due to the nonlinear dependence on φ, it is rather
difficult to quantize at finite φ.

4.1.2 Global Coordinates

It turns out that a more useful parameterization is given by the global coordinates of AdS. Consider in
fact in general the Anti-de Sitter space with characteristic length L in d dimensions as an hyperboloid
embedded in a d+ 1 ambient space:

AdSd ≡
{︁
(X−1, X0, . . . , Xd−1) ∈ R2, d−1 | −X2

−1 −X2
0 +X2

1 + · · ·+X2
d−1 = −L2

}︁
, (4.8)

whose isometry group is SO(2, d − 1). Specializing for d = 3, we can reorganize the coordinates
(X−1, X0, X1, X2) into a real 2× 2 matrix with unit determinant:

g =

(︃
X−1 +X1 X0 −X2

−X0 −X2 X−1 −X1

)︃
∈ SL(2,R) . (4.9)

Such construction reveals that SL(2,R) is the group manifold of AdS3,3 and the metric of AdS3

(induced from the ambient metric of R2,2) is equivalent to the one of SL(2,R) induced by the Killing
metric on sl(2,R).

We can then use the global coordinates (ρ, τ, σ) for AdS3 which are related to the previous coordi-
nates by:

X−1 =cos τ cosh ρ , X1 = cosσ sinh ρ ,

X0 =sin τ cosh ρ , X2 = sinσ sinh ρ ,
(4.10)

2Notice that these are indeed holomorphic and antiholomorphic, since e.g. the equation of motion for γ from (4.3) gets
∂̄(e2φ∂γ̄) = 0.

3Actually, we will shortly see that is the universal cover of SL(2,R) that is isometric to AdS3.
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and for which the AdS3 metric reads:

ds2 = L2(− cosh2 ρ dτ2 + dρ2 + sinh2 ρ dσ2) . (4.11)

Notice that, while the angular coordinate σ must be identified with σ ∼ σ + 2π in order to avoid a
conical singularity at ρ = 0, we can allow τ to take values on the whole real line (i.e. τ ∈ R), which
correspond to consider the universal cover ˜︂SL(2,R) ∼= AdS3.

The metric in these coordinates easily shows that the AdS3 boundary (ρ → ∞) is conformally
equivalent to the cylinder:

ds2 ≃ L2e2ρ

4

(︂
− dτ2 + dσ2

)︂
. (4.12)

As a final note, observe that, in Euclidean signature – i.e. for H+
3 – there exists a change of variables

form the Poincaré coordinates to the global ones, namely

φ =− tE + ln(cosh ρ) ,

γ =etE+iσ tanh ρ ,

γ̄ =γ∗ = etE−iσ tanh ρ ,

(4.13)

which reproduce the Euclidean version of the global metric (with τ = −itE) (4.11) starting form (4.1).

4.2 SL(2,R) WZW Model

Having established the connection between AdS3 and the SL(2,R) group, we can exploit the param-
eterization (4.9)-(4.10) to express:4

g = e
i
2
(τ−σ)σ3eρσ1e

i
2
(τ+σ)σ3 ∈ SU(1, 1) ∼= SL(2,R) , (4.14)

where σi (i = 1, 2, 3) are the Pauli matrices.5 Following then [39], we have that the SL(2,R) WZW
model (3.24) explicitly reads as:6

S =
k

2π

∫︂
d2z

[︃
∂ρ∂ρ+ sinh2 ρ ∂σ∂σ − cosh2 ρ ∂τ∂τ − sinh2 ρ

(︁
∂σ∂τ − ∂τ∂σ

)︁ ]︃
. (4.15)

Form the discussion above, we know that the classical model has a local SL(2,R)L × SL(2,R)R-
symmetry which gives the conserved currents J(z) = k ∂gg−1 and J̄(z̄) = k g−1∂̄g. The equations of
motions ∂̄J = 0 = ∂J̄ then get that a general solution can be split into:

g(z, z̄) = gL(z)gR(z̄) , (4.16)

where the closed-string boundary condition imposes that gL(z + 2π) = gL(z)M and gR(z̄ − 2π) =
M−1gR(z̄) for a constant monodromy matrix M ∈ SL(2,R), which is identified only up to a conjuga-
tion by SL(2,R). Moreover, notice that if g(z, z̄) is a solution, then the global SL(2,R)L×SL(2,R)R-
symmetry gets that also hL g(z, z̄)hR with constant hL, hR ∈ SL(2,R) is a solution.

4The parametrization here proposed gives actually an element in the fundamental representation of SU(1, 1) ≡{︂(︂
α β
β∗ α∗

)︂
∈ GL(2,C)

⃓⃓⃓
|α|2 − |β|2 = 1

}︂
, which however is isomorphic to SL(2,R) ≡

{︂(︂
a b
c d

)︂
∈ GL(2,R)

⃓⃓⃓
ad− bc = 1

}︂
through 2α = a+d+ i(b− c), 2β = b+ c+ i(a−d). The actual parametrization of SL(2,R) compatible with (4.9)-(4.10)
is obtained by replacing σ3 ↦→ σ2 and σ1 ↦→ σ3. Notice that the Dynkin index of the fundamental representation of
sl(2,R) ∼= su(1, 1) is the same of su(2), i.e. IF = 1/2.

5Explicitly, σ1 =
(︂

0 1
1 0

)︂
, σ2 =

(︂
0 −i
i 0

)︂
, σ3 =

(︂
1 0
0 1

)︂
.

6We will use in the following the lightcone Minkowskian coordinates in the worldsheet (z = x0 + x1, z̄ = x0 − x1) and
slightly modify the definitions of the conserved currents and the overal normalization of the action in order to follow
[39].
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Now, for a physical state, we need to impose the (classical) Virasoro constraints on the stress tensor:
T (z) = 0 = T̄ (z̄).7 Thus, we need to consider a more generic background given by AdS3 ×N , where
N is some compact manifold. The total stress tensor is given by

T (z) = TAdS(z) + TN (z) = 0, T̄ (z̄) = T̄AdS(z̄) + T̄N (z̄) = 0 , (4.17)

where TAdS is given by (3.40) and we will take TN (z) = T̄N (z̄) = h > 0 constant.8

Consider then a solution parametrized by

gL(z) = Ueiu(z)σ3 , gR(z̄) = eiv(z̄)σ3V , (4.18)

for some constant U, V ∈ SL(2,R) and some generic holomorphic and antiholomorphic functions u(z)
and v(z̄). The stress tensor on AdS3 then reads as

TAdS =
1

2k
Tr′ [JJ ] =

k

2
Tr
[︁
∂g g−1∂g g−1

]︁
= −k

2
(∂u)2Tr[σ3σ3] = −k(∂u)2,

T̄AdS =
1

2k
Tr
[︁
J̄ J̄
]︁
=
k

2
Tr
[︁
g−1∂̄g g−1∂̄g

]︁
= −k(∂̄v)2 .

The Virasoro constraints then get u(z) = αz/2 and v(z̄) = αz̄/2 with α = ±
√︁
4h/k. The general

solution in such case becomes:

g = U

(︄
eiαx

0
0

0 e−iαx
0

)︄
V , (4.19)

which only depends on x0 = (z − z̄)/2, the time-like (Lorentzian) worldsheet coordinate. Notice that
for U = 1 = V the trajectory is the straight line passing in the center of the AdS3 cylinder: τ = αx0

and ρ = 0. This solution then represents a time-like trajectory of a string which is collapsed to a
point-particle; in such case α represents the energy of the particle. These solutions are associated to
monodromy matrices belonging to the elliptic conjugacy class of SL(2,R).

Another possible choice gives space-like geodesics:

g = U

(︄
0 eαx

0

eαx
0

0

)︄
V , (4.20)

which again is parametrized by only one parameter, and for U = 1 = V correspond to the trajectory
described by the straight line ρ = αx0 which cuts the space-like slice τ = 0 of AdS3 and α then sets
the radial momentum of the particle. Notice however that such solution gets TAdS = kα2/4, which
cannot satisfy the Virasoro constraints while keeping h > 0. These trajectories relate to monodromy
matrices in the hyperbolic conjugacy class of SL(2,R).

Finally, there is a third class of solutions whose monodromy matrices are in the parabolic conjugacy
class of SL(2,R) and are associated to null geodesics.

Spectral Flow

From a classical solution g(z, z̄), one can act with the SL(2,R)L × SL(2,R)R isometry to obtain new
classical solutions:9

g(z, z̄) ↦−→ exp

(︃
i

2
wLzσ3

)︃
g(z, z̄) exp

(︃
i

2
wRz̄σ3

)︃
. (4.21)

7At the quantum level, for highest-weight states, this translates to the conditions (4.31).
8We may think at h as the conformal weight of the sigma-model on N , so that for the internal CFT to be unitary, we
must require h ≥ 0.

9The choice of the σ3-direction (i.e. the Cartan direction of sl(2,R)) in this transformation is optimized for solutions
associated to the elliptic conjugacy class of SL(2,R). One could choose a different direction, as we will explore in a
later Chapter.
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Notice that the chiral decomposition (4.16) is still in place, moreover, using the parameterization
(4.14), we get that such transformation acts on the global coordinates as:

τ ↦−→ τ +

(︃
wL + wR

2

)︃
x0 +

(︃
wL − wR

2

)︃
x1,

σ ↦−→ σ +

(︃
wL − wR

2

)︃
x0 +

(︃
wL + wR

2

)︃
x1 .

(4.22)

As discussed above, we are considering the universal cover of SL(2,R) (i.e. the global AdS3) and thus
τ(x0, x1) must be a single-valued function, which fixes wL = wR.10 Moreover, in order to avoid the
conical singularity at ρ = 0 we need σ ∼ σ + 2π, which restricts w ≡ wL = wR ∈ Z.

We then define the spectral flow operation as:

g ↦−→ σw(g) = e
i
2
wzσ3ge

i
2
wz̄σ3 , w ∈ Z , (4.23)

which acts on the global coordinates of AdS3 with:

τ ↦−→ σw(τ) = τ + wx0, σ ↦−→ σw(σ) = σ + wx1 . (4.24)

From this we see that the spectral flow introduces an explicit dependence on x1 on the geodesics,
which thus now actually describes the propagation of a string. Moreover, such operation stretches the
time coordinate τ and winds up w-times the angular coordinates σ around the ρ = 0 axis of the AdS3

cylinder, so we can interpret w as the winding number of the string.
As a consequence, the spectrally flowed time-like geodesics now describe a string bounded to the

interior of AdS3 which oscillates near the center, we call these short strings; on the other hand, the
space-like trajectories are mapped into long strings, which approach the center of AdS3 from radial
infinity at τ → −∞ and drift back to the boundary at τ → +∞ (for this reason long strings are also
dubbed scattering state in this context).11 Notice that in the interior of AdS3 the σ-circle becomes
contractible, and thus the winding number will not be a conserved quantity. The results on the AdS3

cylinder are depicted in Figure 4.1.

Figure 4.1: Short (left) and long (right) string states representing the spectrally flowed time-like and space-like
geodesics in AdS3.

Finally, notice that the spectral flow operation acts also on the currents by:

J ↦−→ σw(J) = e
i
2
wzσ3Je−

i
2
wzσ3 +

ik

2
wσ3 , (4.25)

10If we would have considered the single cover of SL(2,R), (wL − wR) ̸= 0 would have represented the winding number
along the closed time-like curve on SL(2,R).

11Observe that the existence of the long strings is due to the fact that, at the boundary, the the metric and B-field are
equal (as one can see from (4.1) in φ→ +∞ limit) and thus the attractive and repulsive forces on the string cancel.
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which in components Ja = Tr[T aJ ] reads12:

σw(J3) = J3 +
k

2
w, σw(J±) = e∓iwzJ± , (4.26)

which in turn gets the stress tensor to be mapped into:

σw(TAdS) =
1

2k
Tr[σw(J)σw(J)] =

1

2k
Tr

[︃
JJ + ikwσ3J − k2w2

4
σ3σ3

]︃
= TAdS − wJ3 − kw2

4
. (4.27)

Thus, it is not guarded that a spectrally flowed solution will still satisfy the Virasoro constraints (4.17),
which then must be imposed afterwards. The same discussion is also valid for the antiholomorphic
sector.

4.3 sl(2,R)k Representations
We can now turn to the quantum aspects of the SL(2,R) WZW model. In order to derive the quantum
spectrum of the theory, we need to study the unitary irreducible representations of the affine sl(2,R)k
algebra generated by the conserved currents of the model.

Let’s then specialize the current algebra (3.35) to sl(2,R)k by redefining the currents components

Ja = kTr
[︁
T a∂g g−1

]︁
, J̄a = kTr

[︁
(T a)∗g−1∂̄g

]︁
, (4.28)

which gets the OPEs:12

J3(z)J±(w) ∼ ±J
±(w)

z − w
, J+(z)J−(w) ∼ k

(z − w)2
− 2J3(w)

z − w
, J3(z)J3(w) ∼ − k/2

(z − w)2
. (4.29)

This translates into the current algebra (3.38):[︁
J3
m, J

±
n

]︁
= ±J±

m+n,
[︁
J+
m, J

−
n

]︁
= kmδm+n,0 − 2J3

m+n,
[︁
J3
m, J

3
n

]︁
= −km

2
δm+n,0 . (4.30)

We then start building the irreducible representations of SL(2,R) from the highest-weight represen-
tation, which are the representation associated to the descendant of an highest-weight state |ψ⟩ (also
called affine primary state), i.e.

Jan |ψ⟩ = 0, n > 0 . (4.31)

Such representations are then associated to the irreducible representation of the zero-mode of the
currents Ja0 , which will act non-trivially on |ψ⟩ and whose algebra is the one of sl(2,R), as clear from
(4.30).

We then focus on the irreducible representations of the sl(2,R) algebra, which would be similar
to those of su(2) since both algebras are real forms of the complex Lie algebra sl(2,C). However,
differently from su(2), the sl(2,R) has a non-compact generator and thus could give non-finite dimen-
sional representation. Still, one can use the highest-weight construction used for su(2) to build out
the representations of sl(2,R).
Consider then labeling the representations by a value j related to the quadratic Casimir of the repre-
sentation:

C2 ≡
1

2
κabJ

a
0J

b
0 =

1

2
(J+

0 J
−
0 + J−

0 J
+
0 )− J3

0J
3
0 . (4.32)

The states in the j representation will then be labeled by the eigenvalue m of the Cartan generator
J3
0 .13 Hence, from the first commutation relation of (4.30), we read that J±

0 raises/lowers the value
of m by ±1, and we can choose the states |j,m⟩ normalized such that

J±
0 |j,m⟩ = (m± j) |j,m± 1⟩ . (4.33)

12We consider a basis of sl(2,R) in which κ+− = 1 = −2κ33, f+−
3 = 2i and f3±

± = ∓i.
13The dimensions of the Cartan subalgebra h ⊂ g of a semi-simple Lie algebra g satisfy dim(h) = rank(g). In this case
rank(sl(2,R)) = 1.
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In this way we see that the state |j,m⟩ gives a similar construction to the usual su(2) representation
(cf. the eigenvalue of quadratic Casimir of su(2) is j(j + 1), where j is the spin):

C2 |j,m⟩ = −j(j − 1) |j,m⟩ , J3
0 |j,m⟩ = m |j,m⟩ . (4.34)

In the following we summarize the so-called principal series representations of sl(2,R):

• Discrete principal series:
These are conjugate representations defined from the lowest/highest-weight states, which are
annihilated by J∓

0 :

D±
j = SpanC

{︁
|j,m⟩

⃓⃓
m = ±j,±(j + 1),±(j + 2), . . .

}︁
. (4.35)

Such representation are unitary if and only if j ∈ R+.14

• Continuous principal series:
These are defined by non-integer values of m, which we can parametrize as:

Cλj = SpanC
{︁
|j,m⟩

⃓⃓
λ ∈ [0, 1), m = λ, λ± 1, λ± 2, . . .

}︁
. (4.36)

The representation is unitary if and only if j ∈ 1
2 + iR.15

In addition, there is also the trivial representation ρ0 (associated to j = 0) and the so-called ‘comple-
mentary’ representation Eλj , which however will not play a role in the spectrum.
Having identified the irreducible representations R of sl(2,R) we can then promote them to the affine
module of the affine algebra sl(2,R)k by taking the linear combination of the descendants of the affine
primary states |j,m⟩:

R̂ := SpanC
{︁
Ja1−n1

Ja2−n2
· · · |j,m⟩

⃓⃓
|j,m⟩ ∈ R, ni > 0

}︁
. (4.37)

Spectral Flow

Since SL(2,R) is non-compact, turns out that the highest-weight representations are not the only
irreducible representations of sl(2,R). Indeed, as for the classical treatment, we can identify the
spectral flow operation that maps highest-weight representation into new irreducible (non highest-
weight) representations. In terms of the affine algebra, such operation is identified as the family of
outer automorphisms of sl(2,R)k given by16

J3(z) ↦−→ σw(J3)(z) = J3(z) +
kw

2z
, J±(z) ↦−→ σw(J±)(z) = z±wJ±(z), w ∈ Z , (4.38)

which in terms of the modes reads:

σw(J3
n) = J3

n +
kw

2
δn,0, σw(J±

n ) = J±
n∓w . (4.39)

Notice that, as expected, such transformations leave the commutations relations (4.30) unchanged and
thus represents a true quantum symmetry of the theory. Moreover, the Virasoro generators get sent
to

σw(Ln) = Ln + wJ3
n − k

4
w2δn,0 . (4.40)

14Since we are considering a non-compact time direction (i.e. ˜︂SL(2,R)) the index j is allowed to be continuous instead
of a multiple of 1/2 as it would be for SL(2,R).

15The representation with λ = 1/2 = j is actually reducible: C1/2

1/2 = D+
1/2 ⊕D−

1/2.
16The difference with (4.26) is due to the different signature and coordinates on the worldsheet. In the present case are

more useful the complex plane coordinates of the (Euclidean) complex plane, while in the previous Section we used the
Lorentzian cylinder coordinates, which relates to the former by z = x0 + x1 → e−iz and the Wick rotation x0 → ix0.

65



4.3. sl(2,R)k REPRESENTATIONS

In order to obtain a spectrally flowed representation σw(R̂) from an affine module R̂ of sl(2,R)k,
we consider a generic state |ψ⟩ ∈ R̂ and define the action of the current modes Jan on the spectrally
flowed state |ψ⟩(w) ∈ σw(R̂) by

Jan |ψ⟩
(w) ≡ (σw(Jan) |ψ⟩)(w) . (4.41)

We then have that, if R̂ is a highest-weight affine module (e.g. R̂ = Ĉλj , D̂
±
j ) and |ψ⟩ = |j,m⟩ is an

highest-weight state, the spectrally flowed states satisfy

J±
n |j,m⟩(w) = 0, n ≥ ±w, J3

n |j,m⟩(w) = 0, n > 0 , (4.42)

in addition to
J+
w |j,m⟩(w) =(m+ j) |j,m⟩(w) ,

J−
−w |j,m⟩(w) =(m− j) |j,m⟩(w) ,

J3
0 |j,m⟩(w) =

(︃
m+

kw

2

)︃
|j,m⟩(w) .

(4.43)

Thus |j,m⟩(w) do not satisfy (4.31) and so σw(R̂) is not an highest-weight representation with
respect to the physical currents Jan . However, physical states do not need to be affine primary states,
but must satisfy the full (worldsheet) Virasoro constraints (4.17), which in mode expansion reads:

(LAdS
n + LN

n − δn,0) |ψ⟩ = 0, n ≥ 0 . (4.44)

Then, a N -Virasoro descendant of spectrally flowed lowest-weight state |j,m⟩(w), denoted as |ψ⟩ =

|j,m;N⟩(w), would be a physical state if satisfies the mass-shell condition

0 = (LAdS
0 + LN

0 − 1)) |ψ⟩

=

(︃
σw
(︂
LAdS
0

)︂
− wJ3

0 +
k

4
w2 + LN

0 − 1

)︃
|j,m;N⟩(w)

=

(︃
−j(j − 1)

k − 2
− w

(︃
m+

kw

2

)︃
+
k

4
w2LN

0 − 1

)︃
|j,m;N⟩(w)

=

(︃
−j(j − 1)

k − 2
−mw − k

4
w2 + hN +N − 1

)︃
|ψ⟩ ,

(4.45)

where we used (4.40) in the first line and (4.43) in the second.
Notice that for the unflowed states (w = 0) in the continuous representation (i.e. |ψ⟩ ∈ Ĉλj ) we

cannot in general require the unitarity of both the internal CFT (hN ≥ 0) and of Ĉλj (j = 1
2 + is

with s ∈ R) since the previous condition would not guarantee a positive level in general. This reflects
the same observation that the unflowed space-like geodesics (associated to the long strings) could
not satisfy the Virasoro constraints with a unitary internal CFT. This gives a first intuition that
continuous representations are associated with long strings and discrete representations are linked to
short strings, which can be confirmed by a more careful analysis of the spectrum [39]. Moreover, notice
that with such identification we can make sense of the fact that with the long strings the attractive and
repulsive forces compensates so the radial direction becomes flat and s, which represents the radial
momentum, is indeed continuous.

As for the discrete representations D±
j , it can also be shown that, in order to have normalizable

states17, one need to restrict to j > 1/2. Moreover, one can also shows that it exists an isomorphism
that identifies

σ(w)(D̂±
j )

∼= σ(w±1)(D̂∓
˜̃ȷ
), ȷ̃ =

k

2
− j , (4.46)

which is known as SL(2,R) series identification. In turn, since we also need to impose ȷ̃ > 1/2, this
gives that the ‘spin’ j must lie in the interval

1

2
< j <

k − 1

2
. (4.47)

17In the sense that the ‘wave-functions’ Fm,m̄(g) = ⟨m|g|m̄⟩ for g ∈ ˜︂SL(2,R) ∼= AdS3 are square-integrable in the
delta-function sense.
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This implies that normalizable (and unitary) states exists only in models with level k > 2. Moreover,
if one just impose the representation to be unitary, the relevant bound is weaker [43]

0 ≤ j ≤ k

2
, (4.48)

Finally, in order to avoid overcounting the spectrum, one needs to restrict to only σ(w)(D̂+
j ) with

w ∈ Z (or equivalently to σ(w≥0)(D̂+
j ) ⊕ σ(w≤0)(D̂−

j )). Notice also that the same exact treatment is
valid for both the holomorphic and antiholomorphic components of the theory.

We then conclude that the full physical spectrum of the SL(2,R)k WZW model is characterized by
a Hilbert space of the form

H =
⨁︂
w∈Z

Hdisc
w ⊕Hcont

w , (4.49)

where the discrete and continuous components are defined by18

Hdisc
ω =

∫︂ k−1
2

1
2

dj σ(w)(D̂+
j )⊗ σ(w)(D̂+

j ), Hcont
ω =

∫︂
1
2
+iR

dj

∫︂ 1

0
dλ σ(w)(Ĉλj )⊗ σ(w)(Ĉλj ) . (4.50)

4.4 The Wakimoto Representation
Having build the formalism for describing strings in global AdS3, we now turn back to its the descrip-
tion in Poincaré patch.

As we have seen in Section 4.1.1, the Euclidean action is given by (4.3). We can rewrite such action
with use of a pair of Lagrange multipliers β and β̄ with conformal dimensions (1, 0) and (0, 1):

S =
k

2π

∫︂
d2z

[︂
∂φ∂̄φ+ β∂̄γ + β̄∂γ̄ − e−2φββ̄

]︂
. (4.51)

At the classical level, integrating out β and β̄ one recovers the original action. Notice now that the
form of the new action resemble the action of a theory with a free boson and a βγ-system described in
Section 1.4.1 and Section 1.4.2 but with an exponential interaction term, this is a so-called Liouville
theory. Moreover, observe that near the AdS3 boundary φ → +∞, the interaction term can be
neglected and the theory is essentially free. Then in such regime, at the quantum level, the fields
∂φ, β and γ are holomorphic on-shell and realize a free field description of the model – these are the
so-called Wakimoto variables. Passing at the quantum, however, one has to take in consideration the
Jacobian factor in the path-integral measure upon the introduction of the Lagrange multipliers, 19

which given an additional factor into the action proportional to the worldsheet scalar curvature and
in addition shifts the kinetic therm of φ (which is rescaled for convenience):

S =
1

2π

∫︂
d2z

[︃
1

2
∂Φ∂̄Φ+

QΦ

2
R(2)Φ+ β∂̄γ + β̄∂γ̄ − 1

k
e2QΦΦββ̄

]︃
, (4.52)

where QΦ = −
√︁

2/(k − 2) is then the (asymptotic) background charge of Φ ≡
√︁
2(k − 2)φ.20 Then,

also at the quantum level, the Wakimoto fields are asymptotically free at the boundary Φ → +∞.
As will be clear in the following Chapter, the model we will be considering restricts the Hilbert space

to the continuous-representation sector, whose states, as we have see, live on the boundary. Thus for
our intents and purposes, the Wakimoto variables will be always be treated in the free asymptotic
regime.
18Notice that we have taken a ‘diagonal’ combination of the holomorphic and antiholomorphic representations, this has

been shown to lead to a modular invariant partition function and single-valuedness of the correlators.
19The original path-integral measure was taken to be Dg = DφD(eφγ)D(eφγ̄), which can be shown to be invariant

under H+
3 -conjugations (i.e. its the Haar measure of H+

3 ). Introducing the Lagrange multiplier this is modified to
Dg ↦→ DφDγDγ̄DβDβ̄.

20The normalization here is chosen in order to conform with the conversions fixed in Section 1.4.1. In particular the
background charge here is in units of α′ = 2.
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Quantization and OPEs

The quantization of the theory in the asymptotic regime is then straightforward. The OPEs and stress
tensor can be read directly from the conventions of Sections 1.4.1 and 1.4.2:

Φ(z, z̄)Φ(w, w̄) ∼ − ln |z − w|2, β(z)γ(w) ∼ − 1

z − w
, (4.53)

and
T (z) = −1

2
(∂Φ∂Φ) +

QΦ

2
∂2Φ− (β∂γ) . (4.54)

Moreover, in such regime the Wakimoto variables can be shown to realize the sl(2,R)k affine algebra
(4.29) through

J+ = β , J3 =
1

QΦ
∂Φ+ (βγ) , J− =

2

QΦ
(∂Φ γ) + (β(γγ))− k∂γ , (4.55)

which indeed gets the stress tensor (4.54) by the Sugawara construction. Indeed, the central charges
match:

c = c ((β, γ)) + c (Φ) = 2 + (1 + 3Q2
Φ) =

3k

k − 2
. (4.56)

4.4.1 Vertex Operators

We now turn to the task of identifying the physical vertex operators in the Wakimoto representation.
This will ultimately be useful in the following Chapter in order to determine the physical spectrum
on boundary.

We start by considering the vertex operator associated to the highest-weight states |j,m, m̄⟩ as
defined in21 (4.33)–(4.34), with a slight modification. In particular we take the vertex operator
Vȷ̃,m,m̄(z, z̄) to have the OPEs:

J±(z)Vȷ̃,m,m̄(w, w̄) ∼
(m± (1− ȷ̃))

z − w
Vȷ̃,m±1,m̄(w, w̄) , J3(z)Vȷ̃,m,m̄(w, w̄) ∼

m

z − w
Vȷ̃,m,m̄(w, w̄) ,

(4.57)
when m ̸= ±ȷ̃, while J±(z)Vȷ̃,±ȷ̃,m̄(w, w̄) ∼ 0. Similar OPEs are valid in the antiholomorphic sector.
Here we defined ȷ̃ ≡ 1− j with respect to the normalization in (4.33).22 Form the Wakimoto currents
(4.55) and the OPEs (4.53) one can explicitly construct such operator in terms of Wakimoto variables:

Vj,m,m̄(z, z̄) = γj−m−1(z)γ̄j−m̄−1(z̄) e−(j−1)QΦΦ(z,z̄) . (4.58)

From this one then defines the spectrally flow operator V w
j,m,m̄(z, z̄) as associated to the spectrally

flowed state |j,m, m̄⟩(w) – i.e. |j,m, m̄⟩(w) ≡ V w
j,m,m̄(0, 0) |0⟩. For w > 0, similarly to before, we obtain

from (4.43) the OPEs:

J+(z)V w
j,m,m̄(ζ, ζ̄) ∼

(m+ (1− j))

(z − ζ)w+1
V w
j,m+,m̄(ζ, ζ̄) + · · ·

J3(z)Vȷ̃,m,m̄(ζ, ζ̄) ∼
(︁
m+ k

2w
)︁

z − ζ
V w
j,m,m̄(ζ, ζ̄) ,

J−(z)V w
j,m,m̄(ζ, ζ̄) ∼

(m− (1− j))

(z − ζ)−w+1
V w
j,m−1,m̄(ζ, ζ̄) + · · · ,

(4.59)

where here the ellipsis indicate lower order poles and similar relations holds in the antiholomorphic
sector. For w < 0 the roles of J± are inverted. Notice that, as these vertex operators obeys the
same relations as the eigenstates of the previous Section, they carry the same (worldsheet) conformal
dimensions as the later, i.e. (see (4.45)):

h[V w
j,m,m̄(z)] = −j(j − 1)

k − 2
−mw − k

4
w2 , h̄[V w

j,m,m̄(z)] = −j(j − 1)

k − 2
− m̄w − k

4
w2 . (4.60)

21Recall that the dependence on the J̄3
0 eigenvalue m̄ was understood.

22This is done for later convenience to have uniform formulas between flowed and unflowed operators. Notice however
that the Casimir remains unchanged C2 = −j(j − 1) = −ȷ̃(ȷ̃ − 1) and thus the they label the same representation.
Form now on we will drop the tilde. For ease of notation we will also drop the antiholomorphic labels if not explicitly
needed.
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The x-basis

The vertex operators V w
j,m defined above are in the so-called m-basis. It will be useful to describe these

in a ‘dual’ basis in which these are localized near the boundary. Topologically, the boundary of upper-
half 3-hyperplane is a 2-sphere, thus we can parametrize it with the complex coordinate x ∈ ∂H+

3 ≃ Ĉ
and its antiholomorphic counterpart.23 We will dub this space as the spacetime boundary.

We start with the unflowed operators. For the continuous representations, one passes to the x-basis
from the m-basis using24 [40, 41]

Vj ≡ Vj,j,j(x, x̄; z, z̄) ≡
1

8π2

∑︂
(m−m̄)∈Z

∫︂
R
d(m+ m̄) xm−j x̄m̄−jVj,m,m̄(z, z̄) , (4.61)

which is an highest-weight operator. Using the OPEs (4.57) one can verify that in the x-basis we have

Ja(z)Vj(x; ζ) ∼
(Da

xVj)(x; ζ)

z − ζ
, (4.62)

where
D+
x = ∂x , D3

x = x∂x + j , D−
x = x2∂x + 2jx . (4.63)

Such differential operators are reminiscent of the global Virasoro generators that generates the trans-
lation, dilatation and special conformal transformation in the x-plane for a field of ‘weight’ j. We thus
we identify the spacetime (global) Virasoro generators as:

L−1 ≡
∮︂

dz

2πi
J+(z) = J+

0 , L0 ≡
∮︂

dz

2πi
J3(z) = J3

0 , L1 ≡
∮︂

dz

2πi
J−(z) = J−

0 , (4.64)

and in particular we interpret j as the spacetime weight of the highest-weight operator Vj,j,j(x; z).
Similarly holds for the antiholomorphic sector. Notice also that the action of such zero-modes is
somewhat reminiscent of the action of the classical Killing vectors (4.6) with the identification x ∼ γ
as coordinate parameterizing the boundary.

Because of this interpretation one can expect that the x-basis operator is obtained by a x-translation
form the one defined on the ‘origin’ x = 0,25 which we identify as the highest-weight state Vj,j(0; z) ≡
Vj,j(z).26 Thus (4.61) is more clearly expressed as the conjugation

Vj(x, x̄; z, z̄) = exL−1+x̄L̄−1Vj,j,j(z, z̄)e
−xL−1−x̄L̄−1 . (4.65)

Moreover, notice that, as one could expect, the γ(z) field is connected to the spacetime boundary
coordinate x as

γ(z)Vj(x; ζ) ∼
xVj(x; ζ)

z − ζ
. (4.66)

We can now easily define more general spectrally flowed operators in the x-basis by generalizing (4.65)

V w
j,h,h̄(x, x̄; z, z̄) = exJ

+
0 +x̄J̄+

0 V w
j,m,m̄(z, z̄)e

−xJ+
0 −x̄J̄+

0 , (4.67)

which is not in general highest-weight, as expected. Here h and h̄ represent now the spacetime weights
of the operator.27 Here we identified V w

j,h(0; z) ≡ V w
j,m(z), which are interpreted as ‘ingoing’ states,

23Be aware that these coordinates has nothing to do with the cartesian worldsheet coordinates xµ = (x0, x1). We hope
that the notation do not bring confusion.

24One obtains such expression by defining solving the H+
3 -version of the Klein-Gordon equation for Vj(x) and then

‘Fourier transforming’ it using
Vj,m,m̄ =

∫︂
d2x xj−m−1x̄j−m̄−1Vj(x, x̄) ,

for which then one obtain exactly (4.58) [41]. The ‘inverse Fourier’ of the above, for continuous transformations, gives
(4.65). Recall that for diagonal combination continuous transformations m = λ+ Z, and m̄ = λ+ Z.

25The x = 0 is chose as the point correspond actually to the south-pole on the Riemann sphere, which represents the
asymptotic past of AdS3.

26In turn, we identify Vj,j(∞; z) ≡ Vj,−j(z).
27Observe that before the highest-weight state (4.65) had h = j = h̄.
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and V w
j,h(∞; z) ≡ V −w

j,−m(z) which are instead interpreted as ‘outgoing’ states. In fact in the x-basis
we can perform a conformal transformation that sends x ↦→ f(x) = −1/x (i.e. an inversion) and then
gets J3 ↦→ −J3 and J± ↦→ J∓, which changes the sign of w in (4.39). So, while using the x-basis, we
will always restrict to w ≥ 0. Now, form the the OPEs (4.59) and the sl(2,R)k algebra (4.29), one
obtains the generalization of (4.63):

(J+
0 V

w
j,h)(x; z) = ∂xV

w
j,h(x; z) ,

(J3
0V

w
j,h)(x; z) =

[︃
x∂x +

(︃
m+

k

2
w

)︃]︃
V w
j,h(x; z) ,

(J−
0 V

w
j,h)(x; z) =

[︃
x2∂x + 2

(︃
m+

k

2
w

)︃
x

]︃
V w
j,h(x; z) ,

(4.68)

from which, by a similar argument as above, we deduce that the spacetime conformal dimensions of
V w
j,h,h̄

(x; z) are given by:

h
[︂
V w
j,h,h̄(x; z)

]︂
≡ h = m+

k

2
w , h̄

[︂
V w
j,h,h̄(x; z)

]︂
≡ h̄ = m̄+

k

2
w . (4.69)

Moreover, by defining the spacetime version of the currents Ja trough the conjugation:

Ja(x; z) ≡ exJ
+
0 Ja(z)e−xJ

+
0 , (4.70)

we get

J+(x; z) = J+(z) , J3(x; z) = J3(z)− xJ+(z) , J−(x; z) = J−(z)− 2xJ3(z) + x2J+(z) . (4.71)

And thus from the OPEs (4.59) we obtain

J3(x; z)V w
j,h(x; ζ) ∼

h

z − ζ
V w
j,h(x; ζ) . (4.72)

Thus, when the current and the vertex operator are inserted at the same spacetime point, h in the
x-basis plays the role of m had in the m-basis.

Finally, since conjugation relations leaves invariant the eigenvalues, we have that the worldsheet
conformal dimensions of the operator (4.67) remains (4.73), i.e.

h
[︂
V w
j,h,h̄(x; z)

]︂
= −j(j − 1)

k − 2
− hw +

k

4
w2 , h̄

[︂
V w
j,h,h̄(x; z)

]︂
= −j(j − 1)

k − 2
− h̄w +

k

4
w2 , (4.73)

where we substituted (4.69).

4.4.2 Spacetime Generators

We have seen that, on the boundary, one identify a combination of Wakimoto variables as generators
of the spacetime symmetries. In fact, the identification (4.64) has been generalized to [12, 41]

Ln =

∮︂
dz

2πi

[︂
(n+ 1)γnJ3 − nγn+1J+

]︂
. (4.74)

Using the Wakimoto OPEs one can shows that these indeed close into the full spacetime Virasoro
algebra

[Ln,Lm] = (n−m)Ln+m + I k
2
(n3 − n)δn+m,0 , (4.75)

where I is a ‘central operator’ that commutes with all the above generators and explicitly it reads

I =

∮︂
dz

2πi

∂γ

γ
. (4.76)
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The interpretation of I is given if we consider the classical limit, in which the boundary is parametrized
by the coordinate γ ∼ etE+iσ (see (4.13)), and thus I gives the number of times the string worldsheet
wraps around as σ ↦→ σ + 2π, which must be an integer (since γ is single valued). We can then
interpret the string theory on AdS3 to have n1 = |I| ∈ N stretched fundamental strings (F1) on the
boundary. Moreover, form the spacetime Virasoro algebra one reads the spacetime central charge

c = 6kn1 . (4.77)

Furthermore, from the Wakimoto realization of the sl(2,R)k currents, one can see that their spectral
flow (4.39) is realized by

σw(β(z)) = z−wβ(z) , σw(γ(z)) = zwγ(z) , σw(Φ(z, z̄)) = Φ(z, z̄) +
w

QΦ
ln |z|2 , (4.78)

and then we can see that the operator I is shifted as

I ↦−→ σw(I) = I + w1 , (4.79)

and thus it cannot be propriety interpreted as the spacetime identity operator, even though it has
vanishing spacetime dimension h[I] = 0.

Furthermore similarly to Ln, if the worldsheet theory admits some set of affine currents Ka(z)
generating some affine algebra gk̃ at level k̃, i.e. (3.38):

[Ka
m,K

b
n] = k̃mκ̃abδm+n,0 + if̃abcK

c
n+m , (4.80)

then we can construct the spacetime modes as

Ka
n =

∮︂
dz

2πi
Ka(z)γn(z) , (4.81)

which then will satisfy
[Ka

m,Kb
n] = k̃Imκ̃abδm+n,0 + if̃abcKc

n+m ,

[Lm,Ka
n] = −nKa

m+n .
(4.82)

So the spacetime modes will close into a gk affine algebra with level k = k̃ n1 and the modes Ka
n will

lower/raise the spacetime weights.
This will be the case of the following Chapters in which we will consider the background AdS3 ×

S3 × T4, for which there would be a set of affine currents generating the isometries of S3, i.e. su(2).
These then, in the supersymmetric setting, will realize the R-symmetry of the holographic theory.

Moreover, from the above spacetime modes, one can build the full spacetime symmetry generator
operators.28 For example, the spacetime affine currents can be constructed using the modes (4.81) as

Ka(x) =
∑︂
n∈Z

Ka
n

xn+1
. (4.83)

In [41] was shown that these can be extended to the bulk (and not only the boundary) by identifying

Ka(x, x̄) =
1

ik

∫︂
d2z Ka(z)(J̄−V1)(x, x̄; z, z̄) , (4.84)

where J̄−(x̄; z̄) = J̄−(z̄) − 2x̄J̄3(z̄) + x̄2J̄+(z̄) is the antiholomorphic version of (4.71) which can be
expressed in the original variables from (4.7):29

J̄−(x̄; z̄) = ex̄J̄
+
0 J−(z̄)e−x̄J̄

+
0 = k

[︂
(γ̄ − x̄)2e2φ∂̄γ − 2(γ̄ − x̄)− ∂̄γ̄

]︂
, (4.85)

28In a more general context, these are a kind of DDF operators named after Del Giudice, Di Vecchia, and Fubini and
first discussed in [44].

29To see it quickly, recall that J+
0 = β0 acts as the generator of x-translation on the boundary parametrize by γ.
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whereas V1(x, x̄; z, z̄) is the unflowed hightest-weight state defined in (4.67) with j = 1 = h = h̄
and w = 0. At the boundary φ → +∞, γ and γ̄ become holomorphic and antiholomorphic and the
vertex operator in the x-basis can be computed from the transformation (4.61) using the asymptotic
expression (4.58):

V1(x, x̄; z, z̄) ≃
1

8π2

∑︂
(m−m̄)∈Z

∫︂
R
d(m+ m̄)

(︃
x

γ

)︃m(︃ x̄
γ̄

)︃m̄ 1

xx̄
=

1

8π2|x|2
∑︂
n∈Z

∫︂ +∞

−∞
dλ

(︃
x

γ

)︃λ+n
2
(︃
x̄

γ̄

)︃λ−n
2

=
1

8π2r2

[︄∑︂
n∈Z

ein(θ−ϕ)

]︄[︄∫︂ +∞

−∞
dλ

(︃
r

ρ

)︃λ]︄
=

1

8π2r2

[︂
2πδ(θ − ϕ)

]︂[︂
− 2iπδ

(︁
ln(r/ρ)

)︁]︂
= − i

2

1

r
δ(θ − ϕ)δ(r − ρ) ≡ δ(2)

(︁
x− γ(z), x̄− γ̄(z̄)

)︁
,

(4.86)
where we expressed m, m̄ = (λ ± n)/2 and the complex variables x = reiθ and γ = ρeiϕ with their
(formal) complex conjugates and then used the usual series and integral representation for the Dirac
delta function.30 Thus inserting these into (4.84) we get back the expected formula of the vertex
operator on the boundary with modes (4.81)

Ka(x, x̄) =
1

ik

∫︂
d2z Ka(z)(J̄−V1)(x, x̄; z, z̄) ≃ −1

i

∫︂
d2z Ka(z)∂̄γ̄ δ(2)

(︁
x− γ(z), x̄− γ̄(z̄)

)︁
=

1

2πi

∫︂
d2z Ka(z)∂̄

(︃
1

x− γ(z)

)︃
=

∮︂
dz

2πi

Ka(z)

x− γ(z)

=
∑︂
n∈Z

x−n−1

∮︂
dz

2πi
Ka(z)γn(z) ,

(4.87)

where we used ∂z̄
(︁
x−γ(z)

)︁−1
= 2π(−∂̄γ̄)δ(2)

(︁
x−γ(z)

)︁
, integrated over the antiholomorphic variable31

and finally expanded in powers x/γ(z). Analogously it was shown in [41] that the spacetime stress
sensor can be written as

T (x, x̄) = − 1

ik

∫︂
d2z

(︂
∂xJ

−(x; z)∂xV1(x, x̄; z, z̄) + 2V1(x, x̄; z, z̄)∂
2
xJ

−(x; z)
)︂
J̄−(x̄; z̄) ≃

∑︂
n∈Z

Ln
xn+2

,

(4.88)
with the spacetime Virasoro generators defined in (4.74). All such operators then are shown to satisfy
the expected OPEs inside the correlation functions:32

Ka(x)Kb(y) ∼ κ̃abk̃I
(x− y)2

+
ifabcKc(y)

x− y
,

T (x)T (y) ∼ 3kI
(x− y)4

+
2T (y)

(x− y)2
+
∂yT (y)

x− y
,

T (x)Ka(y) ∼ Ka(y)

(x− y)2
+
∂yKa(y)

x− y
,

(4.89)

30Notice that the complex Dirac delta δ(2)(x) was chosen so that is normalized to unit with respect to the complex
measure d2x ≡ dx̄ ∧ dx = 2i dRe(x) ∧ dIm(x):∫︂

d2x δ(2)(x) =

∫︂ (︁
2i dRe(x)dIm(x)

)︁
δ(2)(x) = 2i

∫︂
dθdr r

−i
2r
δ(θ)δ(r) = 1 .

31Recall that in our convention d2z = dz̄ ∧ dz, thus using Green’s formula (and get back to the cartesian coordinates
form z = x0 + ix1), we have that for any complex function that vanishes on the boundary∫︂

Σ

d2z ∂̄f(z, z̄) =

∮︂
∂Σ

dz f(z, z̄) .

32Here we drop the ‘antiholomorphic’ dependence x̄ since ∂x̄Ka and ∂x̄T only get contributions from contact terms when
inserted into correlator function, for more detail see [41].
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from which we see that indeed {Ka} are spacetime Virasoro primaries with spacetime weight h[Ka] = 1
that generates an affine algebra gk and the central charge of the spacetime theory is identified by (4.77).
Here the ‘central’ operator I is define by

I = − 1

ik2

∫︂
d2z J−(x; z)J̄−(x̄; z̄)V1(x, x̄; z, z̄) ≃

∮︂
dz

2πi

∂γ

γ
. (4.90)
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Chapter 5

The Tensionless String in AdS3

Having discussed the general features of string theory in AdS3, in this Chapter we will focus on a
particular curved background, namely

AdS3 × S3 × T4 . (5.1)

Note that, as required by critical superstring theory, such space is 10-dimensional. In particular, we
will be interested in exploring the dynamics of type IIB superstring in such background with a n5
NS-NS fluxes and no R-R flux. For n5 ≥ 2 this can be done in the usual RNS formalism by considering
a supersymmetric extension of a worldsheet WZW model based on the (reductive) Lie group

˜︂SL(2,R)× SU(2)× U(1)4 . (5.2)

The level of the model will be ultimately identified with the number of NS-NS fluxes, thus for such
model we will denote k ≡ n5. However, in the tensionless limit n5 = 1, the RNS formalism brakes
down and one is forced to use a different approach: the hybrid formalism. The name is reminiscent of
the fact that, while in the RNS formalism worldsheet supersymmetry is manifest, there exists another
approach in superstring theory called Green–Schwarz (GS) formalism that renders the target-space
supersymmetry evident, the hybrid framework then amounts to render some of the target supersym-
metry explicit while leaving the rest of the sectors of the theory to be treated in the RNS formalism.

In this Chapter we will first review the general features of the RNS formalism for application to the
supersymmetric extension of the WZW, thereafter focusing on the specific background stated above.
We will then explore the main results of the hybrid formalism showing its equivalence with the RNS
framework for n5 ≥ 2. Ultimately we will explore the consequence of considering the tensionless limit
n5 = 1 reviewing the main results regarding the spectrum in such limit and the so-called free field
realization of the model. We then close up by presenting an explicit calculation of the perturbative
string spectrum in the NS-NS sector that will be matched with the NS spectrum of the holographic
theory presented in the next Chapter.

5.1 The RNS Formalism
In the previous Chapter we have described the dynamics of bosonic strings in the AdS3 background.
Nevertheless, our primary interest will eventually lie in examining the superstring variant of such
model. In order to do so, let us start by considering how to generalize the WZW models discussed in
Chapter 3 to the supersymmetric setting.

We begin by considering a bosonic WZW model at level k based on a semi-simple, simply-connected
Lie group G. As we have seen, the model is characterized by the representation theory of the affine
algebra gk ⊕ gk generated by the affine currents Ja(z) satisfying

Ja(z)Jb(w) ∼ kκab

(z − w)2
+
ifabcJ

c(w)

z − w
, (5.3)

and similarly for the antiholomorphic components J̄a(z̄).
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We then extend such model requiring it to exhibit a N = (1, 1) supersymmetry.1 This is done by
introducing the worldsheet fermions ψa, which are thought as the fermionic superpartners of Ja. Since
they both belong to a supermultiplet, the transformation rule under the symmetry group G should be
the same for both, i.e. the adjoint representation of g:

Ja(z)ψb(w) ∼ ifabcψ
c(w)

z − w
. (5.4)

Moreover, the self-OPE of the fermions ψa should be covariant under G-transformations, thus should
be proportional to κab, and we can choose the canonical normalization

ψa(z)ψb(w) ∼ kκab

z − w
. (5.5)

We then have that the N = 1 supersymmetric extension of gk, denoted as g
(1)
k , is defined by following

OPEs:

Ja(z)Jb(w) ∼ kκab

(z − w)2
+
ifabcJ

c(w)

z − w
,

Ja(z)ψb(w) ∼ ifabcψ
c(w)

z − w
, ψa(z)ψb(w) ∼ kκab

z − w
,

(5.6)

and similar relations for the antiholomorphic sector. Notice that, as expected, it enjoys a N = 1 outer
automorphism given by:

δϵψ
a = ϵJa , δϵJ

a = ϵ∂ψa , (5.7)

where ϵ is a Grassman variable.
One could then study such supersymmetric model by analyzing the representation theory of g(1)k ,

but due to the non trivial interaction introduced in (5.4) this is generally difficult to discuss. On the
other hand, it turns out that one can decouple the fermions form the theory at cost of reducing the
level of the associate bosonic model. Indeed, defining a new set of bosonic currents (normal order is
understood)

Ja := Ja +
i

2k
fabc (ψ

bψc) , (5.8)

which gives the OPEs:

Ja(z)Jb(w) ∼ (k − h∨)κab

(z − w)2
+
ifabcJ

c(w)

z − w
,

Ja(z)ψb(w) ∼ regular , ψa(z)ψb(w) ∼ kκab

z − w
,

(5.9)

where h∨ is the dual Coxeter number of g define in (3.44). Hence, the g
(1)
k model can be described by

a bosonic g-WZW model at level (k − h∨) and a set of dim(g) free fermions, schematically

g
(1)
k

∼= gk−h∨ ⊕
(︁
dim(g) free fermions

)︁
. (5.10)

Moreover, from the Sugawara construction we found the stress-energy tensor and the generator of the
supersymmetric transformation (5.7) in terms of the new currents:

T (z) =
1

2k
κab

[︂
(JaJb)− (ψa∂ψb)

]︂
,

G(z) =
1

k

[︃
κabJ

aψb − 1

6k
ifabc(ψ

aψbψc)

]︃
,

(5.11)

1Here we mean that the model has a N = 1 SUSY in both holomorphic and antiholomorphic sector. In the following
we will focus on the former sector, the extension to the latter is trivial. If not differently specified, we will always take
equal amounts of supersymmetry in both sectors
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which can be shown to satisfy the N = 1 superconformal (or super-Virasoro) algebra

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

T (z)G(w) ∼ 3

2

G(w)

(z − w)2
+
∂G(w)

z − w
,

G(z)G(w) ∼ 2c/3

(z − w)3
+

2T (w)

z − w
,

(5.12)

with central charge

c
(︁
g
(1)
k

)︁
= dim(g)

(︃
k − h∨

k
+

1

2

)︃
, (5.13)

as expected from (5.10).

AdS3 × S3 × T4 Supersymmetric Model

In the rest of this thesis we will be mainly interest in the specific 10-dimensional background given by

AdS3 × S3 × T4 . (5.14)

Superstring theory in such background with pure NS-NS flux can thus be described in the RNS
formalism by a N = 1 WZW model based on2

˜︂SL(2,R)k × SU(2)k′ × U(1)4 . (5.15)

Observe that, in order to avoid the conformal anomaly, the central charge of the just specified matter
sector must cancel the one coming from the (b, c) conformal and (β, γ) superconformal ghost systems,
i.e.

0 = c
(︁
sl(2,R)(1)k

)︁
+ c
(︁
su(2)

(1)
k′
)︁
+ 4c

(︁
u(1)(1)

)︁
+ c
(︁
(b, c)

)︁
+ c
(︁
(β, γ)

)︁
= 3

(︃
k + 2

k
+

1

2

)︃
+ 3

(︃
k′ − 2

k
+

1

2

)︃
+ 6− 15 ,

(5.16)

which gets that levels of the ˜︂SL(2,R) and SU(2) groups must be the same:

k = k′ . (5.17)

Thus, even though the level of the ˜︂SL(2,R) WZW is not in principle quantized, it turn out that is this
model is since the one of the SU(2) model must be an integer (recall the discussion around (3.18)).
We will discuss the actual range of admissible levels in the next Section.

Finally, in the RNS formalism, the propagation of superstrings in the AdS3 × S3 × T4 background
is given by the WZW based on the affine algebras

sl(2,R)(1)k ⊕ su(2)
(1)
k ⊕

(︁
u(1)(1)

)︁4 ∼= sl(2,R)k+2 ⊕ su(2)k−2 ⊕
(︁
u(1)(1)

)︁4 ⊕ (6 free fermions) , (5.18)

in addition to the usual (b, c) and (β, γ) ghost systems.
In the following we then summarize the field content and the relevant OPEs of such model.

sl(2,R)(1)k Sector: As seen in general above, we can express the N = 1 extension of the sl(2,R)k
current algebra with a set of bosonic currents Ja satisfying the usual sl(2,R)k+2 current algebra, and
a set of free decoupled fermions ψa. In particular, as in the previous Chapter, we will mostly often
2Notice that for abelian group (like U(1)) the current algebra is trivial since the WZ term vanishes, thus the level of the
associated WZW is purely conventional (often chosen to have canonically normalized fields), so we will not bother to
indicate its level in general.
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choose a basis in which the only non-vanishing (inverse) Killing metric components and structure
constants of SL(2,R) are3

κ+−
sl = 1 = κ−+

sl , κ33sl = −1

2
, f+−

sl 3 = 2i , f3±sl ± = ∓i . (5.19)

Explicitly the OPEs reads

J3(z)J±(w) ∼ ±J±(w)

z − w
, J+(z)J−(w) ∼ k + 2

(z − w)2
− 2J3(w)

z − w
, J3(z)J3(w) ∼ −(k + 2)/2

(z − w)2
,

ψ±(z)ψ∓(w) ∼ k

z − w
, ψ3(z)ψ3(w) ∼ − k/2

z − w
.

(5.20)

The stress tensor and the supercurrent reads form (5.11)

Tsl = TJ + Tψ =
1

2k

(︂
J+J− + J−J+ − 2J3J3 − ψ+∂ψ− − ψ−∂ψ+ + 2ψ3∂ψ3

)︂
,

Gsl =
1

k

(︃
J+ψ− + J−ψ+ − 2J3ψ3 − 2

k
ψ+ψ−ψ3

)︃
,

(5.21)

and satisfy the N = 1 superconformal algebra (5.12) with central charge

csl = 3

(︃
k + 2

k
+

1

2

)︃
. (5.22)

Same expressions holds in the aniholomoprhic sector.

su(2)
(1)
k Sector: Here we denote the bosonic currents Ka and the decoupled fermionic ones as χa,

moreover we choose a basis in which

κ+−
su = 1 = κ−+

su , κ33su = +
1

2
, f+−

su 3 = −2i , f3±su ± = ∓i . (5.23)

The OPEs then get

K3(z)K±(w) ∼ ±K±(w)

z − w
, K+(z)K−(w) ∼ k − 2

(z − w)2
+

2K3(w)

z − w
, K3(z)K3(w) ∼ (k − 2)/2

(z − w)2
,

χ±(z)χ∓(w) ∼ k

z − w
, χ3(z)χ3(w) ∼ k/2

z − w
.

(5.24)
The stress tensor and the supercurrents now are given by

Tsu = TK + Tχ =
1

2k

(︂
K+K− +K−K+ + 2K3K3 − χ+∂χ− − χ−∂χ+ − 2χ3∂χ3

)︂
,

Gsu =
1

k

(︃
K+χ− +K−χ+ + 2K3χ3 +

2

k
χ+χ−χ3

)︃
,

(5.25)

and the central charge

csu = 3

(︃
k − 2

k
+

1

2

)︃
. (5.26)

3Be aware that in the literature many authors use many different conventions depending on the definition of the Killing
metric (which often differs by a factor of 2) and the structure constants (which can incorporate or not the factor of i).
In the end though the explicit form of the OPEs is quite the same across the publications.
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T4 Sector: The u(1) WZW model is basically equivalent to a free CFT. For reasons that will
become clear shortly, let organize the four bosons and four fermions into two couples of free complex
bosons Xi(z, z̄) and X∗

i (z, z̄) and two couples of free complex fermions ζi(z) and ζ∗i (z) (and their
antiholomorphic counterparts), with i ∈ {1, 2}.

The OPEs then reads similarly to the usual free models in Section 1.4.1 and Section 1.4.3, with a
slightly different normalization

Xi(z, z̄)X
∗
j (w, w̄) ∼ δij ln |z − w|2 , ζi(z)ζ

∗
j (w) ∼

δij
z − w

. (5.27)

The stress tensor and the supercurrent are

TT4 =
1

2
(∂X i∂X∗

i )−
1

2
(ζi∂ζ∗i + ζ∗i ∂ζ

i) ,

GT4 =
1

2
(∂X iζ∗i + ∂X∗

i ζ
i) ,

(5.28)

which satisfy the N = 1 superconformal algebra with cT4 = 6. Moreover, one can verify that actually,
if we consider separately the two term in GT4 and identify the U(1)R current as:

G+
T4 ≡ ∂X∗

i ζ
i , G−

T4 ≡ ∂X iζ∗i , JT4 ≡ 1

2
ζiζ∗i , (5.29)

they realize the N = 2 superconformal algebra4

T (z)T (w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

T (z)G±(w) =
3

2

G±(w)

(z − w)2
+
∂G±(w)

z − w
,

T (z)JR(w) =
JR(w)

(z − w)2
+
∂JR(w)

z − w
,

JR(z)G±(w) = ±1

2

G±(w)

z − w
,

JR(z)JR(w) =
c/12

(z − w)2
,

G+(z)G−(w) =
c/3

(z − w)3
+

2JR(w)

(z − w)2
+
T (w) + ∂JR(w)

z − w
.

(5.30)

Ghost Sector: The usual conformal and superconformal ghost systems are represented by a (bs, cs)-
system with weights (2,−1) and a (βs, γs) with weights (3/2,−1/2) described in Section 1.4.2, along
with their antiholomorphic counterparts.5

The OPEs then reads

bs(z)cs(w) ∼
1

z − w
, βs(z)γs(w) ∼ − 1

z − w
, (5.31)

and the stress tensor and the supercurrent

T gh
s = Tbsγs + Tbscs = cs∂bs + 2∂csbs −

1

2
γs∂βs −

3

2
∂γsβs ,

Ggh
s = −∂βscs −

3

2
βs∂cs +

1

2
bsγs ,

(5.32)

4This is a realization of a more general fact that a 2-dimensional N = 1 non-sigma model on a Riemannian manifold
(M, g) admits a N = 2 (N = 4) extension if and only if (M, g) is a (hyper-)Kähler manifold [45]. Notice that in the
only four-dimensional hyper-Kähler manifolds are T4 and K3.

5The subscript s stand for ‘string’-ghosts is used to distinguish for the ‘null’-ghost that we will introduce in the following
Chapters.
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which satisfy the N = 1 supercoformal algebra with central charge

cghs = c(bs, cs) + c(βs, γs) = −26 + 11 = −15 . (5.33)

Altogether, the total stress-energy tensor and supercurrent in the RNS formalism is given by the
combination of all the matter fields and the ghosts:

TRNS = Tm + T gh
s =

(︁
Tsl + Tsu + TT4

)︁
+ T gh

s ,

GRNS = Gm +Ggh
s =

(︁
Gsl +Gsu +GT4

)︁
+Ggh

s ,
(5.34)

which closes into the N = 1 superconformal algebra with c = 0 as expected. Then, the BRST-charge,
identified as the usual combination, is nilpotent:

Q0 =

∮︂
dz

2πi

[︃
cs

(︃
Tm +

1

2
T gh
s

)︃
− γs

(︃
Gm +

1

2
Ggh
s

)︃]︃
. (5.35)

5.2 The Hybrid Formalism
Let us analyze more closely the possible range of the level of the model (5.18). As we have seen
form the discussion of (4.5), the level k is actually associated to the number of NS-NS fluxes which is
related to the number of NS5-branes sourcing the background. Thus we will denote it by k ≡ n5, and
naturally restrict it to n5 ∈ Z>0.

On the other hand, consider the algebras sl(2,R)n5+2 and su(2)n5−2. From the discussion in the
previous chapters, we have that unitary representation of sl(2,R)(n5+2) exists only for n5 +2 ≥ 0 (see
(4.48)), while for su(2)n5−2 positivity of the central charge gets n5 − 2 ∈ Z≥0 ∪ Z<−2. Then, because
of the condition (5.17), if we impose the unitarity conditions on both sectors, we must take the level
of the full model to be n5 ∈ Z≥2.

It seems then that the RNS formalism do not allow the description for a model with a single unit
of NS-NS flux (n5 = 1), since in such case the su(2)−1 sector of the theory becomes non-unitary and
ghost start to propagate. We call this scenario the tensionless limit of the model.

In order to make sense of the theory in such limit, it will be necessary to express it in a different
formalism, where the worldsheet supersymmetry that is manifest in the RNS formalism is traded for
a subset of manifest spacetime supersymmetry in the target-space. We will refer at this formulation
as the hybrid formalism. In the following we will only present the final results that will be useful for
our purpose following [18]. The discussion will be valid for a generic level n5 ≥ 1, and we will then
specialize in the tensionless limit.

To start let us consider a series of redefinitions of the ghosts and fermionic RNS fields introduced in
the previous Section. We will focus on the holomorphic sector, but bare in mind that all the following
relations have an antiholomorphic counterpart. For the (βs, γs) ghosts we bosonize them by identifying

βs ≡ e−φs+χs∂χs , γs ≡ eφs−χs , (5.36)

where φs(z) and χs(z) are two (chiral) bosons and from (5.31) can see to satisfy the free OPE

φs(z)φs(w) ∼ − ln(z − w) , χs(z)χs(w) ∼ + ln(z − w) , (5.37)

and a background charge Qφs = 2 and Qχs = −1.6 Moreover we define a set of five free (chiral) bosons
Hi with i = 1, . . . , 5 (with no background charge) as

∂H1 ≡
1

n5
(ψ+ψ−) , ∂H2 ≡

1

n5
(χ+χ−) , ∂H3 ≡ − 2

n5
(ψ3χ3) ,

∂H4 ≡ (ζ1ζ
∗
1 ) , ∂H5 ≡ (ζ2ζ

∗
2 ) ,

(5.38)

6Here we use the conventions of Section 1.77 with α′ = ±2 respectively.
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whose OPE reads
Hi(z)Hj(w) ∼ δij ln(z − w) . (5.39)

The inverse map that gets back the RNS variables is given by

ψ± =
√
n5e

±H1 , χ± =
√
n5e

±H2 , ψ3 ± χ3 =
√
n5 e

±H3 ,

ζ1 = eH4 , ζ2 = eH5 , ζ∗1 = e−H4 , ζ∗2 = e−H5 .
(5.40)

We then define the hybrid field as7

pαβ ≡ e
α
2
H1+

β
2
H2−αβ

2
H3− 1

2
H4− 1

2
H5− 1

2
φs ,

θαβ ≡ e
α
2
H1+

β
2
H2+

αβ
2
H3+

1
2
H4+

1
2
H5+

1
2
φs ,

Ψ1 ≡ eH4+φs−χs , Ψ∗
1 ≡ e−H4−φs+χs ,

Ψ2 ≡ eH5+φs−χs , Ψ∗
2 ≡ e−H5−φs+χs ,

ρ ≡ −2φs −H4 −H5 + χs ,

(5.41)

where α, β ∈ {+,−} and which are found to obey the ‘free’ algebra

pαβ(z)θγδ(w) ∼ ϵαγϵβδ

z − w
,

Ψi(z)Ψ
∗
j (w) ∼

δij
z − w

, i, j ∈ {1, 2} ,

ρ(z)ρ(w) ∼ − ln(z − w) .

(5.42)

psu(1, 1|2)n5 Sector

Notice that fermions (pαβ , θαβ) realize four independent free bc-system with weights (1, 0). Moreover,
form them we can define the ‘fermionic’ currents

Ja(f) ≡ −1

2
τaαβϵµνp

αµθβν , Ka
(f) ≡ −1

2
ϵαβσ

a
µνp

αµθβν , (5.43)

where τa and σa are algebra’s generators in the spin-1/2 representation.8 Such currents can be shown
to generate a fermionic sl(2,R)−2 ⊕ su(2)2 current algebra,9 and can thus be combined with bosonic
currents generating sl(2,R)n5+2 ⊕ su(2)n5−2 so that

Ja = Ja + Ja(f) , and Ka = Ka +Ka
(f) (5.44)

generates a bosonic sl(2,R)n5 ⊕ su(2)n5 . On the other hand, with a bit of work, once can also identify
the spacetime supercharges in the hybrid formalism [46]. These are given by:

Sαβ+ = pαβ ,

Sαβ− = −(τa)
α
γ

(︃
Ja +

1

2
Ja(f)

)︃
θγβ + (σa)

β
γ

(︃
Ka +

1

2
Ka

(f)

)︃
θαγ − n5∂θ

αβ ,
(5.45)

Notice then that half of the spacetime supersymmetry generators are manifestly present in the hybrid
formulation through the fields pαβ . Moreover, using the above OPEs, one can show that the above
7In particular ρ has background charge Qρ = 3 (in units of α′ = 2). Moreover, will be more clear in the next Section,
the indices in notation for pαβ and θαβ reflect the fact they transform in the bispinor representation (2,2) of the
sl(2,R)⊕su(2) algebra instead that the vector representation as in the RNS formalism. Indeed the indices α, β ∈ {+,−}
represent respectively the charge of the fields under the CSA generators J3 and K3 defined in the next paragraph.

8In these conventions (σa)µ
ν are the usual Pauli matrices, which differ by a sing in the a = − component form the

(τa)µ
ν . Here the adjoint index a is raised/lowered with the appropriate Killing metric κ, whereas the spinor indices

µ, ν ∈ {+,−} are raised and lowered with the ‘spinor metric’ ϵµν and ϵµν , with ϵ+− = 1 = −ϵ+−.
9These are in fact the fermionic bilinears appearing in (5.8) expressed in the hybrid variables.
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currents satisfy the psu(1, 1|2)n5 algebra:

Ja(z)Ja(w) ∼
n5κ

ab
sl

(z − w)2
+
ifabsl cJ

c(w)

z − w
,

Ka(z)Ka(w) ∼ n5κ
ab
su

(z − w)2
+
ifabsu cK

c(w)

z − w
,

Ja(z)Sαβγ(w) ∼ (τa)αµ S
µβγ(w)

2(z − w)
,

Ka(z)Sαβγ(w) =
(σa)βµ S

ανγ(w)

2(z − w)
,

Sαβγ(z)Sµνρ(w) = −n5ϵ
αµϵβνϵγρ

(z − w)2
+
ϵβνϵγρ(τa)

αµJa(w)− ϵαµϵγρ(σa)
βνKa(w)

z − w
.

(5.46)

This is not totally surprising, indeed, since the condition (5.17) sets the same level for the sl(2,R)(1)k
and su(2)

(1)
k current superalgebras, one could expect to be able to embed them into the current algebra

of the supergroup defined in terms of supermatrices as10

PSU(1, 1|2) =

{︄
M ∈ SL(2|2,C)

⃓⃓⃓⃓
⃓ M †HM = H ≡

(︃
η1,1 0
0 12

)︃}︄/︃
U(1) , (5.47)

whose bosonic subalgebra is indeed sl(2,R)⊕ su(2).11 Indeed, schematically it can be represented as

PSU(1, 1|2) ∼=
(︃

SL(2,R) supercharges
supercharges SU(2)

)︃
(5.48)

Moreover it has been shown that the current algebra generated by Ja, Ka and the (pαβ , θαβ) system
can be described by the supersymmetric WZW model based on PSU(1, 1|2)n5 . The stress energy
tensor of such theory can be computed form the (super) Sugawara construction, which can be be
expressed in terms of the usual bosonic stress tensor build out of Ja,Ka and the stress tensor of the
(pαβ , θαβ) system:

Tpsu =
1

2n5

(︃
J+J− + J−J+ − 2J3J3 +K+K− +K−K+ + 2K3K3 +

1

2
ϵαβϵγδϵρσS

αγρSβδσ
)︃

= TJ + TK + Tpθ ,
(5.49)

where TJ and TK are the bosonic stress tensors defined in (5.21)–(5.25), while Tpθ = −pαµ∂θαµ is
the stress tensor of the (pαβ , θαβ) system. Such stress tensor indeed satisfy the Virasoro algebra with
central charge cpsu = −2, which could also be guessed form the formula of the central charge of the
(super) WZW model:

c
(︁
psu(1, 1|2)n5

)︁
=
n5 Sdim

(︁
psu(1, 1|2)

)︁
n5 + h∨

= −2 , (5.50)

where we used that the ‘superdimension’ is defined by the difference of the number of Grassman-even
and Grassman-odd generators of the superalgebra, thus Sdim

(︁
psu(1, 1|2)

)︁
= 6− 8 = −2, and that the

dual Coxeter number of psu(1, 1|2) vanishes. Notice that then the central charge is independent from
the level of the model. Moreover it matches the central charge of the the sl(2,R)n5+2 ⊕ su(2)n5−2 ⊕
(pαβ , θαβ):

c
(︁
sl(2,R)n5+2

)︁
+ c
(︁
su(2)n5−2

)︁
+ 4 c

(︁
(p, θ)

)︁
=

3(n5 + 2)

n5
+

3(n5 − 2)

n5
+ 4 · (−2) = −2. (5.51)

We will see in the next Section that, despite having a negative central charge, the psu(1, 1|2)n5 algebra
admits unitary representation for all values of n5 ≥ 1.
10The special unitary supergroup is defined as the following combination of Grassman-even and Grassman-odd matrices
SL(2|2;C) = {M = (A B

C D )
⃓⃓
A,D ∈ Meven

2×2 (C), B,C ∈ Modd
2×2(C), Sdet(M) = 1}, while the center subgroup in this case

is U(1) = {α14 | α ∈ C, |α| = 1}. Here η1,1 = diag(−1, 1).
11Recall that su(1, 1) ∼= sl(2,R).
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Topological Twist

The remaining sector of the theory is then given by the ρ free field with Qρ = 3, the (bs, cs) ghost
system and the complex free bosons Xi, X

∗
i and fermions Ψi,Ψ

∗
i . Regarding these latter, one can

verify from the definitions (5.41) that Ψi have conformal dimensions (0, 0) and Ψ∗
i have (1, 0) weights

instead,12 which seems odd since usually the free fermion theory is defined for (1/2, 0) weighted fields.
Moreover, notice that imposing the total central charge of the model to vanish (as it does in the RNS
case, and required by Weyl-anomaly cancellation), impose the the vanishing of the central charge of
the (Xi,Ψi) sector, indeed

0 = c
(︁
psu(1, 1|2)n5

)︁
+ c(ρ) + c

(︁
(bs, cs)

)︁
+ c
(︁
(Xi,Ψi)

)︁
= −2 + (1 + 3Q2

ρ)− 26 + c
(︁
(Xi,Ψi)

)︁
= 0 + c

(︁
(Xi,Ψi)

)︁
.

(5.52)

This again is in contrast with the usual free theories we have so far studied. The solution to both
these issues is to consider a so called topological twist of the T4 theory. In general, this consists in
shifting the stress tensor T of a N = 2 theory by the U(1)R current generating the R-symmetry:

T± ≡ T ± JR , T ± ≡ T ± J̄R , (5.53)

where the sign choices are independent. The effect of the twist is then to shift the conformal weight of
a field form (h, h̄) → (h± q, h̄± q̄) where (q, q̄) are the R-charges of the field. In the case of T = T+,
the N = 2 topologically twisted algebra reads

T+(z) T+(w) =
2 T+(w)
(z − w)2

+
∂T+(w)
z − w

,

T+(z)G+(w) =
G+(w)

(z − w)2
+
∂G+(w)

z − w
,

T+(z)G−(w) =
2G−(w)

(z − w)2
+
∂G−(w)

z − w
,

T+(z)JR(w) = − c/6

(z − w)3
+

JR(w)

(z − w)2
+
∂JR(w)

z − w
,

JR(z)G±(w) = ±1

2

G±(w)

z − w
,

JR(z)JR(w) =
c/12

(z − w)2
,

G+(z)G−(w) =
c/3

(z − w)3
+

2JR(w)

(z − w)2
+

T+(w)
z − w

.

(5.54)

Notice that indeed the supercharges G± that have R-charges q± = ∓1/2 have their weight shifted
to h+ = 1 and h− = 2 respectively as one can see from the second and third line. Moreover, notice
form the first line that the new topologically twisted stress tensor satisfy the Virasoro algebra with
vanishing central charge.

Then, one can identify the following combinations of the Xi and Ψi fields:

TT4 ≡ ∂X i∂X∗
i −Ψ∗

i ∂Ψ
i , JR

T4 ≡ 1

2
ΨiΨ∗

i ,

G+
T4 ≡ ∂X∗

i Ψ
i , G−

T4 ≡ ∂X iΨ∗
i ,

(5.55)

which satisfy indeed the algebra (5.54) and shifts the conformal dimension of the free fermion Ψi and
Ψ∗
i are indeed (0, 0) and (1, 0) repsectivelly.

12Using the conventions of Section 1.4.1 one find for example that h[Ψ1] = h[eH4eφse−χs ] = 1
2
− 3

2
+ 1 = 0.
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RNS-Hybrid Equivalence

Having identified all the components of the hybrid formalism, we can finally show the equivalence
between the RNS and the hybrid formalism by matching the stress-energy tensors. Indeed, the RNS
stress tensor was identified in (5.34), while in the hybrid variables we have

T hyb = Tpsu + Tbscs + Tρ + TT4 (5.56)

where these are defined by (5.49)–(5.32)–(5.55) and Tρ = −1
2(∂ρ)

2 + 3
2∂

2ρ. Then one can verify that
expressing the hybrid filds back to the RNS fields we find

TRNS = T hyb . (5.57)

Moreover, as previously observed, the total central charge in both formalism is vanishing. For future
reference we also report the BRST-charge (5.35) in terms of the hybrid fields:

Q0 =

∮︂
dz

2πi
Jbrst(z) =

∮︂
dz

2πi
(J0 + J1 + J2)(z) , (5.58)

where
J0 = (Tpsu + TT4 + Tρ) cs + ∂cs(bscs)− G+

T4 − ∂
(︁
∂ρ cs − ∂cs + 2J R

T4 cs
)︁
,

J1 =
e−ρ

2
√
n5

[︂
(ϵµν(τa)αβ J

a + ϵαβ(σa)µν K
a) pανpβν − 4ϵαβ ϵµν p

αµpβν
]︂
,

J2 = −e−2ρp+p+p−+p−−(G−
T4 + bs) .

(5.59)

The hybrid formalism describing strings propagating in the AdS3×S3×T4 with n5 NS-NS fluxes can
thus be summarized schematically as

psu(1, 1|2)n5 ⊕
[︁
(bs, cs) and ρ ghosts

]︁
⊕
[︁
topologically twisted T4

]︁
. (5.60)

5.3 The Tensionless Limit
As for now, we have worked for a generic value of n5 ∈ Z≥1. In this Section we will be interest in
studying the tensionless limit n5 = 1 and see how the just derived hybrid formalism is indeed useful
for doing so. We will first review some main results about the representation theory of the psu(1, 1|2)1
seeing it admits unitary representations and express its spectrum. Subsequently we will present a
so-called (minimal) free field realization of the psu(1, 1|2)1 current algebra in the hybrid formalism.

5.3.1 Representations of psu(1, 1|2)1
The representation theory for n5 ≥ 1 has been studied in [20]. We highlight here the main results of
that paper.

As done for the case of sl(2,R)k in Chapter 4, we start by considering the highest-weight represen-
tations of psu(1, 1|2) . These can be decomposed in terms of the bosonic subalgebra sl(2,R)⊕ su(2).
For the sl(2,R), the highest-weight representation are the one studied in Section 4.3 and which repre-
sent the short and long strings wound around the AdS3 cylinder denoted by D±

j and Cλj , whereas the
irreducible representations of su(2) are the usual ones denoted by n and characterized by their ‘spin’
ℓ ∈ {0, 12 , 1, . . . } which sets their Casimir Csu = ℓ(ℓ+1) and dimension n = 2ℓ+1. Their combination
then gives the irreducible representations of sl(2,R)⊕ su(2):(︁

D±
j ,n

)︁
,
(︁
Cλj ,n

)︁
. (5.61)

Aside from the bosonic subalgebra, the psu(1, 1|2) superalgebra includes the eight extra fermionic
generators Sαβγ0 – i.e. the zero-modes of the supercurrents defined in (5.45). These act on a states in
the

(︁
Cλj ,n

)︁
representation as

Sαβγ0 :
(︁
Cλj ,n

)︁
−→

(︃
C
λ+

α
2

j+
α
2
,n+ β

)︃
, (5.62)
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as can be verified by using the commutations relations obtained form (5.46).13 Then, since Sαβ+0 and
Sαβ−0 anticommute with themselves (see last line of (5.46)), we can identify them as raising/lowering
operators. Thus by acting with such modes on

(︁
Cλj ,n

)︁
we obtain the Clifford module:14

(Cλj ,n)
(Cλ+

1
2

j+ 1
2

,n+ 1) (Cλ+
1
2

j+ 1
2

,n− 1) (Cλ+
1
2

j− 1
2

,n+ 1) (Cλ+
1
2

j− 1
2

,n− 1)

(Cλj+1,n) (Cλj ,n+ 2) 2 · (Cλj ,n) (Cλj ,n− 2) (Cλj−1,n)

(Cλ+
1
2

j+ 1
2

,n + 1) (Cλ+
1
2

j+ 1
2

,n− 1) (Cλ+
1
2

j− 1
2

,n+ 1) (Cλ+
1
2

j− 1
2

,n− 1)

(Cλj ,n)

(5.63)

Notice that for n = 1,2 the Clifford module get reduced, since negative-dimension representations are
not allowed. An identical construction can be done for the discrete representation D±

j . Finally, the
set spanned by the action of negative-modded psu(1, 1|2)n5 currents acting the Clifford modules gives
the affine modules of the affine algebra.

Let’s then turn to the tensionless limit n5 = 1. In this condition we have that highest-weight states
are only allowed to transform in the n = 1 and n = 2 representations of su(2)1 ⊂ psu(1, 1|2)1,15 and
thus the Clifford module (5.63) gets shortened. In particular, it turns out that exists only a unique
Clifford structure given by (︂

Cλj , 2
)︂

(︃
C
λ+

1
2

j+
1
2

,1

)︃ (︃
C
λ+

1
2

j−1
2

,1

)︃
.

(5.64)

Actually, the only highest-weight representations allowed are the continuous representations with
j = 1

2 , which is unitary, whereas the all discrete representation are forbidden.16 Thus the only
multiplets allowed in the psu(1, 1|2)1 algebra have the form(︂

Cλ1
2

, 2
)︂

(︃
C
λ+

1
2

1 ,1

)︃ (︃
C
λ+

1
2

0 ,1

)︃
,

(5.65)

which will be collectively denoted as Fλ with λ ∈ [0, 1], including in it also the trivial representation.17

Acting with negative-modded currents then gives the affine modules F̂λ.
Moreover, as seen for sl(2,R)k, also for psu(1, 1|2)n5 there exists an outer automorphism that leaves

the algebra unchanged – i.e. the psu(1, 1|2)n5 spectral flow with w ∈ Z:

σ(w)(J3
n) = J3

n +
n5w

2
δn,0 , σ(w)(J±

n ) = J±
n∓w ,

σ(w)(K3
n) = K3

n +
n5w

2
δn,0 , σ(w)(K±

n ) = K±
n±w ,

σ(w)(Sαβγn ) = Sαβγ
n+ 1

2
w(β−α) . (5.66)

Notice that the spectral flow is carried out simultaneously in both component of the bosonic subalgebra
sl(2,R)⊕ su(2), and this has the effect of keeping the supercharges integer modded. Moreover, while
13Such action reflect the fact that the supercharges Sαβγ0 transform in the bispinor representation 2 · (2,2) of the bosonic

subalgebra.
14Recall that λ ∈ R/Z, thus Cλ+1/2

j
∼= Cλ−1/2

j .
15Similarly to the Maldacena-Ouguri bound, for su(2)k unitary highest-weight representation only exists for ℓ ≤ k/2,

thus n = 3 is not unitary in su(2)1.
16Indeed remember that continuous representations are unitary if j = 1

2
+ is, with s ∈ R representing the radial

momentum of the long string. Moreover, the fact that continuous representations with non-zero momentum and
discrete representations are not allowed can be heuristically understood by recalling the fact that the level n5 sets the
radius of AdS3 (and now also of S3) in units of the string length (see (4.5), and thus for n5 = 1 the strings have the
same length of the AdS3 and then cannot propagate inside it – i.e. no short strings states and no long strings for s ̸= 0.

17The trivial representation ρ0 is not formally part of the above module, but is related by spectral flow to F1/2, which
is actually reducible since C1/2

1/2 = D+
1/2 ⊕ D−

1/2. Indeed σ(±1)(ρ0) ∼= F1/2, this give rise to a new ‘secret’ sector of the
spectrum, we will however ignore these complications in the following.
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spectral flow for su(2)k do not generate new representations (it just ‘reshuffle’ them), we have seen
that for sl(2,R)k it does. Ultimately, identical expression holds for the antiholomorphic currents with
the same spectral flow amount w, since we need to consider the global AdS3. Under such spectral flow
the Virasoro generators shift as

σ(w)(Lm) = Lm + w(K3
m − J3

m) . (5.67)

Finally then, one express the spectrum of the psu(1, 1|2)1 WZW model as18

H =
⨁︂
w∈Z

∫︂ 1

0
dλ σ(w)(F̂λ)⊗ σ(w)(F̂λ) . (5.68)

As a final note, observe that the unflowed w = 0 representations are actually non-unitary (e.g.
Cλ+1/2
1 is not unitary, see (4.36)) and thus should not be considered in the physical spectrum.19

5.3.2 Free Field Realization

Another exceptional fact regarding the tensionless limit of the psu(1, 1|2)n5 algebra is that at n5 = 1 its
algebra can be described by a free theory. This can be understood as a consequence of the shortening
condition seen above. The (minimal) free field realization of psu(1, 1|2)1 is archived in the hybrid
formalism by considering, in addition to the hybrid fields (5.41), a new βγ-system of weights (1, 0)
(see Section 1.4.2) whose field are denoted by β+(z) and γ−(z),20 which satisfy the free OPE

β+(z)γ−(w) = − 1

z − w
. (5.69)

Then the psu(1, 1|2)1 generators can be expressed as [16, 47]

J+ = β+ , K+ = −p++θ−+ ,

J3 = γ−β+ − 1

2
ϵαβ p

+αθ−β , K3 =
1

2
(p++θ−− + p+−θ−+) ,

J− = γ−
(︁
γ−β+ − ϵαβ p

+αθ−β
)︁
− ∂γ− , K− = p+−θ−− ,

S+++ = p++ , S+−+ = p+− ,

S−−+ = −γ−p+− , S−++ = −γ−p++ ,

S+−− = −β+θ−− , S++− = −β+θ−+ ,

S−+− =
(︁
β+γ− − ϵαβ p

+αθ−β
)︁
θ−+ , S−−− =

(︁
β+γ− − ϵαβ p

+αθ−β
)︁
θ−− ,

(5.70)

which indeed closes on the algebra (5.46) at level n5 = 1. Notice then that, in contrast with the hybrid
formalism for n5 > 1 we have now a that all the fields appearing in the above relations are free, and
thus the WZW action of the PSU(1, 1|2)1 model in the tensionless limit can be expressed as the free
action21

Spsu =
1

2π

∫︂
d2z

[︁
β+∂̄γ− + β̄+∂γ̄− + p+α∂̄θ+α + p̄+α∂θ̄+α

]︁
. (5.71)

Furthermore, observe that, comparing with the first three with the Wakimoto realization (4.55) one
identifies indeed β+ and γ− with the Wakimoto variables living on the boundary Φ = +∞ and
generating the bosonic sl(2,R)3 algebra.22

18Also in this case we take a ‘diagonal’ combination of the holomorphic and antiholomorphic sector which gives a modular
invariant partition function and single-valued correlators.

19In fact, as we will see shortly, imposing the Virasoro contains on unflowed continuous states forces the total descendant
level to be vanish in both holomorphic and antiholomorphic sector, which is not compatible with the GSO projection
that requires their difference to be an positive half-integer number (in the NS-sector). We have seen a version of this
for the tachyonic modes in Section 4.3.

20The signs here reflect their J3-charge, as one can verify from the form of the current given ben below and the psu(1, 1|2)1
OPEs (5.46).

21We lowered the the indices using ϵαβ .
22In fact, all the free fields in (5.71) have a natural interpretation in the boundary of AdS3. We can indeed interpret
PSU(1, 1|2) as the global group of N = (4, 0) superconformal transformation, where the x-coordinate on the boundary
is associate to x↔ γ− and ∂x ↔ β+ (as we have seen in the Wakimoto realization), and θ+α represents the Grassman-
odd N = (2, 0) supercoordinate θ+α ↔ ϑα and p+α ↔ ∂

∂ϑα
. Similarly holds for the antiholomorphic part.
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However, consider now the full model (5.60). As as pointed out in [18], only half of the (pαβ , θαβ)
appear above, namely (p+β , θ−β). Hence there is no longer a bijective map between the RNS and the
hybrid fields. As shown in [18] one can reinstate such connection by enlarging the field content to
a non-minimal free field realization by including the reaming (p−β , θ+β) systems and adding a new
βγ-system ‘conjugate’ to the one given by (β+, γ−) with weights (1, 0) and J3-charge J3 = ∓1, namely
(π−α, λ+β), with OPE

π−α(z)λ+β(w) ∼ ϵαβ

z − w
. (5.72)

Then one is able to express the above currents with such fields and recover the RNS-hybrid map.
Finally the minimal free field realization is recovered by projecting onto the cohomology of a particular
constraining ‘BRST’ charge given by combination of these new field:

Qcon =

∮︂
dz

2πi
Jcon =

∮︂
dz

2πi

[︂
ϵµν λ

+µ
(︁
p−ν + γ−p+ν

)︁]︂
, (5.73)

Such charge is found to be nilpotent and anticommute with the usual superconformal BRST-charge
(5.58), and thus can be applied independently and allows to consistently quantize the model. Finally,
both the minimal and non-minimal realization have been shown to correctly reproduce the spectrum
(5.68).

Up to this point, however, there is no particular need to use the non-minimal realization (beside
reinstating the RNS-Hybrid map), in fact all the quantities in the psu(1, 1|2)1-sector, included its
BRST-charge, can be expressed using the minimal realization.23. We will get back to the necessity of
non-minimal realization when discussing the null-gauging procedure in the hybrid formalism.

5.3.3 Perturbative Worldsheet Spectrum

Having established the connection between the hybrid and RNS formalism, we now turn to explicitly
compute the perturbative string spectrum. We will first leave n5 not fixed and only set it to n5 = 1
at the moment of the matching. As reviewed in Section 2.4.1, in the BRST formalism this is done
by considering the cohomology space with respect to the BRST-charge, which in superstring setting
gets that physical operators must be primaries with respect to the super-Virasoro algebra, giving the
conditions (2.98)–(2.99) on the matter sector:

(Ltot
0 − ν) |phys⟩ = 0 , and

{︄
Ltot
m |phys⟩ = 0 , m > 0 ,

Gtot
r |phys⟩ = 0 , r ≥ ν ,

(5.74)

where ν = 1/2, 0 in the NS and R sector respectively. Identical conditions must hold also in the
antiholomorphic sector (with possibly different ν̄). The total Virasoro generator can be spectrally
flowed (we allowed independent spectral flow for the sl(2,R) and su(2) sectors) of our model is given
by

Ltot
0 = Lsl

0 + Lsu
0 + LT4

0

=

[︃
−j(j − 1)

n5
− wm− n5

4
w2 +Nsl

]︃
+

[︃
ℓ(ℓ+ 1)

n5
+ w′m′ +

n5
4
w′2 +Nsu

]︃
+ [hT4 +NT4 ] ,

(5.75)

where mi are the eigenvalues of the CSA generators of sl(2,R) and su(2), wi are the spectral flows in
the respective sectors , hT4 is the weight of a primary of LT4

0 and Ntot = Nsl + Nsu + NT4 represent
the total level of the state.

In the following we will focus on the NS-NS sector of the spectrum, and thus for a (Ntot, N̄tot)-
descendant of a Virasoro primary the on-shell condition reads:

0 =Ltot
0 − 1

2
= −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w′m′ − wm+

n5
4
(w′2 − w2) + hT4 +Ntot −

1

2
,

0 =L̄tot
0 − 1

2
= −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w̄′m̄′ − wm̄+

n5
4
(w̄′2 − w2) + h̄T4 + N̄tot −

1

2
.

(5.76)

23Actually, one doesn’t either require the latter as he can just express all the quantities with the psu(1, 1|2)1 currents.
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Notice that we are forced to take w = w̄ for considering the universal cover ˜︂SL(2,R), and j = j̄
and ℓ = ℓ̄ since we consider the diagonal combination of representation in the spectrum. Moreover,
as discussed in Section 4.4.1, we identify as the spacetime dimension of the state the spectrally flow
eigenvalue of the CSA generator of sl(2,R) – i.e.24

h
(w)
0 ≡ m+

n5w

2
, and h̄

(w)
0 ≡ m̄+

n5w

2
. (5.77)

In order to later specialize in the tensionless limit, we will consider only the continuous representations
with momentum s ∈ R, i.e. we set j = 1/2 + is. Solving the constraints (5.76) for m and m̄ inserting
into (5.77) gives:

h
(w)
0 =

6n5
24

w2 − 1

w
+

s2

n5w
+
Lsu
0

w
+
hT4

w
+
Ntot

w
, h̄

(w)
0 =

6n5
24

w2 − 1

w
+

s2

n5w
+
L̄su
0

w
+
h̄T4

w
+
N̄tot

w
. (5.78)

Moreover, recall that for the continuous representations m = λ+Z and m̄ = λ̄+Z for some λ, λ̄ ∈ [0, 1],
but that since we are taking the diagonal combination of representations in the holomorphic and
antiholomorphic sector, we have that λ = λ̄ and thus

h
(w)
0 − h̄

(w)
0 ∈ Z . (5.79)

At last, one should impose the GSO projection to eliminate the tachyon and ensure spacetime su-
persymmetry (see Section 2.4.2). In terms of the total level of excitation Ntot, the G-parity operator
(2.109) can be expressed as

G = (−1)2Ntot+1 . (5.80)

The GSO projection then amounts only keep G-positive states in the NS-sector, which translates into
considering only half-integer levels of total excitations. When also considering the spectral flow one
need to impose [13]

Ntot +
1

2
+
w

2
∈ N , and N̄tot +

1

2
+
w

2
∈ N . (5.81)

We will now pass in the following Chapter to describe the dual holographic theory and leave the
matching of the spectra to the last Section.

24We add a subscript-0 in order to distinguish form the weights of the deformed theory presented in the next Chapter.
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Chapter 6

The Holographic CFT

As foreshadowed multiple times during this thesis, the model presented in the previous Chapter has
some peculiar holographic features. In particular, it has been argued [20, 21, 48–50] that the IIB
superstring theory in AdS3×S3 × T4 with n5 = 1 unit of NS-NS flux is exactly dual to the so-called
symmetric orbifold theory of T4, schematically

Pure NS-NS strings on
AdS3 × S3 × T4

with n5 = 1
⇐⇒ Sym(T4) . (6.1)

Such relation only holds in the tensionless limit where the full non-protected spectrum has been
matched between the two sides of the duality.1 Note moreover that not only the spectrum but also the
protected and unprotected correlators was shown to match. We will not however review all the details
of this duality, and instead we will just focus on showing how to match the single-particle spectra.

The aim of this Chapter is then to provide the fundamental tools to discuss the orbifold theories,
first giving a general introduction and afterwards specializing to the case at hand. The first Section
will describe in general the orbifold theories, with an emphasis on the symmetric orbifold construction;
thereafter we will present the symmetric orbifold theory of T4 and obtain its single-particle spectrum.
Finally in the last Section we will show the matching between the single-particle spectrum in the NS-
sector of the orbifold and the worldsheet theory, which was derived in the last Section of the previous
Chapter.

The first Section will mostly follow the classical references [28, 29, 51], while the presentation of the
second Section is also fairly typical and we followed the notation of [52, 53].

6.1 Orbifolds

We start by considering a Riemannian manifold (M, h) and a discrete group G of its isometries, then
an orbifold O of M is given by the quotient (topological) space

O = M/G ≡ M/(p ∼ g · p) , (6.2)

where thus two points p1, p2 ∈ M are mapped to the same point in the orbifold if exists some discrete
isometry g ∈ G such that p1 = g · p2. Notice that the action of G is not required to act freely on M
– i.e. M could have some fixed point p ∈ M (or more generally fixed subspaces) with respect to the
action of G: p ∼ g · p – and hence the orbifold O could presents some singular points (or singular
subspaces in general), and then is not generally a smooth manifold.

As prototypical example one can think at M = R2 ≃ C and G = ZN which acts by rotating z ∈ C
by an angle of 2π/N around the origin: z ↦→ e2πi/Nz. Then the origin z = 0 is clearly a fixed point
and constitutes a singular point of the orbifold R2/ZN , which is a cone with apex angle 2π/N .

One can then build a (2-dimensional) CFT based on O starting from a sigma model CFT on M –
i.e. a CFT with fields that maps between the worldsheet and the target manifold Φ : Σ → M. The
1For the protected (BPS) sector, the duality still holds for n5 ≥ 2, but it fails in the other sectors.
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equivalence relation (6.2) now reads in terms of fields:2

Φ(z) ∼ g · Φ(z) , g ∈ G . (6.3)

Furthermore, if the worldsheet is compactified in some direction, e.g. x1 ∼ x1 + 2π, requiring the
periodicity of Φ(z) on M, on the orbifold translates into requiring the g-twisted boundary condition

Φ(e2πiz) = (g · Φ)(z) , (6.4)

for some g ∈ G. Hence, on the orbifold, the field Φ(z) is allowed to exhibit a non-trivial monodromy.
This will be the reason responsible for much of the richness of CFTs defined on orbifold. Moreover,
observe that the twisted boundary conditions are labeled by conjungacy classes of G. In fact (6.4)
holds, for g, h ∈ G

(h · Φ)(e2πiz) =
(︁
hgh−1 · (h · Φ)

)︁
(z) , (6.5)

but form (6.3) Φ and h · Φ are equivalent on the orbifold theory, and thus the twisted boundary
condition for g and hgh−1 are also equivalent.

6.1.1 Symmetric Orbifold CFTs

In the following of this work we will be interest in a particular type of orbifold CFTs based on the
so-called symmetric orbifold.

In order to understand such theories, consider N copies of the target manifold M and define the
permutation orbifold by

M ≀ Ω := M⊗N/Ω , (6.6)

where M⊗N :=

N times⏟ ⏞⏞ ⏟
M⊗ · · · ⊗M and Ω ⊆ SN is a subgroup of the symmetric group SN – i.e. a

subgroup of the permutation of N objects.3 Then a CFT defined on such permutation orbifold can be
reconstructed starting from the seed theory on M. If the fundamental fields on the latter are labeled
by Φ, on the former they are collected in the N -tuple Φ =

(︁
Φ(1), . . . ,Φ(N)

)︁
, on which a permutation

π ∈ Ω naturally acts as
π ·Φ =

(︂
Φ(π(1)), . . . ,Φ(π(N))

)︂
. (6.7)

Finally, if we choose Ω = SN , we obtain the so-called symmetric orbifold

SymN (M) := M ≀ SN ≡ M⊗N/SN . (6.8)

Notice that the central charge of the symmetric orbifold theory cN is related to the seed theory central
charge c by: cN = Nc.

Before focusing on a specific theory, we will make some general remarks about the general structure
of the Hilbert space of the symmetric orbifold CFTs.

Hilbert Space

The Hilbert space of a symmetric orbifold CFT can be thought as split into two main sectors.
The so-called untwisted sector is represented by the set of states of the ‘upstairs’ theory which are

invariant under the action of the orbifold group G. On the other hand, because twisted boundary
conditions are now possible, the Hilbert space of the orbifold theory now admits new configurations
that are labeled by conjugacy classes of G, these define the so-called twisted sectors. Notice that, given
a representative g ∈ G of the conjugacy class [g], the states in the g-twisted sector must be invariant
under the stabilizer subgroup with respect to g:

Ng ≡ {h ∈ G |hgh−1 = g} . (6.9)
2We use as always the complex variables z = exp

(︁
x0 + ix1

)︁
on the Riemann sphere.

3Notice that indeed SN is a discrete group of the isometries of M⊗N , and thus we get a well-defined orbifold.
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Formally then, if we denote by InvNg(Hg) the set of Ng-invariant states that satisfy the g-twisted
boundary condition, the full Hilbert space on the orbifold theory is given by

H =
⨁︂
g∈C

InvNg(Hg) , (6.10)

where C is any complete set of representatives of the conjugacy class of G and Hid is the Hilbert space
of the seed theory.

In the case of the symmetric orbifold, the states in the untwisted sector takes the form∑︂
π∈SN

⃓⃓
ψπ(1)

⟩︁
⊗ · · · ⊗

⃓⃓
ψπ(N)

⟩︁
∈ InvG(Hid) , (6.11)

where |ψi⟩ ∈ Hid are states in the seed theory. For the twisted sector, consider that conjugacy classes
of the symmetric group are labeled by cycle types – i.e. a set {ω1, ω2, . . . } that identify an integer
partition of N : ∑︂

k

ωk = N , (6.12)

for some set of positive integers wk ∈ N. Thus a representative permutation π ∈ SN of the cycle type
{ω1, ω2, . . . } can be chosen as

π = (1 · · ·ω1) ◦ (ω1 + 1 · · ·ω2 + ω1 + 1) ◦ · · · . (6.13)

Single-Cycle Sector

For holographic application we will be later interested in only single-cycle permutations, for which a
representative read

πω ≡ (1 · · ·ω) , (6.14)

that cyclically permutes the first 1 < ω ≤ N elements. Then the stabilizer subgroup of πω is Nπω
∼=

Zω × SN−ω and a generic element of the (single-cycle) ω-twisted sector is given by∑︂
π∈SN−ω

|ψ⟩(ω) ⊗
⃓⃓
ψπ(ω+1)

⟩︁
⊗ · · · ⊗

⃓⃓
ψπ(N)

⟩︁
, (6.15)

where |ψ⟩(ω) is associated (through the state-operator map) to a so-called (bare) twist field σω that
satisfy

Φ(e2πiz)σω(0) = πω ·Φ(z)σω(0) . (6.16)

In the following we will be mostly interested in single-particle states of the orbifold theory, which are
defined by taking the (seed theory) ground state |0⟩ for all the remaining N−ω states. We will denote
such states directly by |ψ⟩(ω).

Notice then that (chiral) fields in the ω-twisted sector – i.e. in presence of a ω-twist field σω –
admits a mode expansion with ω-fractional modes:

Φ(k)(z) =
1

ω

∑︂
m
ω
+h∈ Z

ω

φm/ω e
−2πi

(︁
m
ω
+h

)︁
(k−1)z−

m
ω
−h , with φm/ω ≡

∮︂
dz

2πi

ω∑︂
k=1

Φ(k)(z)e2πi
(︁
m
ω
+h

)︁
(k−1)z

m
ω
+h−1

(6.17)
where k = 1, . . . , ω and h is the (holomorphic) conformal dimension of Φ(z) in the seed theory.4 Then
for integer weights h ∈ Z (the case of half-integer weights will be discussed in the next Section), the
fractional mode number takes values in m ∈ Z and thus such expansion naturally implements the
ω-twisted boundary condition (6.16)

Φ(k)(e2πiz) = Φ(k+1)(z) , k ∈ Z/ω , (6.18)
4We denote the conformal dimensions of the holographic theory with a calligraphic font h to momentarily distinguish
them form the eigenvalue h of the spectrally flowed generator J3 in the worldsheet. The two will be however ultimately
matched.
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1 2 3 ω ω + 1 N
Figure 6.1: Representation of the single-cycle ω-twisted boundary condition (6.18) in a symmetric orbifold of
order N .

and hence the integrand in the definition of φm/ω is well-defined. One can then ‘untwist’ the sector by
build a single-valued field Φ̃ which is thought to be lifted to a Riemann surface with ω sheets called
the covering space, and which implements the different components of Φ as functions on the different
branches.

On the covering space the z coordinate is not globally defined and one needs to use a different
coordinate system t. The covering map z(t) then depends on the number of insertions of twist fields
and is not in general easy to construct. In the case of a single twist field σω(z0) the covering map
locally around z = z0 takes the form

z − z0 ≃ (t− t0)
ω , (6.19)

where t0 is the image of z0. As another example, in presence of two twist fields σω(0) and σω(∞)
inserted at the infinite ‘past’ z = 0 and infinite ‘future’ z = ∞ (recall z is defined on the Riemann
sphere), the covering map locally reads

z(t) ≃ tω . (6.20)
With this latter relation we can show that the fractional Virasoro generators still satisfy the Virasoro
algebra, and also we can determine the conformal dimension of the twist fields. To do so, let us
specialize the previous relations to the (holomorphic) stress-energy tensor T (z), for which the relation
(6.17) reads

Lm/ω =

∮︂
dz

2πi

ω∑︂
k=1

T (k)(z)e2πi
m
ω
(k−1)z

m
ω
+1 . (6.21)

Using now the holomorphic transformation (6.20), since T (z) is quasi-primary, we obtain from inverting
(1.53)

T (z) =
1

z′(t)2

(︂˜︁T (t)− c

12
S{z, t}

)︂
, (6.22)

where T (z) = T (k)(z) for arg(z) = x1 ∈ [2π(k − 1), 2πk], c is the seed theory central charge, and the
Schwarzian derivative reads

S{z, t} =
z′′′(t)

z′(t)
− 3

2

(︃
z′′(t)

z′(t)

)︃2

=
1− ω2

2t2
. (6.23)

Expressing then the Virasoro modes on the covering space as usual gets

˜︁Lm ≡
∮︂

dt

2πi
tm+1 ˜︁T (t) = wLm/ω − δm,0

c

24
(ω2 − 1) . (6.24)

Requiring that they satisfy the usual Virasoro algebra (with central charge c) leads to imposing the
commutation relation

[Lm/ω, Ln/ω] =
m− n

ω
L(m+n)/ω +

cω

12

m

ω

(︃(︂m
ω

)︂2
− 1

)︃
δm+n,0 , (6.25)
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known as fraction Virasoro algebra. Observe that central charge in the in the ω-twisted sector depends
on ω: cω = ωc. Moreover, one can get the conformal dimension of the ω-twisted vacuum |0⟩(ω) ≡
σω(0) |0⟩ (and thus the associated twist field) by noticing that, on the covering space, the twist fields
are represented by insertion of the identity, thus ˜︁L0 |0⟩(ω) = 0 and then from (6.24) we get

L0 |0⟩(ω) =
c

24

ω2 − 1

ω
σω(0) |0⟩ , (6.26)

from which we read the conformal dimension of the ω-twist field:

h[σω] =
c

24

ω2 − 1

ω
. (6.27)

As a final note, consider again the mode expansion (6.17). As pointed out before, the nature of the
fractional mode number m depends on the weight of the field Φ. If we consider now a primary chiral
field Φ of weight (h, 0) in presence of a single ω-twist field, we can lift it to the covering space using
the map (6.19) (we choose z0 = 0 = t0 for convenience). The transformation rule for primary operator
(1.19) gets

Φ(z) =

(︃
∂z(t)

∂t

)︃−h ˜︁Φ(t) = ωt−h(ω−1)˜︁Φ(t) , (6.28)

where Φ(z) = Φ(k)(z) for arg z ∈ [2π(k − 1), 2πk]. Thus the monodromy for the cover field reads

˜︁Φ(e2πit) = (︁e2πih)︁ω−1˜︁Φ(t) , (6.29)

where we used that on the base space the ω-twisted boundary condition (6.18) implicate that Φ(e2πiwz) =
Φ(z). Thus for h ∈ Z the field ˜︁Φ(t) is periodic in all ω-twisted sectors, while for h ∈ Z+1/2, the cover
field is antiperiodic for the even ω-twisted sectors and periodic for the odd ω-twisted sectors. In sight
of this we interpret the even ω-twisted sectors as the Ramond sector of the covering theory, and the
odd ones as the Neveu-Schwarz sector.

6.2 The Symmetric Orbifold of T4

As anticipated, for holographic applications, we will now focus on the particular seed theory given by
the N = (4, 4) SCFT on M = T4. Such theory enjoys an SU(2) R-symmetry for both the holomorphic
and antiholomorphic sector, denoted by SU(2)R×SU(2)R; moreover, if we consider the ‘uncompatified’
version of T4 (i.e. R4) the theory presents a global SO(4) ∼= SU(2)1 × SU(2)2 symmetry.5 Then the
seed theory can be described by a free field realization that involves four free (compact) real scalars
XAȦ and four free (Majorana) fermionic superpartners ψαA and ψ

ᾱA with the action given the usual
free actions (1.77) and (1.120) (with different normalizations for later convenience):

S =
1

4π

∫︂
d2z

[︂
∂XAȦ∂̄X

AȦ + ψαA∂̄ψαA + ψ
ᾱA
∂ψᾱA

]︂
. (6.30)

Here and in the following the SU(2)R × SU(2)R indices are α, ᾱ = +,− and the ‘spinor’ indices of
SU(2)1 × SU(2)2 are A, Ȧ = +,−.6

From the action one gets the OPEs

XAȦ(z, z̄)XBḂ(w, w̄) ∼ −ϵABϵȦḂ ln |z − w|2 , ψαA(z)ψβB(w) ∼ ϵαβϵAB

z − w
, (6.31)

5Such symmetry will be ultimately broken when considering T4 and so we would not bother in computing its conserved
current, nonetheless it would be a useful organizing principle in the following.

6As usual in supersymmetric settings, indices are lowered by ϵαβ and ϵAB and their dotted/barred versions, and raised by
the respective inverses, such that e.g. ϵαβϵβγ = δγα. Notice also that the four free bosons in the bispinor representation
of SU(2)1 × SU(2)2 are related to the the usual ones in the vector representation of SO(4) by XAȦ = i√

2
Xi(σi)AȦ,

where i = 1, . . . , 4, σi are the Pauli matrices for i = 1, 2, 3 and σ4 = i12, so that (σi)AȦ(σi)BḂ = −2ϵABϵȦḂ .
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and the expressions for the (holomorphic) stress-energy tensor T (z), supercurrents Gα
Ȧ
(z) and R-

symmetry generators J a(z) (a = 1, 2, 3 are the adjoint indices of SU(2)R):

T (z) = −1

2
ϵȦḂϵAB∂XAȦ∂XBḂ − 1

2
ϵABϵαβψ

αAψβB ,

Gα
Ȧ
(z) =

i√
2
ψαA∂XAȦ

J a(z) =
1

2
√
2
ϵABϵαβψ

αA(σ∗a)βγψ
γB ,

(6.32)

where normal order is understood and similar relations holds for the antiholomorphic components.
One then can verify that the previous charges satisfy the N = (4, 0) superconformal current algebra

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

Gα
Ȧ
(z)Gβ

Ḃ
(w) ∼ − c

3

ϵȦḂϵ
αβ

(z − w)3
+ ϵȦḂϵ

βγ(σ∗a)αγ

[︃
2Ja(w)

(z − w)2
+
∂J a(w)

z − w

]︃
− ϵȦḂϵ

αβ T (w)

z − w
,

J a(z)J b(w) ∼ c

12

δab

(z − w)2
+
iϵabcJ

c(w)

z − w
,

T (z)Gα
Ȧ
(w) ∼

3
2G

α
Ȧ
(w)

(z − w)2
+
∂Gα

Ȧ
(w)

z − w
,

T (z)J a(w) ∼ J a(w)

(z − w)2
+
∂J a(w)

z − w
,

J a(z)Gα
Ȧ
(w) ∼ 1

2(σ
∗a)αβ

Gβ
Ȧ
(w)

z − w
,

(6.33)

with central charge c = 4 + 4(1/2) = 6 as desired.

We can then consider the symmetric orbifold theory

SymN (T4) ≡ (T4)⊗N/SN . (6.34)

As seen in general in the previous Section, in the (single cycle) ω-twisted sector of the theory, the
fields can be fractionally modded. For the bosonic fields ∂XAȦ we can then define the single-valued
field ∂ ˜︁XAȦ(t) which is periodic on the cover space (since h[∂XAȦ] = 1) and (in presence of ω-twist
field) can be fractionally modded as

αAȦ,n
ω
= i

∮︂
dt

2πi
tω

n
ω ∂XAȦ(t) = i

∮︂
dz

2πi

ω∑︂
k=1

∂X
(k)

AȦ
(z)e2πi

n
ω
(k−1)z

n
ω , (6.35)

which relates the expression on the covering space to the one on the base space (6.17). As observed
before, here n ∈ Z. Moreover, using the expression in the cover space and the (lifted) OPE (6.31) is
easy to see that such modes satisfy the commutation relation[︂

αAȦ,n
ω
, αBḂ,m

ω

]︂
= −

∮︂
C′

dt1
2πi

∮︂
Ct1

dt2
2πi

tn1 t
m
2 ∂t1

˜︁XAȦ(t1)∂t2
˜︁XBḂ(t2) =

n

ω
ϵABϵȦḂδm+n,0 , (6.36)

and the highest weight condition7

αAȦ,n
ω
|0⟩(ω) ⊗ |0⟩ ⊗ · · · ⊗ |0⟩⏞ ⏟⏟ ⏞

(N−ω) times

= 0 , for n ≥ 0 . (6.37)

7For states with no winding nor momentum along T4.
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Thus, excitations of the ω-twisted vacuum are generated by negative modes. Moreover, the commu-
tation relation with the cover Virasoro generators (6.24) gets[︂˜︁Ln, αAȦ,m

ω

]︂
= −mαAȦ,n+m

ω
, (6.38)

thus, when applied to a state with weight h̃ on the cover theory, such modes change the conformal
dimension to h̃ → h̃ −m. Similarly we can define the modes in the antiholomorphic sector, denoted
as ᾱAȦ, n̄

ω
.

For the fermions h[ψαA] = 1/2 and we choose to work in the NS-sector of the covering theory,
where the fermions are periodic on the t-plane (and thus antiperiodic on the cylinder) – i.e. ω is odd.
Analogously to the bosons, we identify the fractional modes (here we insert an imaginary prefactor
for later convenience)

ψαAn
ω
− 1

2

=

∮︂
dt

2πi
wtω

(︁
n
ω
− 1

2

)︁
− 1

2ψαA(t) =

∮︂
dz

2πi

ω∑︂
k=1

(︁
ψ(k)

)︁αA
(z)e2πi

n
ω
(k−1)z

n
ω
−1 , (6.39)

where now n ∈ Z+1/2. Such modes again can be seen to satisfy the usual anticommutation relations
and the highest weight condition {︃

ψαAn
ω
− 1

2

, ψβBm
ω
+ 1

2

}︃
= ϵαβϵABδn+m,0 ,

ψαAn
ω
− 1

2

|0⟩(ω) ⊗ |0⟩⊗(N−ω) = 0 , for n >
ω

2
,[︂˜︁L0, ψ

αA
m
ω
− 1

2

]︂
= −mψαAm

ω
− 1

2

.

(6.40)

Hence negative modes generate excitations on the ω-twisted vacuum and change the covering conformal
weight by h̃ → h̃ −m. We denote the antiholomorphic modes as ψᾱAn̄

ω
− 1

2
. Observe also that, because

n is half-integer and ω is odd, in the NS-sector the are no fermionic ‘zero-modes’ that can generate
a Clifford algebra and thus the vacuum in each odd ω-twisted sectors is unique and is identified with
the NS-vacuum upon lifting it to the cover theory:8

|0⟩(ω) ⊗ |0⟩ ⊗ · · · ⊗ |0⟩ −→ |0⟩NS , for ω odd . (6.41)

Notice now that, modding the N = 4 superconformal algebra (6.33), one can show that it enjoys
the following automorphism9

Ln = L̂n + ηĴ 3
n +

η2c

24
δn,0 ,

Gβ
Ȧ,n

= Ĝβ
Ȧ,n+ 1

2
ηβ
,

J ±
n = Ĵ ±

n±η ,

J 3
n = Ĵ 3

n +
ηc

12
δn,0 ,

(6.42)

where Ln, Gβ
Ȧ,n

and J a
n are the (possibly fractional) modes of the stress tensor, supercurrent and

R-current respectively. Same formulas apply for the antiholomorphic sector. We will reefer at such
automorphism as N = 4-spectral flow. Here η ∈ Z is the ‘amount’ of spectral flow, if it is an odd
number, it maps the R-sector to the NS-sector of the theory and vice versa. The bosonic modes (6.35)
are not effected by such transformation (in fact are uncharged under the R-symmetry), while the
fermionic modes transform as:

ψ±A
n
ω

= ψ̂±A
n
ω
∓ η

2
. (6.43)

8For the R-sector n ∈ Z and ω is even, thus such fermionic ‘zero-modes’ are possible and generate a 16-fold degeneracy
of the R-vacuum.

9Actually, because of the R-symmetry there is a three parametric family of automorphisms, here we show the one with
respect to J 3.
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Single-Cycle Spectrum of SymN (T4)

Finally, considering the general remarks of the previous Section around (6.15), one can compute the
single-particle spectrum of the orbifold theory. This is obtained starting form the ω-twisted ground
state and acting on it with excitations modes. The generic single-particle state in the odd ω-twisted
sector of the orbifold theory is schematically given by

αA1Ȧ1,−n1
ω
ᾱ
A2Ȧ2,− n̄1

ω
· · ·ψαℓAℓ−ni

ω
− 1

2

ψ
ᾱℓ+1Aℓ+1

−
n̄j
ω
− 1

2

· · · |0⟩NS , (6.44)

whose (base space) conformal dimensions is then10

h
(ω)
0 =

ω2 − 1

4ω
+
N̂

ω
, h̄

(ω)
0 =

ω2 − 1

4ω
+

ˆ̄N

ω
, (6.45)

where the first term in both expression comes from the NS-vacuum weight (6.27) with c = 6, and the
second one represent the (fractional) excitation levels where N̂ =

∑︁
i ni ∈ N and ˆ̄N =

∑︁
j n̄j ∈ N.

Moreover, in order for such state live on the NS-NS-sector of the cover theory, one must require it to
be of integer spin – i.e. h − h̄ ∈ Z – which imply the ‘level matching’ condition

N̂ − ˆ̄N ≡ 0 mod ω . (6.46)

6.3 Matching Spectra
Comparing the worldsheet expressions (5.78)–(5.79) with (6.45)–(6.46) in the spacetime theory we
recognize a similar structure. In [46] it was shown that the worldsheet spectrum (5.78) actually match
with the spectrum of the symmetric orbifold whose seed theory is the combination of the N = 4
T4-theory described above and an additional Liouville theory with a central charge c = 6(n5 − 1) and
a (small) N = 4 algebra:

SymN

(︃[︂
N = 4 Liouville with c = 6(n5 − 1)

]︂
⊕ T4

)︃
. (6.47)

Specializing then in the tensionless limit n5 = 1, the Liouville theory get a vanishing central charge
and completely decouples, leaving only the T4-theory. Choosing then the ground state in the T4-sector
of the worldsheet (i.e. hT4 = 0) and setting the momentum s = 0 (c.f. the discussion around (5.65)),
the match of the two spectra provide the following holographic dictionary:

h
(ω)
0 = h

(w)
0 , ω = w , N̂ = Ntot . (6.48)

That is, the conformal weight of a state with N̂ excitations in the single-cycle ω-twisted sector of
the spacetime theory match the eigenvalue of the w-spectrally flowed Cartan generator of sl(2,R)
associated to a state with an equal number of excitations. Moreover, from the matching of the
excitations levels we have that Ntot ∈ N and thus, by the GSO projection (5.81) we need to require w
to be an odd number, coherently matching the sector of the spacetime theory. Let us remark that in
the case of n5 > 1 the holographic theory (6.47) correctly reproduces only the long string states of the
bulk side, leaving out the short string described by the discrete representations. On the other hand, for
n5 = 1, we have seen that the shortening condition restricts the spectrum only to the representations
defined in (5.65), and thus the symmetric orbifold theory completely reproduces all the string state
states, making the holographic relation exact. A similar analysis in the R-sector has been done in [54].

Lastly, notice that that the length ω of the twisted sector in the spacetime orbifold theory is in
principle bounded by the number N ∈ N of copies in the orbifold. In order to actually match the
spectral flow parameter w, which is unbounded,11 we need to consider the limit of N → +∞. In
10We again add a subscript-0 to denote the result from the undeformed theory, and also explicitly report the dipendence

on ω.
11Throughout this whole discussion we have assumed w ≥ 0, since, as we noted after (4.67), the opposite sign only

amounts to consider outgoing states instead of ingoing one.
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addition, if we compare the central charge of the N -orbifold theory, i.e. cN = cN = 6N , with the one
expected one of the spacetime theory (4.77), we immediately realize that the order of the orbifold is
given by the number of fundamental strings on the boundary:

N = n1 . (6.49)

This is consistent with the perturbative analysis of the spectrum made above which was obtained in
the perturbative regime of the string coupling that, as argued in Section 2.5.2, is valid as long as
g2s = v4/n1 ≪ 1.12

12Actually the matching of correlators and partition functions at finite N is possible if one consider as the dual theory
as in a ‘grand canonical ensemble’ defined by [50, 55]

Sym(T4) ≡
⨁︂
N∈N

SymN (T4) .
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Chapter 7

Deforming the Tensionless Model

In the previous Chapters we have established the connection between the worldsheet theory on AdS3×
S3×T4 and the symmetric orbifold theory at the level of the perturbative spectrum in the NS-sector,
which represents only one particular manifestation of the duality, among several others, that together
give strong evidences of the AdS/CFT correspondence (6.1).

In this Chapter, we will finally tackle the main matter of this project. We will in fact extend the
previous models by adding a deformation on both the worldsheet and the orbifold theory. On the
former this can be realized through the null-gauging formalism introduced in Section 3.3.2 by choosing
appropriately the gauge currents, which will have the effect of producing a background interpolating
between the IR near-horizon geometry AdS3×S3×T4 and the UV asymptotic linear dilaton background
Rρ × S3 × T4 × Rt × S1

y .1 On the other hand, we will argue that on the spacetime dual theory the
correspondent deformation takes the form of a symmetric orbifold of so-called single-trace TT -deformed
CFT, which will push the seed theory along an irrelevant direction in the renormalization group (RG)
flow.

The duality between these two theory has been an active and vibrant field of study in recent years
and many efforts have been invested in exploring the holographic relation that we can schematically
summarize as

J+J̄+-deformation of
pure NS-NS strings on

AdS3 × S3 × T4 with n5 = 1

⇐⇒ single-trace TT -deformed
Sym

(︁
T4
)︁ . (7.1)

Notice that after the deformations, on the string side we no longer have a pure AdS space, and the
dual theory will no longer be a CFT, thus the above is an example of an holography duality that
extends the AdS/CFT paradigm.

Inspired by the foundational works [23, 27, 56] and the latest studies [18, 55], the main purpose
of this Chapter is to match of the perturbative spectra in the two theories, providing an additional
support to the relation (7.1) and shining some light on its holographic dictionary.

The first Section will be devoted to the worldsheet theory, applying the null-gauged and hybrid
formalism previously presented to model of interest and obtain the perturbative spectrum in the NS-
sector of the theory. We will mainly use the notation introduced in the previous Chapter based on
[18]. In following Section will then focus on the dual theory, presenting the TT -deformation first for a
general QFT and afterwords specializing to the case of the CFTs and in the end the spectrum of the
symmetric orbifold is obtained. The subject of such this part has been well studied in recent years,
we follow the presentations of [57–59]. Finally, in the last Section we will perform the matching and
obtain the holographic dictionary.

1More precisely, in our case, the IR geometry is actually the one of a massless, non rotating extremal BTZ black hole.
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7.1 The Worldsheet Gauged Model
Let us start by considering the description on the worldsheet. In particular, we are interested in a
class of N = (1, 1) extension of the null-gauged WZW models described by the coset2

G

H
=
˜︂SL(2,R)× SU(2)× Rt × U(1)y

U(1)L × U(1)R
× U(1)4 , (7.2)

where we introduced another non-compact time-like direction t (in addition to the one in ˜︂SL(2,R))
and a compact space-like direction y ∼ y + 2πRy. Observe that the (2 + 10)-dimensional ‘upstairs’
target-space AdS3 × S3 × T4 × Rt × S1

y is reduced to a (1 + 9)-dimensional space by the gauging of
two null directions. As we are interested in studying the tensionless limit of such model, we will take
its level to be n5 = 1.3 Let’s now see explicitly how to write the model.

The ‘Upstairs’ Model

We have seen in Chapter 5 that in the tensionless limit, the propagation of strings in AdS3 × S3 ×T4

is described in the hybrid formalism which schematically reads

psu(1, 1|2)1 ⊕
[︁
(bs, cs) and ρ ghosts

]︁
⊕
[︁
topologically twisted T4

]︁
, (7.3)

and, in the free field realization, the action can then be expressed as

Shyb = Spsu + Sbc + Sρ + ST4

=
1

2π

∫︂
d2z

[︁
β+∂̄γ− + β̄+∂γ̄− + p+α∂̄θ+α + p̄+α∂θ̄+α

]︁
+

+
1

2π

∫︂
d2z

[︁
bs∂̄cs + b̄s∂cs

]︁
+

1

4π

∫︂
d2z

[︃
∂ρ∂̄ρ+

3

2
R(2)ρ

]︃
+ ST4 ,

(7.4)

where the first was given in (5.71), the second is the usual action for the (bs, cs) conformal ghost
system and the third is the action of the ρ boson with background charge Qρ = 3. Here we do not
specify the action for the (topologically twisted) T4 sector as it will not participate in the gauging.

Now we want to add a Rt × S1
y factor to the background. In the RNS formalism this could be done

by adding the N = (1, 1) action

St,y =
1

2π

∫︂
d2ẑ

[︁
−Dt̂D̄t̂+DŷD̄ŷ

]︁
=

1

2π

∫︂
d2z

[︁
∂̄x+∂x− + λ+∂̄λ− + λ̄+∂λ̄−

]︁
, (7.5)

where d2ẑ ≡ d2z d2ϑ, D ≡ ∂ϑ + ϑ∂z and t̂(z, z̄) ≡ t(z, z̄) + iϑλt(z) + iϑ̄λ̄t(z̄) (similarly ŷ(z, z̄)) are the
N = (1, 1) superspace measure, derivative and superfield respectively.4 In the second expression we
have identified the null variables x̂± = ŷ ± t̂, whose OPE then are normalized as

x+(z, z̄)x−(w, w̄) ∼ − ln |z − w|2, and λ+(z)λ−(w) ∼ 1

z − w
. (7.6)

In the following we will see that we need to modify the hybrid variables and the free-field realization
to account for these new directions. However, for now we try to work in with the framework we have
described so far and come back to this point in due time.

The total action of the ‘upstairs’ model then taken to be

S0 = Shyb + St,y . (7.7)
2Note that, in the notation of Section 3.3.2, the gauge group is H = U(1), which then chirally realized through two
embeddings. Moreover, globally, we actually gauge a combination R× U(1).

3Recall that this only reefers to the non-abelian subgroup SL(2,R) × SU(2), while for the abelian parts is chosen such
that the associated fields are canonically normalized.

4Actually the superfield should have an additional ‘F-term’ ϑϑ̄F t, however it completely decouple since the action is
free. Here ϑ, ϑ̄ are the Grassman-odd coordinates of the superspace.
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Null-Gauging

We can now specify the gauging sector. Our choice is to gauge the U(1)L × U(1)R currents identified
by

JL ≡ εJ+ + ∂x− and JR ≡ εJ̄+ + ∂̄x+ , (7.8)

where J+(z) = β+(z) is the null sl(2,R)(1)1 ⊂ psu(1, 1|2)1 current in the free field realization (5.70)
and ε ∈ R is a constant. Notice that the terms in the currents are separately null, and thus the whole
currents are null:

JL(z)JL(w) ∼ ε2β+β+ + 2ε∂x−β+ + ∂x−∂x− = 0 ,

JR(z̄)JR(w̄) ∼ ε2β̄+β̄+ + 2ε∂x+β̄+ + ∂x+∂x+ = 0 .

(7.9)

Thus the gauging will be null and we can consistently gauge the model avoiding the gauge anomaly.
From the conserved currents (7.8) we can then infer the transformations on the fields by means of the
general formula:5

δαᾱX(w, w̄) ≡ −[Qα + Q̄ᾱ, X(w, w̄)] = −
∮︂
Cw

dz

2πi
α(z, w̄)JL(z)X(w, w̄)−

∮︂
Cw

dz̄

2πi
ᾱ(w, z̄)JR(z̄)X(w, w̄)

= −Res
z=w

α(z, w̄)JL(z)X(w, w̄)− Res
z̄=w̄

ᾱ(w, z̄)JR(z̄)X(w, w̄) ,

(7.10)

where X(w, w̄) is some field combination and α(z, z̄) and ᾱ(z, z̄) are two generic function.
One then can for example compute how X = x−(w, w̄) transforms under the symmetry that generates
(7.8) by using the OPE listed above:

δαᾱx
−(w, w̄) = −Res

z=w
α(z, w̄)JL(z)x

−(w, w̄)− Res
z̄=w̄

ᾱ(w, z̄)JR(z̄)x
−(w, w̄) =

= −Res
z̄=w̄

ᾱ(w, z̄)∂̄x+(z̄)x−(w, w̄) =

= −Res
z̄=w̄

ᾱ(w, z̄)
−1

z̄ − w̄
= ᾱ(w, w̄) .

(7.11)

As for X = γ−(w) we have:

δαᾱγ
−(w) = −Res

z=w
α(z, w̄)εβ+(z)γ−(w) =

= −εRes
z=w

α(z, w̄)
−1

z − w
= εα(w, w̄) .

Similarly we can compute the other. All in all, the currents (7.8) have following action in the fields:

x+ ↦−→ x+ + α(z, z̄) , γ− ↦−→ γ− + εα(z, z̄) ,

x− ↦−→ x− + ᾱ(z, z̄) , γ̄− ↦−→ γ̄− + εᾱ(z, z̄) .
(7.12)

Notice that β+ and β̄+ are not modified, so under these transformations the currents (7.8) transform
as:

JL ↦−→ JL + ∂ᾱ, JR ↦−→ JR + ∂̄α ,

which would be invariant if we restrict to α and ᾱ to be holomorphic and antiholomorphic respectively.
Thus, in order to gauge (7.7) with respect to the transformations (7.12), we modify the action by:

S = S0 + SA = S0 +
1

2π

∫︂
d2z
(︂
AJR + ĀJL − ΣAĀ

)︂
, (7.13)

where A and Ā represent the right and left embeddings of the U(1) gauge potential and Σ is some
gauge-invariant combination of fields which is fixed by requiring that the action is invariant under the
transformations (7.12) in addition with the usual U(1) gauge transformations:

A ↦−→ A− ∂ᾱ, Ā ↦−→ Ā− ∂̄α . (7.14)
5This is a generalization of (1.35).
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Thus we have we demand the gauge invariance under (7.12)–(7.14) by imposing:

δαᾱS =
1

2π

∫︂
d2z

[︃
∂̄α
(︂
∂x− + εβ+ − JL +A(1 + Σ)

)︂
+ ∂ᾱ

(︂
∂̄x+ + εβ̄+ − JR + Ā(1 + Σ)

)︂
+

+∂̄α∂ᾱ
(︂
1− 1− 1− Σ

)︂]︃
!
= 0 ,

(7.15)

which fixes Σ = −1.
Finally, integrating out A and Ā through the equations of motions A = −JL and Ā = −JR, we get

the action takes the form:

S =
1

2π

∫︂
d2z

(︂
β+∂̄(γ−− εx+)+ β̄+∂(γ̄−− εx−)+ p+α∂̄θ+α+ p̄+α∂θ̄+α− ε2β+β̄+

)︂
+Sbc+Sρ+ST4 .

(7.16)
Notice that it is now manifestly invariant under the residual gauge transformations (7.12), and thus
we can choose a gauge fixing. At the classical level, we can can choose the gauge x± = 0, for which
the action reads

S =
1

2π

∫︂
d2z

(︂
β+∂̄γ− + β̄+∂γ̄− + p+α∂̄θ+α + p̄+α∂θ̄+α − ε2β+β̄+

)︂
+ Sbc + Sρ + ST4 . (7.17)

Thus the effect of the null-gauging it to deform the upstairs theory with an additional term proportional
to the J+J̄+ currents.6. Notice also that the deformation parameter λ ≡ ε2 > 0 has a definite sign,
however, the actual value of ε is not physical since it ca be changed by a rescaling of the coordinates
x±. At the classical level (for n5 > 1), this model reproduce the metric of the NS5-F1 system in the
fivebrane decoupling limit described in Section (2.5.2), which interpolates between BTZ×S3×T4 and
and the linear dilaton regime [23].

Enlarged Hybrid Fields

We will now turn to the discussion of the quantum setting. As discussed in Section 3.3.2, gauge fixing
the null-gauged action introduces a new set of null gauge (super)ghosts that we denote by (bn, cn) and
(βn, γn) which realize a bc and βγ system with (holomorphic) weights (1, 0) and (12 ,

1
2) respectively,

along with their antiholomorphic counterparts. Observe that the the gauge ghost realize a N = 1
superconformal algebra with central charge cghn = −3 which then cancel the additional contribution
brought by the additional (t, y)-sector:

c
(︁
t̂
)︁
+ c (ŷ) + c ((bn, cn)) + c ((βn, γn)) =

3

2
+

3

2
− 2− 1 = 0 , (7.18)

so that the gauged-fixed model has no Weyl anomaly and the the superstring theory is well-defined.
Then the BRST-charge enforcing the gauge-invariance is given by the N = 1 extension of (3.78):

Qnull =

∮︂
dz

2πi

[︂
cnJL + γnΛL

]︂
, Q̄null =

∮︂
d̄z

2πi

[︂
c̄nJR + γ̄nΛR

]︂
, (7.19)

where JL and JR are exactly the gauge currents (7.8),7 and ΛL and ΛR are the superpartners of the
gauge currents:

ΛL = εψ+ + iλ− , ΛR = εψ̄+ + iλ̄+ . (7.20)
However, if we now try to express the fermion ψ+ in the hybrid variables using the map (5.40)
we quickly realize is not possible. Indeed, as advertised above, one needs to extend the content of
the hybrid fields to accommodate the new variables. In particular, following [18], if we define the
quantities8

X0, X
∗
0 ≡

(︁
t± y

)︁
, ζ0, ζ

∗
0 ≡ i

(︁
λt ± λy

)︁
, (7.21)

6Such deformation is often referred to be marginal (in the RG sense) since is described by an operator whose scaling
dimension is equal the dimension of the worldsheet: ∆[J+J̄+] = h[J+J̄+] + h̄[J+J̄+] = 1 + 1 = 2 = d

7Notice that, since the gauge group H = U(1) is abelian, there gauge ghost currents in (3.78) vanishes.
8These are actually real fields, nonetheless the complex-conjugate notation is used to make them consistent with the flat
T4-variables (5.27). Moreover, the normalizations are chosen so that the X0X

∗
0 -OPE and the ζ0ζ∗0 -OPE are normalized

as (5.27).
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we can bosonize the fermions by adding an additional free scalar H6 (with no background charge):

∂H6 = λyλt , eH6 = λt + λy , e−H6 = λt − λy , (7.22)

and similarly for the gauge ghosts by introducing two free bosons φn χn with background charge
Qφn = 0 and Qχn = 1 such that

βn = e−φn+χn∂χn , γn = eφn−χn , (7.23)

and the OPE reads

φn(z)φn(w) ∼ − ln(z − w) , χn(z)χn(w) ∼ + ln(z − w) . (7.24)

The enlarged hybrid fields are now9

pαβ = e
α
2
H1+

β
2
H2−αβ

2
H3− 1

2
H4− 1

2
H5− 1

2
H6− 1

2
φs+

1
2
φn ,

θαβ = e
α
2
H1+

β
2
H2+

αβ
2
H3+

1
2
H4+

1
2
H5+

1
2
H6+

1
2
φs− 1

2
φn ,

Ψ1 = e+H4+φs−χs , Ψ∗
1 = e−H4−φs+χs ,

Ψ2 = e+H5+φs−χs , Ψ∗
2 = e−H5−φs+χs ,

Ψ0 = e+H6+φs−χs , Ψ∗
0 = e−H6−φs+χs ,

ρ = −2φs −H4 −H5 −H6 + χs + φn ,

ρ̃ = φs + φn − χs ,

χn = χn ,

(7.25)

and respects the OPEs

pαβ(z)θγδ(w) ∼ ϵαγϵβδ

z − w
,

Ψi(z)Ψ
∗
j (w) ∼

δij
z − w

, i, j ∈ {0, 1, 2} ,

ρ(z)ρ(w) ∼ − ln(z − w) ,

ρ̃(z)ρ̃(w) ∼ − ln(z − w) ,

χn(z)χn(w) ∼ + ln(z − w) .

(7.26)

Notice that the (p+β , θ−β)-system has the same OPE as before, and thus, along with (β+, γ−), still
realizes the psu(1, 1|2)1 algebra (5.46) through the minimal free field realization (5.70).

Moreover, as in Section 5.2, the ‘flat’ directions corresponding to Rt × S1
y × T4 needs to be topo-

logically twisted, so that the fermions Ψi and Ψ∗
i (now with i = 0, 1, 2) have (holomorphic) conformal

dimension of (0, 1) respectively and they satisfy the topologically twisted N = 2 algebra by extending
the combinations (5.55). Furthermore, also the null superghosts (βn, γn) are topologically twisted, in
fact, along with the (bn, cn) null ghosts, they also realize a N = 2 twisted algebra with

T gh
n = −bn∂cn − β̂n∂γ̂n , JR

n = −1

2
β̂nγ̂n ,

Ggh,+
n = −γ̂nbn , Ggh,−

n = β̂n∂cn ,
(7.27)

where (β̂n, γ̂n) represent the twisted system with weights (1, 0) which is bosonized by the hybrid
variables ρ̃ and χn:

β̂n = e−ρ̃+χn∂χn , γ̂n = eρ̃−χn . (7.28)
With this new machinery we can now attempt to write down the fermionic combination entering the
null BRST-charge (7.19):

γnψ
+ = eφn−χneH1 = γ̂ne

H1−φs+χs = γ̂ne
ρθ++θ+− , (7.29)

where we used (5.40)–(7.28)–(7.25). However, notice that such term cannot be written in the minimal
free field realization described in (5.70) since it involves the field θ+α, which are not part of such
description.
9The new ρ̃ field has background charge Qρ̃ = 1 (in units of α′ = +2).
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Non-Minimal Free Field Realization

Following [18] one is still able to realize the model with a non-minimal free field construction, which
however needs to be constrained in order to produce the same Hilbert space of the original minimal
realization. This formulation makes use of the missing (p−α, θ+α)-system as well as the additional
(π−α, λ+α)-system introduced in (5.72), which, along with the (β+, γ−)-system of the minimal real-
ization, is used to express the bosonic sl(2,R)3 ⊕ su(2)−1 currents:

J+ = β+ , K+ = λ++π−+ ,

J3 = γ−β+ +
1

2
ϵαβ λ

+απ−β , K3 = −1

2
(λ++π−− + λ+−π−+) ,

J− = γ−
(︁
γ−β+ + ϵαβ λ

+απ−β
)︁
− 3∂γ− , K− = −λ+−π−− .

(7.30)

Indeed the bosonic stress tensor build from the Sugawara construction with the above currents coincide
with the one expressed in terms of the free fields (π−α, λ+α) and (β+, γ−) given by (1.110)–(1.117)
(recall that both systems have weights (1, 0)):

TJ + TK =
1

(3− 2)

(︂1
2
J+J− +

1

2
J−J+ − J3J3

)︂
+

1

(−1 + 2)

(︂1
2
K+K− +

1

2
K−K+ +K3K3

)︂
= −β+∂γ− − ϵαβπ

−α∂λ+β .

(7.31)

Thus, one can combine these with the fermionic currents (5.43) and obtain the full psu(1, 1|2)1 genera-
tors as done in (5.44)–(5.45). The minimal realization is then obtained by identifying the combinations

γ−min ≡ γ− , β+
min ≡ β+ + εµνp

+µθ+ν ,

p+−
min ≡ p+− , θ−+

min ≡ θ−+ + γ−θ++ ,

p++
min ≡ p++ , θ−−

min ≡ θ−− + γ−θ+− ,

(7.32)

which if inserted in (7.30)–(5.44)–(5.45) gets the same currents of the minimal free field realization
(5.70) up to Qcon-exact terms, where Qcon is identified in (5.73). Moreover, the fields (7.32) are the
only fields that are Qcon-invariant (and not Qcon-exact) and respect the same free OPE of the minimal
realization

β+min(z)γ
−
min(w) ∼ − 1

z − w
, p+αmin(z)θ

−β
min(w) ∼

ϵαβ

z − w
, (7.33)

whereas all the other fields in the non-minimal realization are either Qcon-exact or are not Qcon-
invariant. Then one recovers the minimal realization form the non-minimal one by restricting the
later to the cohomology space of Qcon.

BRST-charges

Finally, we are able to use the non-minimal realization to express the full null BRST-charge (3.78) in
the hybrid variables

Qnull =

∮︂
dz

2πi

[︂
cn
(︁
εβ+ − ∂X∗

0

)︁
+ γ̂n

(︁
εeρθ++θ+− − iΨ∗

0

)︁]︂
,

Q̄null =

∮︂
dz̄

2πi

[︂
c̄n
(︁
εβ̄+ + ∂̄X0

)︁
+ ˆ̄γn

(︁
εeρ̄θ̄++θ̄+− + iΨ̄0

)︁]︂
.

(7.34)

Such charge enforces the physical operators to be gauge-invariant and then needs to be added with
the usual BRST-charge (5.58) that ensures the Virasoro constraints – i.e. superconformal-invariance.
Moreover, in addition to these, we need to consider also the ‘constraining’ BRST-charge Qcon which
projects down the field content to the minimal free field realization. Finally, turns out that, in order
to make the total BRST-charge nilpotent, one needs to add an additional mixed constraint Qmix that
cancel the simultaneousness contribution given by the null constraint an Qcon [18]. Indeed the total
BRST-charge given by

Qtot = Q0 +Qnull +Qcon +Qmix , (7.35)
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is nilpotent. In fact, (Q0+Qnull)
2 = 0 as expected,10 whereas Q2

con = 0 = Q2
mix is trivial form the fact

that in both appears fields with vanishing OPEs with each others; then we have that

Q2
tot = {Q0, Qcon}+ {Q0, Qmix}+ {Qnull, Qcon}+ {Qnull, Qmix}+ {Qcon, Qmix} = 0, (7.36)

where the first term vanishes since the ‘constraint’ charge is a primary with respect to Tpsu and
commutes with all the other fields in it, the second and third can be shown to cancel each other, the
penultimate vanishes since the only non-trivial OPE is the one between eρ(z)eρ(w) ∼ e2ρ(w)/(z − w)
which only get a first-order pole, and finally also the last term results to vanish.11

We are now ready to finally compute the spectrum of the null-gauged model.

7.1.1 The Deformed Spectrum

In the present Section we will focus on the worldsheet perturbative spectrum in the NS-NS sector,
thus the ghost-picture will be irrelevant and we will neglect it.

Having established that the superconformal BRST-charge and the null BRST-charge anticommute
and are independently nilpotent, one can apply the Virasoro and the null constraints separately.
Moreover, in the following we will consider two distinct vertex operator that differs for the choice
of sl(2,R) spectral flow direction, namely the one generating the elliptic and the parabolic SL(2,R)
conjugacy classes discussed in Chapter 4.

Elliptic Spectrally Flowed States

We start by considering a superconformal primary operator of the upstairs theory associated to the
elliptic conjugacy class of the SL(2,R)-sector, i.e. the ones spectrally flowed in the J3

0 - and J̄3
0 -

direction. The vertex operator is described by the center-of-mass wavefunction12

V w3(z, z̄) = ˆ︁V w3
j,m,m̄(z, z̄)

ˆ︁Φw′,w̄′

ℓ,m′,m̄′(z, z̄)ˆ︁ΦT4(z, z̄)eiEt(z,z̄)ei(Py,L yL(z)+Py,R yR(z̄)) , (7.37)

where ˆ︁V w3
j,m,m̄ is the supersymmetric generalization of the operators described in Section 4.4.1 – i.e. a

J3
0 -spectrally-flowed sl(2,R)(1)n5 -primary. Similarly Φw

′,w̄′

ℓ,m′,m̄′ is a su(2)
(1)
n5 -primary.13 We will not indulge

into the detailed description of such operators since for our purpose it suffice to note that their weights
are given by (for a general level n5):

h
[︂ˆ︁V w3

j,m,m̄

]︂
= −j(j − 1)

n5
−mw3 −

n5
4
w2
3 , h̄

[︂ˆ︁V w3
j,m,m̄

]︂
= −j(j − 1)

n5
− m̄w3 −

n5
4
w2
3 ,

h
[︂ˆ︁Φw′,w̄′

ℓ,m′,m̄′

]︂
=
ℓ(ℓ+ 1)

n5
+m′w′ +

n5
4
w′2 , h̄

[︂ˆ︁Φw′,w̄′

ℓ,m′,m̄′

]︂
=
ℓ(ℓ+ 1)

n5
+ m̄′w̄′ +

n5
4
w̄′2 ,

(7.38)

and we will later set n5 = 1. For further details we refer at the Appendix B in [24]. Finally, ˆ︁ΦT4 is
a supersymmetric primary of the T4 sector with weights (hT4 , h̄T4) and Φty ≡ eiEtei(Py,L yL+Py,R yR)

10In fact Q2
0 = 0 = Q2

null by construction, and {Q0, Qnull} = 0 since Qnull is superconformal-invariant – i.e. it can be
written as a superspace integral:

Qnull =

∮︂
dzdϑ

2πi
(Cn JL) ,

where Cn = cn + ϑγn and JL = ΛL + ϑJL are two superfields.
11For example, form Jcon being a primary field (with weight 1), we have

{Q0, Qcon} =

∮︂
0

dw

2πi

∮︂
w

dz

2πi
Tpsu(z)Jcon(w) =

∮︂
0

dw

2πi

∮︂
w

dz

2πi

[︃
Jcon(w)

(z − w)2
+
∂Jcon(w)

z − w
+ · · ·

]︃
=

∮︂
0

dw

2πi
∂Jcon(w) = 0 .

12In this notation we report explicitly only the quantum number associated to the spectral flow in the sl(2,R)-sector as
all the others will remain the same in this Section.

13Recall that for su(2) we can spectrally flow separately the holomorphic and antiholomorphic sectors.
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are primaries of the Rt × S1
y sector, which are labeled by the ‘energy’ E ∈ R and the momentum and

winding on S1
y :

Py,L/R =
ny
Ry

± wyRy , ny, wy ∈ Z , (7.39)

and whose (combined) weight is given as usual by (1.91)–(1.94):14

h[Φty] = −E
2

4
+
P 2
y,L

4
, h̄[Φty] = −E

2

4
+
P 2
y,R

4
. (7.40)

The Virasoro constraints in the NS-NS sector for a N -descendant of the state described by (7.37) then
reads similarly to the ones of the undeformed theory (5.76)

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w′m′ − w3h

(w3) +
n5
4
(w′2 + w2

3) + hT4 −
1

4

(︂
E2 − P 2

y,L

)︂
+Ntot −

1

2
,

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w̄′m̄′ − w3h̄

(w3) +
n5
4
(w̄′2 + w2

3) + h̄T4 −
1

4

(︂
E2 − P 2

y,R

)︂
+ N̄tot −

1

2
,

(7.41)
where h(w3), h̄(w3) are defined as in (5.77).

Let’s now turn to the null constraint. For states with no fermionic excitations, like (7.37), the
invariance under the fermionic component of (3.78) is trivial. One then imposes the invariance under
the null BRST-charge by requiring that the null currents (7.8) have vanishing OPE with the vertex
operator (7.37).15 However, the null currents contains the sl(2,R) current J+, which do not acts
diagonally on the m-basis operator (7.37) (see e.g. (4.57)). One then would need a basis in which
diagonalizes the action of J+(z) (i.e. leaves the vertex operator invariant). Since J+

0 is a nilpotent
generator of sl(2,R) (along with J−

0 ), this effectively amounts to considering the a representation
of SL(2,R) in a parabolic basis [60]. To do so, recall from (4.68) that in the x-basis, the operator
J+(x; z) = J+(z) (see (4.71)) acts as the diagonal x-differential ∂x-operator on

V(x, x̄; z, z̄) ≡ exJ
+
0 +x̄J̄+

0 V w3(z, z̄)e−xJ
+
0 −x̄J̄+

0 . (7.42)

We then define the Fourier transformation on the x-space, which relates the spacetime position x on
the boundary of AdS3 to the (Fourier) ‘dual’ variable p, that can be interpreted as the spacetime
momentum on the AdS3 boundary. More concretely, we define

V(p, p̄; z, z̄) ≡
∫︂
d2x ei(px−p̄x̄)V(x, x̄; z, z̄) . (7.43)

The action of J+(z) on the p-space is then given by the Fourier transform

J+(z)V(p; ζ) =
∫︂
d2x ei(px−p̄x̄)J+(x; z)V(x; ζ) ∼

∫︂
d2x ei(px−p̄x̄)

∂xV(x; ζ)
z − ζ

=
−ip
z − ζ

V(p; ζ) , (7.44)

which leaves invariant V(p; ζ) as desired. Thus we can impose the null constraints by requiring the
regularity of the JL/RV-OPEs:

JL(z)V(p; ζ) ∼
−iεp+ i

2(E − Py,L)

z − ζ
V(p; ζ) = 0 , and JR(z̄)V(p̄; ζ̄) ∼

iεp̄− i
2(E + Py,R)

z − ζ
V(p; ζ) = 0 ,

(7.45)
where for the t and y factors we used (1.90). The null constraints then relate the notion of energy and
momentum on the Rt × S1

y sector to the one on the spacetime boundary:

εp =
1

2
(E − Py,L) , εp̄ =

1

2
(E + Py,R) . (7.46)

Moreover, recalling the discussion at the end of Section 4.4.1, the vertex operator (7.43) has the same
worldsheet conformal weight of the one in the m-basis, and thus the Virasoro constraints (7.41) still
hold.
14Recall that t is spacelike and normalized with α′ = −1 in our convention, while y is normalized with α′ = 1, see (7.5).
15Clearly, this is equivalent to require that the zero modes of (7.8) annihilates state associated to (7.37).
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Parabolic Spectrally Flowed States

Building on the parabolic basis constructed above, it is interesting to consider another class of vertex
operators, similar to the ones described by (7.43), but which is instead spectrally-flowed in the J+

0 -
and J̄+

0 -direction. Although less-known, such operation was originally discussed in [60] and has a more
natural interpretation in the context of the BTZ black hole, in which the AdS3 boundary coordinate
is compactified on a circle, i.e. γ ∼ γ + 2π.16 In fact, the value w+ ∈ Z of J+

0 -spectral flow can
be interpreted as the winding of a string around the boundary of the BTZ geometry, similarly as
the J3

0 -spectral flow value w3 is understood as the winding of the string around the global AdS3, as
discussed in Section 4.2.

We will start by considering a vertex operator in the form of (7.43) in the unflowed sector of sl(2,R),
i.e. with w3 = 0 = w+:

Vw+=0(p; z) ≡ Vw3=0(p; z) . (7.47)

Then, following [39], in [60] it was shown that by bosonizing the Wakimoto β+γ−-system with two
chiral scalar fields

β+(z) = −i∂φ+(z) , γ−(z) = −iφ−(z) , (7.48)

which reproduce the β+γ−-OPE (4.53) if

φ+(z)φ−(w) ∼ ln(z − w) . (7.49)

Similarly we bosonize also the antiholomorphic sector. Then, one is able build the twist operator17

tw+(z, z̄) = eiw+

(︁
φ+(z)+φ̄+(z̄)

)︁
, w+ ∈ Z , (7.50)

whose action V0(p; z) is to implement the spectral flow operation by defining

tw+(z, z̄)V
0
(p, p̄;w, w̄) ∼ Vw+(p, p̄;w, w̄)

(z − w)pw+(z̄ − w̄)p̄w+
, (7.51)

which is required to be mutually local – i.e. the OPE has trivial monodromy under (z−w) ↦→ e2πi(z−w)
and (z̄ − w̄) ↦→ e−2πi(z̄ − w̄) – that in turn imposes p− p̄ ∈ Z.18

The conformal dimension of Vw+(p; z) is now modified by the spectral flow, which gets new Virasoro
constraints, which reads:

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w′m′ − w+p+

n5
4
w′2 + hT4 −

1

4

(︂
E2 − P 2

y,L

)︂
+Ntot −

1

2
,

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w̄′m̄′ − w+p̄+

n5
4
w̄′2 + h̄T4 −

1

4

(︂
E2 − P 2

y,R

)︂
+ N̄tot −

1

2
.

(7.52)

Notice that now the spectral flow parameter w+ appears only linearly.
On the other hand, remarkably, this spectral flow operation does not shift directly J+

0 since the
OPE J+(z)tw+(w) ∼ 0 (it instead effects J−(z) and J3(z), which contains factors of γ−(z)). Thus it
do not effects the null constraints, which remain expressed by (7.46).

Large Gauge Transformations A notable consequence of considering the spectral flow in the J+
0 -

direction is that now the boundary momentum (p, p̄) appears explicitly in the Virasoro constraints.
Inspired by [24, 61], we would like to probe the existence of some shift of the quantum numbers that

16By rescaling γ we have the freedom to choose the radius of the circle as we please.
17Note that, in contrast to [60], here β+ = J+ represents the ‘full’ current (i.e. bosonic and fermionic) of psu(1, 1|2)1

(c.f. (5.70)), thus the twist is performed in both sectors.
18This condition reflects the fact that now the boundary coordinate γ ↔ x is compactified, and thus the boundary

momentum gets quantized.
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leaves the spectrum unchanged. To do so, let us parametrize a shift in the spectral flow parameter
w+, the energy E and the y-momenta Py,L/R of the form⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

w+ ↦−→ w+ + q ,

Py,L ↦−→ Py,L + bq ,

Py,R ↦−→ Py,R + cq ,

E ↦−→ E + aq ,

q ∈ Z . (7.53)

The constant a, b, c are fixed by requiring that the Virasoro and null constraints (7.52)–(7.46) are left
invariant for any choice of q ∈ Z. Imposing this and collecting in powers of q we obtain the conditions

−q
(︃
p+

a

2
E − b

2
Py,L

)︃
− q2

4

(︁
a2 − b2

)︁ !
= 0 , q

(︃
a

2
− b

2

)︃
!
= 0 ,

−q
(︃
p̄+

a

2
E − c

2
Py,R

)︃
− q2

4

(︁
a2 − c2

)︁ !
= 0 , q

(︃
a

2
+
c

2

)︃
!
= 0 ,

(7.54)

where the first line comes from the Virasoro and null constraints in the holomorphic sector respectively,
and the second line for the antiholomorphic sector. Since we globally have 6 conditions with 3 variables,
one could expect the system to be overconstrained, however, because of the presence of p and p̄ in
(7.52), we can reduce the first factor in the Virasoro constraints (i.e. the one linear in q) to the null
constraints. In fact, choosing a = −1/ε = b = −c, the first parenthesis in both lines reduces to (7.46)
while all other contributions vanishes. Thus, the shift⎧⎪⎨⎪⎩

w+ ↦−→ w+ + q ,

wy ↦−→ wy − q
εRy

,

E ↦−→ E − q
ε ,

q ∈ Z , (7.55)

leaves the spectrum invariant. These are referred to as large gauge transformations and reflect the fact
that, in the null-gauged theory, the physical circle around which the string wound up is an interpola-
tion between the AdS3 boundary circle in the IR and the S1

y circle in the UV. In order then to still
interpret wy ∈ Z as a winding charge, is useful to set the unphysical gauge parameter to ε = 1/Ry.
Then the transformation (7.55) can be used to shift the winding between the IR and UV circles, upon
appropriately shifting the energy.

In the following Section we will explore the deformed dual theory and obtain its spectrum. We
postpone the matching of the two spectra to the end of this Chapter.

7.2 The Dual TT -Deformed Theory

We will now turn to the study of the theory holographically dual to the marginally deformed back-
ground described in the previous Section. Recent studies has suggested that, in the tensionless limit,
the worldsheet theory is exactly dual to the symmetric orbifold of the so-called single-trace TT -
deformed T4 CFT [23, 55, 56].

In the following Section we will first review the TT -deformation for a generic (Lorentz invariant)
QFT, and then focus on the deformation of conformal QFT. We will then proceed in specializing on
the symmetric orbifold of the deformed T4 theory by extracting its spectrum in both the untwisted
and twisted sectors, and finally matching it to the worldsheet one.

7.2.1 The TT -Operator

We start by considering a generic Poincaré-invariant d = 2 Euclidean QFT defined on the plane R2.
From the translational symmetry, as usual, we identify the associated conserved Noether current with
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stress tensor Tµν , which satisfy ∂µTµν = 0 and can be chosen symmetric Tµν = Tνµ (because of the
Lorentz-invariance). Consider now the following two-point correlator:

C(x, y) = −1

8
ϵµνϵρσ⟨Tµρ(x)Tνσ(y)⟩ . (7.56)

Using the fact that Tµν is conserved, and the general identity for d = 2: ϵ[µνXα] = 0 (for any vector
Xα), we can show that the above correlator is independent of the coordinates x and y, in fact, assuming
(as custom) that the vacuum is translationally invariant, C(x, y) = C(x− y) and then

∂xα C(x− y) = −1

8
∂xαϵµνϵ

ρσ⟨Tµρ(x)T νσ(y)⟩ = −1

8
ϵρσ(ϵαν∂xµ + ϵµα∂xν )⟨Tµρ(x)T νσ(y)⟩

= −1

8
ϵρσϵµα(∂xν + ∂yν − ∂yν )⟨Tµρ(x)T νσ(y)⟩ = −1

8
ϵρσϵµα(∂xν + ∂yν )⟨Tµρ(x)T νσ(y)⟩ = 0 ,

(7.57)
where in the first line we used the aforementioned identity and that ∂xµTµν = 0, in the second we added
and subtracted ∂yν and used again that the stress tensor is conserved, and finally the translational
invariance of the vacuum imply ∂xνC(x− y) = −∂yνC(x− y). This holds in general for any conserved
current.

Promoting the above combination to an operator Ĉ, from the limit x → y of last equality of the
above we can write

lim
x→y

∂xα Ĉ(x, y) = lim
x→y

−1

8
ϵρσϵµα(∂xν + ∂yν )T

µ
ρ(x)T

ν
σ(y)

= lim
x→y

−1

8
ϵρσϵµα(∂xν + ∂yν )

∑︂
k

Cµρ,νσ(k) (x− y)Ok(y) ,
(7.58)

where we inserted the a generic OPE which parametrizes the short-distance singularities in terms of
some translationally invariant functions C(k)(x− y) and a complete set of local operators {Ok(y)}.19

Taking the limit then, one gets that either the coefficient functions are constant or they multiply a
total-derivative operator. Thus we define the TT -operator as

lim
x→y

Ĉ(x, y) = OTT (y) + total derivatives . (7.59)

In particular, in complex coordinates z = x0 + ix1 and z̄ = x0 − ix1, it reads:20

OTT (z, z̄) = lim
z′,z̄′→z,z̄

(︂
Tzz(z

′, z̄′)Tz̄z̄(z, z̄)− Tzz̄(z
′, z̄′)Tz̄z(z, z̄)

)︂
. (7.60)

Since we are considering a generic QFT, stress tensor components in general all depends on both
holomorphic and antiholomorphic coordinates and the trace do not vanish. If we insist on the conformal
invariance, then indeed the operator OTT gets indeed the expected form. Moreover, from the RG point
of view, the operator OTT is irrelevant since its scaling dimension is ∆[OTT ] = 4 > 2 = d.

Expectation value of OTT

Let us now consider the compaction the previous theory on the Euclidean cylinder of radius R, i.e.
x1 ∼ x1 + 2πR. We are now interested in computing the expectation value of OTT in a common
eigenbasis of the cylinder Hamiltonian and momentum:

Ĥ |n⟩ = En |n⟩ , P̂ |n⟩ = Pn |n⟩ , (7.61)

19Actually here we assumed that the theory has a CFT UV fixed-point (i.e. is asymptotically safe), so that the C(k)(x)
go with an inverse power law. After having established the form of the TT -operator we will relax this hypothesis.

20Notice it can be thought as the ‘determinant operator’ 2 det(Tµν) = ϵµνϵρσTµρTνσ. Moreover, in our conventions
ϵzz̄ = −2i.
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Then we have that

Cn(x, x′) ≡ −1

8
ϵαβϵγδ ⟨n|Tαγ(x)Tβδ(x′) |n⟩ = −1

8
ϵαβϵγδ

∑︂
n′

⟨n|Tαγ(x)|n′⟩⟨n′|Tβδ(x′)|n⟩

= −1

8
ϵαβϵγδ

∑︂
n′

e(En′−En)(x
′0−x0)+i(Pn′−Pn)(x′

1−x1)⟨n|Tαγ(x)|n′⟩⟨n′|Tβδ(x)|n⟩ ,
(7.62)

where in the second passage we inserted the identity. Since the eigenstates |n⟩ are translationally
invariant, we have from before that also this expectation value must be independent from x and x′,
and thus in the sum only survives the terms with En = En′ and Pn = Pn′ , which, if the spectrum is
non-degenerate, imply n = n′ and we obtain

Cn = ⟨n| OTT |n⟩ = −1

8
ϵαβϵγδ ⟨n|Tαγ |n⟩ ⟨n|Tβδ |n⟩ = −1

4

(︂
⟨n|T00 |n⟩ ⟨n|T11 |n⟩ − ⟨n|T01 |n⟩2

)︂
.

(7.63)
Now, using the definition of the energy momentum tensor we have:21

En =
1

2π

∫︂ 2πR

0
dx1 ⟨n|T00 |n⟩ = R ⟨n|T00 |n⟩ ,

Pn = − i

2π

∫︂ 2πR

0
dx1 ⟨n|T01 |n⟩ = −iR ⟨n|T01 |n⟩ ,

d

dR
En =

1

2πR

∫︂ 2πR

0
dx1 ⟨n|T11 |n⟩ = ⟨n|T11 |n⟩ .

(7.64)

Thus, we finally obtain

⟨n| OTT |n⟩ = − 1

4R

(︃
En

dEn
dR

+
P 2
n

R

)︃
. (7.65)

7.2.2 TT -Deformed QFTs

Having defined properly the OTT operator, we are now ready to study the deformations of a certain
theory. In detail, the TT -deformation of a d = 2 QFT is obtained by incrementally adding the OTT

operator to the action along the RG-flow, thus defining a one-parameter family of theories:

d

dλ
S(λ) = − 2

π

∫︂
d2x O(λ)

TT
. (7.66)

Here the operator O(λ)

TT
as it build out the stress tensor of the deformed theory at each ‘step’ of

dimensionful RG parameter λ.22 As noted, the operator OTT is RG-irrelevant towards the IR, thus it
21Notice that En = En(R) and Pn = Pn(R) are in general a functions of the radius. The first two terms comes from the

usual cylinder energy and momentum definition (1.72)–(1.73). The third is the so-called pressure term that is usually
derived in statistical mechanics settings. In fact, consider the change in energy level due to a small variation in the
cylinder radius R ↦→ (1 + ε)R where |ε| ≡ |δR/R| ≪ 1:

δEn = −∂β(δ lnZn) = ∂β⟨δS⟩n ,

where Zn = ⟨n| e−βH(R) |n⟩ =
∫︁
Dφne−S is the partition function expressed as the path-integral over the field con-

figuration associated to the n-eigenstate (and periodic in β). Then the active variation of the cylinder radius can be
seen as a passive change of coordinates x1 ↦→ (1 + ε)x1, which change the metric as gµν = δµν ↦→ gµν + δgµν with
δgµν = −2εδ1µδ1ν . From the definition (1.23) of the stress tensor we have that

δS =
1

4π

∫︂
d2x Tµνδg

µν =
2ε

4π

∫︂ β

0

dx0
∫︂ 2πR

0

dx1 T11(x) .

Since, on an eigenbasis of energy and momentum the expectation values are constant, we finally get

δEn = δR ⟨n|T11 |n⟩ ,

which holds even at zero-temperature.
22In particular λ has the units of a length squared.
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modifies radically the UV behavior of the theory. In fact, in general, deforming a QFT in a irrelevant
direction produces a EFT valid only at scales below the one set by the irrelevant coupling; in the case
of the TT -deformation however, there are strong evidences that the UV theory is actually well-defined,
even though it seems to be realized by a non-local UV fixed point: such UV behavior was dubbed
asymptotic fragility. More specifically, the UV theory shows a non-local behavior above the length
scale set by

√︁
|λ|. We will restrict our discussion to regimes at length much longer than the latter,

where the QFT can be treated quasi-locally and the stress tensor is well defined.

Spectrum of TT -deformed CFTs

For the deformation (7.66) is actually possible to obtain the full spectrum knowing the undeformed
one. In fact, consider again a theory on the Euclidean cylinder at a certain λ, and perturb it with
(7.66) by an infinitesimal amount λ ↦→ λ + δλ, with |δλ/λ| ≪ 1. Then the variation of the the
nth-energy eigenstate is given by the quantum-mechanical first order perturbation theory:23

∂E
(λ)
n (R)

∂λ
= − 2

π

∫︂ 2πR

0
dx1 ⟨n| O(λ)

TT
|n⟩ = −4R ⟨n| O(λ)

TT
|n⟩ . (7.67)

Inserting into (7.65) we get the RG-flow equation

∂E
(λ)
n (R)

∂λ
= E(λ)

n (R)
∂E

(λ)
n (R)

∂R
+
P 2
n(R)

R
. (7.68)

Notice that, since we compactified the spacial coordinate x1 ∼ x1 +2πR, the momentum is quantized

Pn =
kn
R

, kn ∈ Z , (7.69)

and thus cannot depend on the the continuous parameter λ. The equation (7.68) is universal,24

moreover it is formally equivalent to the Burger’s equation in fluid mechanics and has known solutions.
We will now specialize in considering conformally invariant QFTs. In CFTs, the energy and mo-

mentum of a state on the cylinder is associated to its conformal weights on the plane (h, h̄) through
the scaling dimension ∆ = h+ h̄ and the spin s = h− h̄ (see (1.72)–(1.73) with c = c̄)

E
(λ=0)
∆,s (R) =

1

R

(︂
∆− c

12

)︂
, P∆,s(R) =

s

R
. (7.70)

The general solution of the Burger’s equation (7.68) is given by

E
(λ)
∆,s(R) =

πR

λ

⎡⎣−1 +

√︄
1 +

2λ

πR2

(︂
∆− c

12

)︂
+

(︃
λs

πR2

)︃2
⎤⎦ . (7.71)

Here we assumed λ > 0 and chose the positive square-root solution in order to have a smooth limit as
λ→ 0. If instead λ < 0 we should have chose the opposite sign. Notice that, in the case of s = 0, for
λ > 0 the states with ∆ − c/12 < 0 has complex deformed energy whenever λ > πR2/(2|∆ − c/12|),
these states are in finite number if the undeformed CFT has a discrete spectrum. In particular the
vacuum state (∆ = 0 = s) gets a complex energy if

R < Rc ≡
√︃
λc

6π
, (7.72)

which then represents the minimum radius of the cylinder on which the deformed theory is well-
defined.25

23Recall that in Euclidean signature the interacting Hamiltonian Hint =
∫︁
dx1Lint.

24In the sense that is valid for any d = 2 Poincaré-invariant QFT on the cylinder.
25For theories with c ≫ 1, one has that the non-local scale gets

√
λ≪ Rc.
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On the other hand, if the λ < 0 we have an infinite number of states with complex energies, i.e. the
ones with

∆ > ∆max ≡ πR2

2|λ|
+

c

12
. (7.73)

This imposes a ‘UV-cutoff’ scale above which the states propagate at superluminal velocity, which in
turn (when considered at finite R) leads to closed timelike curves. For such pathological reason, the
condition λ < 0 is dubbed as the ‘bad sign’, whereas λ > 0 is called the ‘good sign’. In the following
we will be interested only in the later.

7.2.3 TT -Deformation of the Symmetric Orbifold

The previous considerations are valid for any CFT. In order to match the spectrum of the deformed
worldsheet theory, we need to focus on the symmetric orbifold of T4 as defined in Section 6.2.

Since now we have N copies of the seed theory, the total stress tensor is the sum of N copies of the
seed one26

T (x) =
N∑︂
i=1

Ti(x) . (7.74)

The TT -operator can assume two different forms: the single-trace and double-trace one:

N∑︂
i=1

TiT i , or
N∑︂
i=1

Ti

N∑︂
j=1

T j . (7.75)

Notice that both are invariant under the symmetric group SN and thus are well-defined on the orbifold.
In [56] was proposed that one should consider the single-trace operator. In order to understand

this, consider the following worldsheet (integrated) vertex operator

D(x, x̄) ≡
∫︂
d2z

[︃(︂
∂xJ

−(x; z)∂x+2∂2xJ
−(x; z)

)︂(︂
∂x̄J̄

−(x̄; z̄)∂x̄+2∂2x̄J̄
−(x̄; z̄)

)︂]︃
V1(x, x̄; z, z̄) , (7.76)

where we all the quantities are defined as in Section 4.4.1. Then, we can notice that the following
identity holds∫︂

d2x D(x, x̄) =

∫︂
d2x

∫︂
d2z (∂2xJ

−)(∂2x̄J̄
−)V1(x, x̄; z, z̄) = 4

∫︂
d2x

∫︂
d2z J+(z)J̄+(z̄)V1(x, x̄; z, z̄) ,

(7.77)
where we integrated by parts and used the expression (4.71) for J−(x; z). Now, recall from (4.62)
that Ja(x; z) act as differential operators on Vj(x; z) when inserted at the same spacetime point, in
particular the J+(x; z) = J+(z) gets a total spacetime derivative

J+(z)V1(x; ζ) =
∂xV1(x; ζ)

z − ζ
+ · · · , (7.78)

thus the above singular part of the product results in a total derivative in the x-space, and we can
interpret the rest as the normal ordered product. We can then perform the x-integral by using
V1(x; z) ≃ δ(2)

(︁
x− γ(z)

)︁
(see (4.86)) which gets27∫︂

d2x D(x, x̄) ∝
∫︂
d2z J+(z)J̄+(z̄) , (7.79)

which is exactly reproduce the marginal worldsheet deformation in (7.17) induced by the null-gauging
procedure. Moreover, notice now that the operator D(x, x̄) has spacetime dimensions h[D] = 2 = h̄[D]

26From now on we will use the complex variables x = x0 + ix1 and x̄ = x0 − ix1 as coordinates in the dual CFT and to
make contact with the expressions of the previous Chapters.

27To be precise one should insert the full vertex operator, not just its asymptotic value, nevertheless the result is the
same up a constant factor which we do not keep track of. An explicit derivation in the free field realization has been
carried out in [55].
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and one can check it is a quasi-primary with respect to the spacetime stress tensor T (x) in (4.88).
Moreover its form somewhat resemble the ‘single-trace’ combination of the spacetime stress tensors
T T .

In summary then, we have that the J+J̄+-deformed worldsheet theory is related to the D-deformed
spacetime theory, which can be interpreted as the symmetric orbifold of the single-trace TT -deformed
T4 theory.28 We are now ready to express the spectrum of such theory.

7.2.4 Deformed Orbifold Spectrum

We are interest in the energy of states in the the single-cycle sector of the orbifold deformed theory.
This can be related to the energy of the deformed seed theory which in our case is represented by
(7.71). In fact, consider the total Hamiltonian operator in the ω-twisted sector of a generic symmetric
orbifold of a d = 2 QFT defined on the Euclidean cylinder of radius R:

˜︁H(R) =

ω∑︂
k=1

H(k)(R) =

ω∑︂
k=1

∫︂ 2πR

0
dx1 H

[︂
Φ(k)(x0, x1)

]︂
, (7.80)

where H is the Hamiltonian density functional depending on the fields of the kth-copy of the seed
theory. Recall now from the discussion in Section 6.1.1 that we can ‘untwist’ the operators by defining
a periodic single-valued field such that

Φ(k)(x0, x1) = Φ
(︁
x0, x1 + 2πR(k − 1)

)︁
, k ∈ Z/ω . (7.81)

Notice it has a period x1 ∼ x1 + 2πωR and Φ(1)(x) = Φ(x) for x1 ∈ [0, 2πR]. Then, after a change of
variables, the orbifold Hamiltonian gets

˜︁H(R) =

ω∑︂
k=1

∫︂ 2πRk

2πR(k−1)
dx1 H

[︁
Φ(x0, x1)

]︁
=

∫︂ 2πωR

0
dx1 H

[︁
Φ(x0, x1)

]︁
= H(ωR) . (7.82)

Hence, for any QFT symmetric orbifold, the energy of the nth energy eigenstate in the ω-twisted sector
on a cylinder of radius R is equal to the energy of the nth eigenstate of the seed theory defined on a
cylinder of radius ωR. In particular this holds also for the case of the orbifold of TT -deformed CFTs,
for which the energy on the seed theory is given by (7.68), and thus energy of a state in the ω-twisted
sector reads

˜︁E(λ)
∆,s,ω(R) = E

(λ)
∆,s(ωR) =

πωR

λ

⎡⎣−1 +

√︄
1 +

2λ

πω2R2

(︂
∆− c

12

)︂
+

(︃
λs

πω2R2

)︃2
⎤⎦ . (7.83)

7.3 Matching the Deformed Spectra
In order to match the spectra of the deformed theories described above, we need to make some
preliminary manipulations.

We will start by considering the matching of the J+
0 -spectrally flowed operators described in the

Section 7.1.1 with no winding on the y-circle (ŵy = 0). The Virasoro and null constraints are expressed
by (7.52)–(7.46), which we report here for convenience (here we already set ε = 1/Ry and renamed
some relevant quantum numbers):

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w′m′ − ŵ+p+

n5
4
w′2 + hT4 −

1

4

(︂
Ê2 − P̂ 2

y,L

)︂
+Ntot −

1

2
, p =

Ry
2

(︂
Ê − P̂y,L

)︂
,

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w̄′m̄′ − ŵ+p̄+

n5
4
w̄′2 + h̄T4 −

1

4

(︂
Ê2 − P̂ 2

y,R

)︂
+ N̄tot −

1

2
, p̄ =

Ry
2

(︂
Ê + P̂y,R

)︂
.

(7.84)
28The double-trace deformation correspond of considering the TT -deformation of the symmetric orbifold, which would

be implemented by a double-integral in the worldsheet and thus lead to a non-local deformation.
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We now exploit the large gauge transformation (7.55) to shift all the winding charge on S1
y by taking

q = −ŵ+: ⎧⎪⎨⎪⎩
ŵ+ ↦−→ w+ = 0 ,

ŵy ↦−→ wy = ŵ+ ,

Ê ↦−→ E = Ê +Ryŵ+ ,

(7.85)

We have then the case of w+ = 0 (i.e. no spectral flow in J+
0 -direction), and wy ̸= 0, which represent

the a string wrapped only wy-times around the asymptotic-UV S1
y circle. Notice that the energy Ê

can be interpreted as the energy of excitations over a BPS string wound wy-times around a circle of
radius Ry.29 The existence of such large gauge transformation also clarify some of the choices made in
[23]. Now we set n5 and thus j = 1/2 = ℓ, for which the mass shell condition (i.e. the sum of Virasoro
constraints) reads

0 = −1

2
E2 +

1

4
(P 2

y,L + P 2
y,R) +

(︃
hrest + h̄rest −

1

2

)︃
, (7.86)

where we defined hrest ≡ Lsu
0 + hT4 +Ntot for convenience. Solving the above for Ê gets

Ê = wyRy

[︄
−1 +

√︄
1 +

2

w2
yR

2
y

(︃
h
(1)
0 + h̄

(1)
0 − 1

2

)︃
+

(︃
ny

wyR2
y

)︃2
]︄
, (7.87)

where we identified that hrest = h
(w3=1)
0 as it is clear from (5.78). If we now compare with (7.83) we

see that the two match provided the following holographic dictionary:

λ =
π(α′)2

R2
y

, ω = wy , R =
√
α′ , s = nywy , c = 6 , h = h

(w3=1)
0 , (7.88)

where we have reinstated the explicit powers of α to restore the correct length dimension. Thus, the
excitation energy of an sl(2,R)-unflowed worldsheet long string with no radial momentum, wy winding
charge and ny momentum along the asymptotic UV circle S1

y of radius Ry, is equivalent to the energy
of a state of conformal weight h = h

(1)
0 and spin s = nywy on the wy-twisted sector of the spacetime

theory represented by the symmetric orbifold of the single-trace (TT )λ-deformation of the T4 CFT
(which indeed has c = 6) defined on an Euclidean cylinder of radius equal to the string length R = ℓs.
Note from the discussion around (7.72), that the deformed theory has a well-defined ground state
energy provided the radius of the y-circle is no smaller than the string length: Ry ≥ ℓs.

Moreover, we have that the level matching condition (i.e. the difference of the Virasoro constraints
in (7.84)) gets the correct orbifold condition in the boundary theory. In particular, for the diagonal
combination w′ = w̄′ and hT4 = h̄T4 we have:

Ntot − N̄tot = −nywy ∈ Zwy , (7.89)

which matches (6.46) with the dictionary (7.88).

Conversely, let’s consider the vertex operators adapted for the global description of AdS3 as in Section
7.1.1, for which we will set wy = 0. The null constraints (7.46) for a vanishing winding on S1

y reads
(we can leave ε unfixed for now)

ε2pp̄ =
1

4
(E2 − P 2

y,L) =
1

4
(E2 − P 2

y,R) =
1

4

(︄
E2 −

n2y
R2
y

)︄
, (7.90)

for which we can write the Virasoro contains as (7.41):

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w′m′ − w3h

(w3)
ε +

n5
4
(w′2 + w2

3) + hT4 − ε2pp̄+Ntot −
1

2
,

0 = −j(j − 1)

n5
+
ℓ(ℓ+ 1)

n5
+ w̄′m̄′ − w3h̄

(w3)
ε +

n5
4
(w̄′2 + w2

3) + h̄T4 − ε2pp̄+ N̄tot −
1

2
.

(7.91)

29Its energy is given by the its ‘length’ times the tension: LT = (2πwR)(1/2πα′) = wR/α′.
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Comparing with the undeformed worldsheet spectrum (5.76) we identify that the spacetime weights
now gets an additional term dependent on the spacetime momentum30

h
(w3,wy=0)
ε (p, p̄) = h

(w3)
0 +

ε2

w3
pp̄ , h̄

(w3,wy=0)
ε (p, p̄) = h̄

(w3)
0 +

ε2

w3
pp̄ , (7.92)

This should be compared with the conformal weight of a single particle state in the ω-twisted sector
of the deformed dual theory. These have been obtained in [59] form the two-point function of the
deformed vertex operator and reads31

h
(ω)
λ = h

(ω)
0 +

λ

πω
pp̄ , h̄

(ω)
λ = h̄

(ω)
0 +

λ

πω
pp̄ , (7.93)

where λ is the deformation parameter appearing in the previous Section, ω is the length of the cycle
and h

(ω)
0 is the weight of the undeformed spacetime theory. Comparing the two we immediately get

that the worldsheet parameter ε is related to the TT -deformation parameter of the holographic theory
and the sl(2,R) J3

0 -spectral flow parameter represents the length of the single-cycle in the holographic
orbifold theory:

λ = πε2α′ , and ω = w3 . (7.94)

Notice also that the match h
(ω=w3)
0 = h

(w3)
0 is in line with the matching of the undeformed theories

as done in the previous Chapter. Moreover, observe that for ε ∈ R we naturally get the ‘good sign’
λ > 0 for the TT -deformation, which is also consistent with the previous dictionary (7.88) once we fix
the adimensional gauge parameter to ε = ℓs/Ry. Furthermore, the level matching condition trivially
matches again the orbifold condition (6.46).

Note that the above matching could also be carried out for n5 > 1 as long as the seed theory
is represented by (6.47). In fact, as we have seen, the results of the TT -deformation of a CFT are
universally characterized by the quantities of the seed theory. However, as discussed for the undeformed
theory, out of the tensionless limit, the spacetime theory do not reproduce the entire spectrum of the
bulk since it leaves out all the short string states, and the duality is exact only at n5 = 1.

30We made explicit the dependence on the wy through the momenta p = p(ny, wy) and p̄ = p̄(ny, wy) in (7.46).
31One can think at the correction as an ‘anomalous dimension’ term. This is expected as the deformed theory is no

longer a CFT. Moreover, (7.92) has also be obtained in [62] form TsT transformations of the background. A similar
results has been reached in [63], which appeared only recently in the arXiv.
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Summary and Outlook

The work presented in this thesis has explored the interplay between string theory, conformal field
theory, and black hole physics, with a particular focus on extending the AdS3/CFT2 correspondence to
non-AdS backgrounds. In particular, the aim of the present dissertation was to better understand how
the proposed holographic duality between the J+J̄+-deformation of the AdS3 × S3 × T4 worldsheet
theory and the single-trace TT -deformation of the symmetric orbifold of T4 is explicitly realized at
the level of the perturbative spectrum in the tensionless limit, focusing especially on the string theory
side.

With this goal in mind, we devoted the first two Chapters to the introduction of the basic concepts
of conformal field theories and string theory. In Chapter 1 we studied the field theory approach to two-
dimensional CFTs, relevant for both the worldsheet approach in string theory and the description of the
holographic dual theory, and illustrated some examples of free CFTs. In Chapter 2 we presented both
the bosonic and supersymmetric string theory, focusing on the BRST-quantization approach. Finally
we discussed the supergravity effective description of strings in curved backgrounds and presented the
physical string configuration motivating the study of the AdS3 × S3 × T4 background in the rest of
this work, namely the NS5-F1 system.

We continued in Chapter 3 by introducing the Wess-Zumino-Witten model for a generic simple Lie
group G, which provides an exact worldsheet description of string propagation on the group manifold
of G. We reviewed its conformal structure and current algebra, focusing then on its gauged extension,
which allows the study of more general backgrounds represented by cosets G/H.

In Chapter 4, we applied this machinery to strings on AdS3, discussing the quantum spectrum and
its representation theory, and introducing the Wakimoto representation, which makes explicit contact
with the quantities of the holographic dual CFT.

Subsequently, in Chapter 5, after briefly reviewing the RNS formalism for the superstring in AdS3×
S3 × T4, the hybrid formalism is presented and the tensionless limit is studied within the (minimal)
free field realization. Finally the perturbative NS spectrum is discussed.

We then moved to present the holographic dual theory in Chapter 6. After introducing the orbifold
construction for a generic manifold, we specialized to the symmetric orbifold of T4, presenting the
sigma model of the seed theory and the resulting twisted single-cycle spectrum. In the last Section
we compared the latter with the string spectrum in the NS-sector obtained in the previous Chapter
and confirmed that the perturbative spectrum of the tensionless NS string in AdS3 × S3 × T4 indeed
match the spectrum of the symmetric orbifold of T4 in the single-cycle odd-twisted sector.

Ultimately, in Chapter 7 we brought together all the previously developed formalism to discuss a
particular deformation on both side of the duality. In the first Section we discussed the marginal
J+J̄+-deformation of the worldsheet theory. This was achieved through adding two new directions to
the undeformed theory and gauging the WZW model of AdS3×S3×T4×Rt×S1

y along a suitable null
direction. Afterwards, to be able to consistently apply the BRST null constraints in the tensionless
limit to determine the physical spectrum, we were obliged to enlarge the free field realization developed
for the undeformed theory and include the new directions in the hybrid formalism, which allowed to
express the fermionic contribution to the null BRST-charge. In determining the spectrum, we studied
two different declination of the model. We considered primaries of the upstairs model which has been
spectrally flowed in the elliptic and parabolic direction of sl(2,R) which correspond to consider long
string states wrapped around the physical circle asymptotic to the boundary of global AdS3 and the
massless extremal BTZ black hole respectively. In both cases we needed to convert the associated
states in the parabolic basis of sl(2,R) in order to diagonalize the action of the null BRST-charge and
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obtain the null constraints. In doing so, we realized that, for the parabolic-twisted states, there exists
a one-parameter family of shifts in the quantum numbers that leave the physical spectrum of the
theory unchanged: these are dubbed as large gauge transformations and seem to reflect the residual
gauge symmetry of the model arising when spectrally flowing in a direction parallel to the gauged
one. In the second Section we moved to describing the holographic theory, which is represented by
the single-trace TT -deformation of the symmetric orbifold of T4. The resulting theory is no longer
conformal invariant, but is still believed to be UV-complete. The spectrum in the single-cycle twisted
sector of the deformed holographic theory can then be expressed in terms of quantities of the unde-
formed model. In the final Section we thus explicitly match the spectral of the worldsheet theory and
the spacetime model for both the elliptic- and the parabolic-twisted states, highlighting the role of
the large gauge transformations for the latter.

The results of this work establish an explicit holographic dictionary for the spectra under consideration,
offering further evidence for the proposed duality and contributing to the broader understanding of
holography in asymptotically non-AdS backgrounds. Most notably, we emphasized how the worldsheet
theories describing the string dynamics in backgrounds interpolating between the linear dilaton regime
and AdS3-spaces can be matched with the dual spacetime theory. In addition, the role of the large
gauge transformations in the matching clarifies some confusion in the literature.

We should note that the topic considered during this project do not by any means showcase all the
evidences of the examined dualities, which stretch far beyond the matching of the spectrum and include
for example the matching of the partition function, generating spectrum algebra, correlators and DDF
operators. Moreover, during the discussion of worldsheet spectra we most often treated as independent
the spectral flow on sl(2,R) and often neglected it in the discussion, since it does not bring in new
representations. This is certainly the case for n5 > 1, for which the results presented are valid, however
in not completely clear, especially for the case of the parabolic twist, how this choice is implemented
at the level of the algebra psu(1, 1|2)1. As for possible future research directions then, it would be
valuable to gain a deeper understanding of the role of spectral flow in different representations of
psu(1, 1|2)1, particularly regarding its implementation in the parabolic basis. Moreover, here we only
discussed the NS-sector of the spectrum, thus it would be interesting to perform a similar analysis
in the R-sector. The formalism of null-gauging also allows to simplify substantially the study of
correlators in the worldsheet theory, which indeed can be expressed by the correlators of the upstairs
model subject to the null constraints. This opens up to a possible investigations and matching of
correlators on the bulk side. Another compelling direction would be to exploit the null-gauging and
the hybrid formalism to better understand in the tensionless limit the bulk theory dual to a more
general deformation of the symmetric orbifold known as TT +KT + TK-deformation, where K is an
affine U(1) current of the original theory.
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